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We theoretically investigate the possibility to generate nonclassical states of optical and mechanical modes of
optical cavities, distant from each other. A setup comprised of two identical cavities, each with one fixed and
one movable mirror and coupled by an optical fiber, is studied in detail. We show that with such a setup there is
potential to generate entanglement between the distant cavities, involving both optical and mechanical modes.
The scheme is robust with respect to dissipation, and nonlocal correlations are found to exist in the steady state
at finite temperatures.
DOI: 10.1103/PhysRevA.85.033805

PACS number(s): 42.50.Pq, 03.67.Mn, 03.65.Yz

I. INTRODUCTION

Quantum entanglement is one of the most intriguing
features of quantum mechanics. Although quantum mechanics
has proven to be highly successful in explaining physics at
microscopic and subatomic scales, its validity at macroscopic
or even mesoscopic scales is still debated. Some of the
astonishing features appear when we try to apply quantummechanical principles to macroscopic systems. Superpositions
of macroscopic systems is one example [1].
It is not yet completely clear to what extent quantum mechanics applies to macroscopic objects. Quantum phenomena
such as entanglement generally do not appear in the macroscopic world. The difficulty of seeing quantum superpositions
of macroscopic systems is often attributed to environmentinduced decoherence. Such decoherence is thought to be the
main cause reducing any quantum superposition to a classical
statistical mixture [2]. Thus, an obvious but impractical choice
would be to minimize the detrimental effect of the environment
through perfect isolation of the system of interest. Nonetheless,
with the spectacular level of experimental advancements, the
possibility of seeing macroscopic quantum superpositions
appears to be within reach [3].
Related to this, quantum engineering [4] in the field
of optomechanics has made rapid advancement [5]. In a
typical optomechanical setup, a mechanical system can be
manipulated by radiation forces. Such systems have recently
attracted much theoretical and experimental attention [6,7].
This is partly because of their potential usefulness in extremely
sensitive sensor technology and in quantum information
processing [6]. Also, they are potentially one of the best tools
to test fundamentals of quantum mechanics. Seminal progress
has been made both theoretically and experimentally in this
novel emerging field [5,7].
In a typical setting using optomechanical interaction, the
main component is a cavity with a movable mirror. Light in
the cavity and the movable mirror interact due to a coupling
induced by the radiation pressure. As a result, the movable
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mirror executes harmonic motion around its equilibrium value
[8], which thus alters the cavity resonance frequency. This, in
turn, changes the circulating power in the cavity and hence the
radiation pressure force acting on the movable mirror, leading
to intrinsic nonlinearities [9]. Strong light-matter coupling,
both for opto- and for electromechanical systems, is a main
ingredient in this emerging research field [10,11]. Within
the strong-coupling regime, radiation-pressure interaction has
been successfully utilized for ground-state cooling of mechanical oscillators [12–14]. Some of the fascinating schemes
include preparing the cavity mode and the movable mirror in a
nonclassical state [15,16], preparing optomechanical or fully
mechanical Schrödinger cat states [17–19], and even inducing
quantum correlations between the subsystems [20–23]. Apart
from the mostly studied cavity-movable mirror geometry,
there have been some recent breakthroughs in exploring
quantum features of a membrane in a cavity [24,25]. There
are also recent proposals exploring the possibility of observing
photonic analogs of the Josephson effect in an optomechanical
setting [26].
A common feature of most of these studies involves enhancement of the radiation-pressure coupling through intense
laser driving of the cavity field. This is required to achieve
strong radiation-pressure coupling which otherwise is too
weak to observe any nonclassical phenomenon. Although most
of these studies are restricted to Gaussian state preparation
involving optomechanical interaction, there have been some
recent proposals to study non-Gaussian quantum states in the
regime of single-photon optomechanics [27,28].
Motivated by these theoretical and experimental advancements, we shall here explore the possibility of entangling
mechanical and optical modes of two distant cavities. In
previous studies of the entanglement of distant mechanical
mirrors, squeezed light was used as an available resource
in order to entangle the two distant mirrors, which were
either part of the same optical cavity [18,21] or belonged
to two different cavities [19]. In the present work we are
interested in a physically different setup, where two distant
Fabry-Perot cavities each fabricated with one movable mirror
are coupled by an optical fiber. We show that, as a result
of a combination of the optomechanical interaction and an
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optical-fiber mediated coupling, the two distant optical and
mechanical modes become entangled. Moreover, we explicitly
study two different regimes of physical interest. First we will
impose an approximation of Born-Oppenheimer (BO) type,
and consider a scenario in which the two cavities are not
externally pumped. In this regime the two mechanical modes
are found not to be very strongly entangled. The advantage is,
however, that the approximation allows us to find an analytical
solution describing the evolution of the state of the two mirrors.
Thereafter we work in a regime where the coupled cavities are
strongly driven. Here we explicitly derive the relevant quantum
Langevin equations (QLE) and construct the covariance matrix
governing the dynamics of all the optical and mechanical
modes.
The paper is organized in the following way. Section II
introduces the theoretical model and the physical setup. This
forms the framework for Sec. III B in which the unitary
evolution of the system is studied, followed by analysis of
the dissipative regime in Sec. III C and a brief discussion on
the validity of the BO approximation in Sec. III D. A quantum
Langevin approach is introduced in Sec. IV, and we conclude
with a short discussion in Sec. V.

are much smaller than the wavelength of each cavity mode
in one cavity round-trip time, then scattering of photons
to other cavity modes can be safely neglected [29,30]. The
effective lengths of the cavities will then become L + x and
L + y, with new resonance frequencies ωa = 2π c/(L + x)
and ωb = 2π c/(L + y), where x and y are the instantaneous
displacements of the two cavity mirrors from their equilibrium
positions. With the above assumption, i.e., x/L,y/L  1, the
free evolution of the two optical cavity modes in the adiabatic
regime takes the form [30]
Ĥfree = h̄ωa â † â + h̄ωb b̂† b̂


y −1 †
x −1 †
b̂ b̂
â â + h̄ω 1 +
= h̄ω 1 +
L
L
h̄ω †
h̄ω †
â âx −
b̂ b̂y.
≈ h̄ω(â † â + b̂† b̂) −
L
L

(1)

Under the action of a weak radiation-pressure force, each
movable mirror undergoes small-amplitude oscillations with
frequency . In the absence of external driving, the full
Hamiltonian of the two coupled cavities thus becomes
py2
m2 2
m2 2
p2
x + x +
y +
2
2m
2
2m
+ h̄λ(â † b̂ + b̂† â),

Ĥ = Ĥfree +
II. PHYSICAL SETUP

We consider a physical setup comprised of two identical
Fabry-Pérot cavities, each with one fixed and one movable
mirror, as schematically shown in Fig. 1. We assume that only
one resonant mode of each cavity is populated, and that these
two modes are coupled via an optical fiber. The two modes have
the same frequency, ω = 2π c/L, where L is the cavity length,
and are described by the creation (annihilation) operators
â † (â) and b̂† (b̂), respectively. Furthermore, we assume that
each movable mirror has been cooled near to its ground state, so
that it is operating in the quantum regime. Under the action of
cavity-photon-induced radiation pressure, the movable mirrors
will oscillate about their equilibrium positions.
If we assume that the two mirrors move distances x and y
along the respective cavity axes, so that the two displacements

(2)

where λ is the intermode coupling between the two cavities.
This coupling could be mediated by, e.g., an optical fiber
connecting the two distant cavities. Introducing dimensionless
conjugate variables qi and pi for the ith movable mirror, (2)
can be rewritten as
 h̄  2

h̄  2
q̂1 + p̂12 +
q̂2 + p̂22
2
2
+ h̄λ(â † b̂ + b̂† â) − h̄g(â † â qˆ1 + b̂† b̂qˆ2 ),
(3)
√
where g = (ω/L) h̄/m is the radiation-pressure-induced
coupling between the cavity modes and the movable mirrors.
The Hamiltonian (3) will form the basis for the analysis in the
next section, where we will make an adiabatic approximation
that allows us to study the unitary evolution of the two movable
mirrors.
Ĥ = h̄ω(â † â + b̂† b̂) +

III. BORN-OPPENHEIMER APPROACH
A. Effective adiabatic model

FIG. 1. (Color online) Sketch of the physical setup to entangle
distant optomechanical modes. Two optomechanical cavities pumped
by classical laser fields are coupled to each other by an optical fiber.
As a result of indirect coupling mediated by the two cavity modes, the
two movable mirrors become entangled. Furthermore, two initially
uncorrelated auxiliary cavity modes interact independently with the
two entangled movable mirrors, which induces nonlocal correlations
between the two modes. Using standard homodyne measurement
techniques nonlocal correlations between the two auxiliary cavity
modes can be read out giving an indirect signature of quantum
correlations between the two mirrors.

The frequency mismatch between optical (ω/2π ∼
1014 Hz) and mechanical (/2π ∼ 106 –109 Hz) degrees of
freedom is enormous [7]. This suggests a separation of the
Hamiltonian (3) into two parts, one with very rapidly evolving
optical modes and another with slowly varying mechanical
modes. In the limit that the mirror coordinates q̂1 and q̂2 remain
stationary with respect to the rapidly evolving cavity modes
â and b̂, we can diagonalize the interaction between the two
cavity modes of Hamiltonian (3).
We first introduce the collective excitation operators Â and
B̂ obeying
 
  
â
cos θ sin θ
Â
=
.
(4)
−sin θ cos θ
b̂
B̂
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Choosing tan 2θ = 2λ/ [g(q1 − q2 )] and substituting for the
new field modes, the rapidly varying optical part of Hamiltonian (3) reduces to


q1 + q2
Ĥcav = h̄ ω − g
(Â† Â + B̂ † B̂)
2

(Â† Â − B̂ † B̂)
.
(5)
− h̄ g 2 (q1 − q2 )2 + 4λ2
2
The Hamiltonian describing the dynamics of the two movable
cavity mirrors thus takes the form

PHYSICAL REVIEW A 85, 033805 (2012)

entanglement in a model related to the one of Eq. (9) was
recently studied for a closed system [35]. Equation (6) can be
rewritten in terms of
(ĉ† + ĉ)
,
√
2
(d̂ † + d̂)
q̂2 = √
,
2

(ĉ† − ĉ)
,
√
2
(d̂ † − d̂)
p̂2 = i √
,
2

q̂1 =

p̂1 = i

such that
Ĥmir = h̄(ĉ† ĉ + d̂ † d̂)



Ĥmir = h̄ q̂12 + p̂12 + q̂22 + p̂22 + Ĥcav .
(6)
2
The treatment this far is exact. Typically, the cavity field
will adiabatically follow the slow motion of the two movable
mirrors. Thus by considering rapidly varying collective cavity
modes and slowly varying mirror modes we can make the BO
approximation [31,32], and write the collective wave function
of the cavity-mirror coupled system at time t as


g2
(ĉ2 + ĉ†2 + 2ĉ† ĉ)
16λ2
 2 
g
(d̂ 2 + d̂ †2 + 2d̂ † d̂)
− (nA − nB )h̄λ
16λ2
 2 
g
(10)
+ (nA − nB )h̄λ
(ĉ + ĉ† )(d̂ + d̂ † ).
8λ2


− (nA − nB )h̄λ

Introducing center-of-mass and relative modes,

|(t) =

P (nA ,nB )|n|(n,t).

(7)

ĉ + d̂
Ĉ = √ ,
2

nA ,nB

Here, P (nA ,nB ) is the probability distribution of the collective
cavity fields, |n = |nA ,nB  denotes the time-independent
index of the energy levels of the two collective cavity modes
Â and B̂, in the adiabatic limit, in which Â† Â|n = nA |n and
B̂ † B̂|n = nB |n, and |(n,t) = e−i Ĥmir t/h̄ |(n,0) denotes
the time-evolved wave function of the two movable mirrors
[33,34]. The approximation in assigning a system wave
function of the form (7) lies in the fact that the coefficients
P (nA ,nB ) are time independent, and as a consequence no
population transfer occurs between different photon states |n.
Within this BO approximation, the cavity modes can be
seen as inducing an effective potential in which the two mirrors
evolve,


q1 + q2
(nA + nB )
V̂eff = h̄ ω − g
2

nA − nB
.
(8)
− h̄ g 2 (q1 − q2 )2 + 4λ2
2
Since we have assumed that the oscillation amplitudes of
the movable mirrors are small, it follows that their relative
displacement q̂1 − q̂2 is also small. Therefore, it is sufficient
to expand the second term in the cavity Hamiltonian (8) to
second (quadratic) order in q̂1 − q̂2 . This can be justified,
since for a typical optomechanical cavity with optical frequency ω/2π ∼ 1014 Hz, length L ∼ 1 mm, mirror frequency
/2π ∼ 106 Hz, and with a zero-point-oscillation amplitude
of 0.02 pm, one finds that g ∼ 104 Hz. With the reasonable
estimate λ = 105 Hz one gets (g/2λ)2 ∼ 10−3 . This results
in an effective Hamiltonian describing the dynamics of two
coupled movable mirrors in absence of any losses,


Ĥmir ≈ h̄ q̂12 + p̂12 + q̂22 + p̂22
2
g2
(9)
− (nA − nB )h̄λ 2 (q̂1 − q̂2 )2 ,
8λ
where we have dropped all the constant and classical driving terms from the Hamiltonian. Dynamical properties of

ĉ − d̂
D̂ = √ ,
2

(11)

Eq. (10) becomes
Ĥmir = h̄Ĉ † Ĉ + h̄( − 4N λ)D̂ † D̂ − 2N h̄λ(D̂ 2 + D̂ †2 ),
(12)
where N = (nA − nB )(g/4λ)2 . The Hamiltonian in the above
form is known to generate squeezing in the D mode [36], which
will also be manifested as quantum correlations between the
two mirror oscillations.
After arriving at this simplified form of the Hamiltonian
governing the dynamics of the two movable mirrors, we
now provide a fully analytical treatment describing the state
evolution of the two mirrors. First we shall discuss the unitary
dynamics of the system in Sec. III B and provide a closed-form
expression for the time-evolved mirror operators ĉ(t) and d̂(t)
in the Heisenberg picture. This will allow us to solve for
the dynamics of initially uncoupled movable mirrors for an
arbitrary initial state. This will then be followed by Sec. III C
where we shall provide a full solution of the master equation
describing the dissipative dynamics of the two indirectly
coupled movable mirrors.
B. Unitary evolution

The Hamiltonian (12) describing the dynamics of the two
movable mirrors can be further diagonalized by a Bogoliubov
transformation. We define Ê and Ê † such that
 † 
 †
D̂
u v
Ê
=
,
(13)
v u
D̂
Ê
where u2 − v 2 = 1. Setting
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1
4M 2
,
1+ 1+
2
1 − 4M 2


1
4M 2
v2 =
,
−1+ 1+
2
1 − 4M 2

u2 =

(14)
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the Hamiltonian (12) reduces to the diagonal form

0

H̃mir = h̄Ĉ † Ĉ + 2h̄ω0 Ê † Ê,

(15)

0.001

where
( − 8λN)
ω0 = √
,
2 1 − 4M 2 ( − 4λN)

2N λ
. (16)
 − 4N λ

0.002
0.004

We can then straightforwardly solve the equations of motion
for the operators Ĉ(t) and Ê(t),

0.002

M=

Ĉ(t) = Ĉ(0)eit , Ê(t) = Ê(0)e−i2ω0 t ,

(17)

12
8

giving the closed expressions for the time-evolved operators
ĉ(t) and d̂(t),
ĉ(t) = 12 [F (t)ĉ(0) + G(t)d̂(0) + 2i sin(2ω0 t)uvĉ† (0)

4

(18)

FIG. 2. (Color online) Time evolution of the degree of entanglement, as measured by the logarithmic negativity, as a function
of initial temperature of the movable mirrors, measured in terms of
n̄thermal . The dimensionless parameters are chosen such that  = 1,
g = 10−2 , λ = 10−1 , αA = 4, and αB = 1.

where F (t) and G(t) are time-dependent complex functions
given by

state characterized by the covariance matrix V, logarithmic
negativity is defined as

F (t) = e−it + u2 e−i2ω0 t − v 2 ei2ω0 t ,

N = max[0,ln(2ν̃− )],

− 2i sin(2ω0 t)uv d̂† (0)],
d̂(t) = 12 [G(t)ĉ(0) + F (t)d̂(0) − 2i sin(2ω0 t)uv ĉ† (0)
+ 2i sin(2ω0 t)uv d̂ † (0)],

G(t) = e

−it

+v e

2 i2ω0 t

2 −i2ω0 t

−u e

(19)
(20)

.

With the solution of the operators ĉ(t) and d̂(t) now in hand
we can faithfully describe the unitary dynamics of the two
movable mirrors for any arbitrary initial state. Of particular
interest are initial Gaussian states including thermal, coherent,
and squeezed states. A Gaussian continuous variable state can
be fully described in terms of a real symmetric covariance
matrix V. For a two-mode Gaussian continuous variable
system, the covariance matrix V can be written as


A
C
,
(21)
V=
CT B
where T denotes matrix transpose,
A=

B=

C=

(ĉ + ĉ† )2 /2
[ĉ + ĉ† ,i(ĉ† − ĉ)]+ /2
(d̂ + d̂ † )2 /2
[d̂ + d̂ † ,i(d̂ † − d̂)]+ /2
(ĉ + ĉ† )(d̂ + d̂ † )/2

[ĉ + ĉ† ,i(ĉ† − ĉ)]+ /2
,
(i(ĉ† − ĉ))2 /2
[d̂ + d̂ † ,i(d̂ † − d̂)]+ /2
(i(d̂ † − d̂))2 /2
i(ĉ + ĉ† )(d̂ † − d̂)/2

i(ĉ† − ĉ)(d̂ + d̂ † )/2 −(ĉ† − ĉ)(d̂ † − d̂)/2

,

,

(22)

where ν̃− is the smallest of the symplectic eigenvalues of the
partially transposed covariance matrix given by

ν̃− = σ/2 − (σ 2 − 4 Det V)/2,
σ = Det A + Det B − 2 Det C.

(23)

We analytically reconstruct the time-dependent covariance
matrix, from which it is then straightforward to compute
the logarithmic negativity, with a typical solution shown in
Fig. 2. In these calculations, the logarithmic negativity has
been weighted with a coherent state probability distribution
for the collective cavity modes A and B such that P (nA ,nB ) =
exp[−(|αA |2 + |αB |2 )]|αA |2nA |αB |2nB /(nA !nB !). Such averaging accounts for initial quantum fluctuations in the two
cavity modes. A nonzero value of N quantifies the degree
of entanglement between the two movable mirrors. As can
be seen from Fig. 2, increasing the initial temperature of the
mirror degrades the quantum correlations and eventually leads
to completely separable states of the two mirrors. The figure
also gives a clear example of entanglement sudden death and
birth [38], arising from the common coupling of the mirrors to
the two cavity modes.
C. Dissipative dynamics

and [r̂i ,r̂j ]+  = [r̂i r̂j + r̂j r̂i )]/2. Once we have the covariance matrix, all the quantum statistical properties of Gaussian
continuous variable states can be constructed. Also worth
mentioning is the important fact that the Hamiltonian (10)
is quadratic in the position and momentum coordinates of
the movable mirrors. An initial Gaussian state of the mirror
evolving under (10) will therefore maintain its Gaussian
character.
A widely used entanglement measure is the logarithmic
negativity, which is an entanglement monotone and fairly easy
to compute [37]. For a two-mode Gaussian continuous variable

In any physical setting, coupling to the environment is
inevitable and typically results in decoherence of the quantum
state to its classical counterpart. In the scheme of interest to us,
there can be two main causes of dissipation. One is the photon
leakage through the two cavities, and the other is thermal decay
of the states of the movable mirrors due to their coupling to
baths of nonzero temperature.
So far we have treated the cavity modes in the adiabatic
approximation by expanding the global wave function in terms
of energy eigenstates of the collective cavity operators Â
and B̂. Although it might look somewhat artificial at first,
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this approach has its own advantages. First, it allows us to
derive a closed-form analytical result governing the dynamics
of the two coupled mirrors, which is otherwise a nonlinear
problem in itself. Secondly, it also provides us with useful
physical insights into how the cavity-assisted entanglement
of spatially separated mechanical oscillators originates. In
the present section we will continue treating the two cavity
modes in this semiclassical regime and defer the explicit
calculations involving reservoir-induced quantum fluctuations
in the cavity modes until the next section. More precisely, we
assign coherent states for the two cavity modes and introduce
cavity losses in terms of a non-Hermitian Hamiltonian.
A phenomenological way to introduce cavity losses is to
shift the cavity resonance frequency ω by −iκ where κ is the
cavity decay rate. Then, under the BO approximation, the two
indirectly coupled movable mirrors evolve according to the
non-Hermitian Hamiltonian
Ĥdisp ≈ Ĥmir − iκ(nA + nB ) ,

(24)

where Ĥmir is given by Eq. (10) and we again have neglected
all the classical driving terms in the Hamiltonian. Apart from
the cavity losses, the two cavity mirrors might undergo further
decoherence due to their inevitable coupling to the external
environment. The time evolution of the mixed state of the
two movable mirrors obtained by tracing over the cavity field
distribution takes the form
1
(n)
NnA ,nB (t)ρ̂mir
(t), (25)
ρ̂mir (t) = 
N
(t)
n
,n
A B
nA ,nB
n ,n
A

PHYSICAL REVIEW A 85, 033805 (2012)

To solve the master equation (28), we define the normalordered quantum characteristic function [41,42] for the two
†
∗
†
∗
movable mirrors as χ (,η,t) = e Ĉ e− Ĉ eηD̂ e−η D̂ . Using
standard quantum optical techniques [41,42], the master
equation (28) can be rewritten as a partial differential equation
for the quantum characteristic function χ (,η,t) of the form
∂
χ (,η,t) = zT M∇χ (,η,t) + 4λzT Kzχ (,η,t),
∂t
where


∂
∂
∂
∂ T
,
,
,
,
zT = (u1 ,u2 ,v1 ,v2 ), ∇ =
∂u1 ∂u2 ∂v1 ∂v2
c + d + c∗ + d∗
c + d − c∗ − d∗
, u2 =
,
u1 =
√
√
2 2
i2 2
c − d + c∗ − d∗
c − d − c∗ + d∗
v1 =
, v2 =
,
√
√
2 2
i2 2
and
+η
−η
d = √ .
c = √ ,
2
2
The 4 × 4 matrix coefficients of Eq. (29) read




K1 0
M1 0
, K=
,
M=
0 M2
0 K2
with

B



M2 =

NnA ,nB (t) = exp(−|αA e−κt |2 )|αA e−κt |2nA
× exp(−|αB e−κt |2 )|αB e−κt |2nB /nA !nB !, (26)

∂


ρ̂mir = −i[Ĥmir ,ρ̂mir ] + n̄Lc† ρ̂mir + n̄Ld † ρ̂mir
∂t
2
2


+ (n̄ + 1)Lc ρ̂mir + (n̄ + 1)Ld ρ̂mir , (27)
2
2
where  is the decay rate of each movable mirror due to its
coupling to a heat bath with average thermal occupancy n̄, and
Lx ρ̂ ≡ 2x̂ ρ̂ x̂ † − x̂ † x̂ ρ̂ − ρ̂ x̂ † x̂. In terms of the center-of-mass
mode Ĉ and relative mode D̂, Eq. (27) can be equivalently
written as
∂ρmir


= −i[Ĥmir ,ρ̂mir ] + n̄LC † ρ̂mir + n̄LD† ρ̂mir
∂t
2
2


+ (n̄ + 1)LC ρ̂mir + (n̄ + 1)LD ρ̂mir , (28)
2
2
where Ĥmir is given by Eq. (12).

−/2
−

(30)

(31)

(32)



,
−/2


 − 8N λ
,
−/2


− n̄/4λ
0
K1 =
,
0
− n̄/4λ


− n̄/4λ
N
K2 =
.
N
− n̄/4λ

where

(n)
and ρ̂mir
(t) is the time-evolved reduced density matrix of
the two movable mirrors with the photon number difference
n = nA − nB . It turns out that if both collective cavity modes
are initially coherent states, this particular method of taking
dissipation into account is not only accurate but also exact [39].
This is because an initial coherent state evolving in a purely
dissipative channel remains a coherent state, although with an
exponentially decaying amplitude [40]. The time evolution of
(n)
(t) in the Born-Markov approximation is then described
ρ̂mir
by the Lindblad-type master equation [41,42]


M1 =

(29)

−/2
−

(33)

For an initial Gaussian state of the two movable mirrors, it
is consistent to make the following ansatz for the quantum
characteristic function:
χ (,η,t) = exp[−zT L(t) z + izT q(t)],

(34)

where L(t) is a 4 × 4 time-dependent symmetric matrix and
q(t) is a 4 × 1 time-dependent vector. Using the above ansatz
in Eq. (29) results in the coupled matrix differential equations
L̇ = ML + LMT − 4λK,

(35)

q̇ = Mq.

(36)

Making use of the fact that L is a 4 × 4 symmetric matrix, it
can be decomposed into 2 × 2 square matrices such that


P Q
,
(37)
L=
QT R
where P and R are 2 × 2 symmetric matrices. Obtaining an
explicit form for the time-dependent quantum characteristic
function χ (,η,t) now reduces to solving 2 × 2 coupled matrix
differential equations.
Although an exact analytical solution can be arrived
at, it is too lengthy to be reported here. Nonetheless, the
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time-dependent covariance matrix V can be fully reconstructed from the quantum characteristic function χ (,η,t).
This can be easily seen by noting that from the quantum
characteristic function one can obtain the expectation values
of quantum-mechanical observables, e.g., ĉ†m (t)d̂†n (t) =
( ∂∂ c )m ( ∂∂ d )n χ (c ,d ,t)|c ,d =0 and thus all the elements of the
covariance matrix can be found.
As a measure of entanglement between the distant cavity
mirrors we again compute the logarithmic negativity. The
result of such a calculation is shown in Fig. 3. As is clear
from the figure, under the action of cavity-mediated coupling,
the two movable mirrors exhibit entanglement. Although the
entanglement generated is not too large, it is sustained over
a reasonably long time scale. The degree of inseparability
between the two mirrors can be improved significantly either
by a conditional measurement of the cavity field or by
increasing the difference in the mean number of photons
in the field distributions of the two cavity modes. Thus we
conclude that the aforementioned protocol is indeed capable of
generating quantum entangled states of two movable mirrors,
which are robust with respect to dissipation for a long
time. It should be pointed out that the logarithmic negativity
approaches zero exponentially for large times due to the decay
of photons out of the cavities. In order to have sustainable
nonvanishing entanglement, the photon modes must be driven
externally to prevent the absence of photons. This will be
discussed in the following section.
D. Validity of the Born-Oppenheimer approximation

So far we have used the BO approximation to separate the
slow dynamics of the two movable mirrors from the rapidly
evolving population of the two cavity modes. The BO approach
has proved to be a fundamental tool in various applications
of physics and quantum chemistry [31,32]. It is nothing but
an extension of the quantum adiabatic theorem to a quantum
system with two sets of variables whose dynamics can be
separated due to very different dynamical time scales.

0.004

The original version of the adiabatic theorem asserts that
an initial eigenstate of a slowly varying Hamiltonian will
remain in the same instantaneous eigenstate throughout the
evolution. In our system, the absence of transitions between
instantaneous eigenstates translates to fixed probabilities for
the states |n [see Eq. (7)] to be occupied. There has been
continued interest in the application of the adiabatic theorem
in slowly evolving quantum-mechanical systems including
Berry’s phase and effective gauge theories [43,44], geometric
quantum computation [45], and adiabatic quantum computation [46]. However, recently the generally accepted criteria for
adiabaticity in quantum physics has suffered some criticisms
[47], which has led to various arguments and counterarguments
to ascertain the justification of the adiabatic approximation in
quantum theory [48,49]. A breakdown of adiabaticity seems
to appear only in rather special cases of rapid resonant driving
of the system [49]. This kind of external resonant driving is
absent in our model and we expect a standard application
of the adiabatic theorem, or more precisely an application of
the BO approximation, to be unproblematic. In the beginning
of Sec. III A, we pointed out that the two types of oscillators
evolve on very different time scales which normally guarantees
adiabatic dynamics. However, one issue overlooked so far
concerns the fact that we consider an open quantum system
for which the concept of adiabaticity must be handled with
care [50]. Loosely speaking, one could imagine nonadiabatic
transitions induced by the reservoir. In the following discussion
we will argue that such transitions are indeed not present in
our model.
Recently an extension of the BO approximation has been
presented for a quantum system coupled to a large reservoir
[50]. Following this work, we can write the Hamiltonian of
the closed quantum system as H = Hs (X) + Hf (X,Y ), where
Hs (X) is the Hamiltonian of the slowly varying dynamical
variable X and Hf (X,Y ) is the interaction Hamiltonian
between the slowly varying variable and the quickly varying
dynamical variable Y . If the coupling between the quantum
system and the reservoir is such that its evolution can be
described using the Lindblad approach, then, in the case of
no quantum jumps, the evolution of the quantum system is
governed by the equation
ih̄

d
|(t) = Heff |(t).
dt

(38)

0.002

0

1500

3000

FIG. 3. (Color online) Temporal evolution of the degree of
entanglement between two indirectly coupled movable mirrors as
measured by the logarithmic negativity. Compared with Fig. 2,
here losses in all modes have been considered and the degree of
entanglement is consequently somewhat smaller, but importantly, it
survives for a reasonably long time. Each mirror is initially assumed
to be in its ground state and the dimensionless parameters used
are chosen such that  = 1, g = 10−2 , λ = 10−1 , αA = 4, αB = 1,
κ = 10−3 ,  = 10−4 , and n̄ = 0.

Here Heff = Hs (X) + Hf (X,Y ), and Hf (X,Y ) is the nonHermitian part of the Hamiltonian, with dissipation assumed
to affect only the quickly varying variable of the Hamiltonian.
Treating the slowly varying variable X as a parameter, we can
L
R
solve for left and right eigenstates n,X
(Y )| and |n,X
(Y )
of the non-Hermitian Hamiltonian Hf (X,Y ), with complex
eigenvalues En,X (Y ). Expanding the eigenstates of Heff in
R
terms of |n,X
(Y ) we get
N

| =

 R

cn |ϕn (X)n,X
(Y ) ,

(39)

n=1

where N is the dimension of the quickly varying variable Y
and cn are the expansion coefficients. It can be shown that the
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eigenvalue equation Heff | = E| can be recast in the form
(Ho + HP )ϕ = Eϕ [50], where
⎡
H1 +E1 (Y )
0
···
0
H2 +E2 (Y ) · · ·
⎢
Ho (X) =⎢
..
..
..
⎣
.
.
.
0
0
···
⎤
⎡
0
H1,2 · · · H1,N
0
· · · H2,N ⎥
⎢ H2,1
HP (X) = ⎢
.
.
.. ⎥
..
⎦,
⎣ .
..
.
.
.
0
HN,1 HN,2 · · ·

0
0
..
.

quickly varying variables. The slowly varying variables then
evolve under the effective Hamiltonian

 2
q̂1 + p̂12 + q̂22 + p̂22
2
(nA − nB )
− h̄ g 2 (q̂1 − q̂2 )2 + 4λ2
 2

q̂1 + q̂2
(nA + nB ).
+ h̄ ω − iκ − g
2

⎤

Ĥmirror = h̄

⎥
⎥,
⎦

HN +EN (Y )
⎡
⎤
|ϕ1 
⎢ |ϕ2  ⎥
⎥
ϕ=⎢
⎣ .. ⎦ .
.
|ϕN 

Here Hn = Hn,n , En (Y ) = En,X (Y ), and Hn,m (X) =
L
R
n,X
(Y )|Hs (X)|n,X
(Y ). Treating HP as a small
perturbation and using standard time-independent perturbation
theory, corrections to all orders for the eigenstates and the
eigenenergies can be calculated. Since there is no resonant
driving, we can conclude that the BO approximation is
accurate as long as the condition
  L[0] 

  H R[0]  
 n ,k n ,n n,k 
for all k ,n = k,n
(40)

 1
[0]
 En[0],k − En,k

is satisfied [50].
Returning to consider our original physical system of two
coupled optomechanical cavities, the non-Hermitian Hamiltonian containing the cavity decay terms takes the form


q̂1 + q̂2
Ĥcav = h̄ ω − iκ − g
(Â† Â + B̂ † B̂)
2
(Â† Â − B̂ † B̂)
2

 2
2
2
2
+ h̄ q̂1 + p̂1 + q̂2 + p̂2 .
2

PHYSICAL REVIEW A 85, 033805 (2012)

− h̄ g 2 (q̂1 − q̂2 )2 + 4λ2

(41)

The quickly varying part of the Hamiltonian
Hf = h̄ [ω − iκ − g(q̂1 + q̂2 )/2] (Â† Â + B̂ † B̂)
− h̄ g 2 (q̂1 − q̂2 )2 + 4λ2 (Â† Â − B̂ † B̂)/2
L
(Y )| = nA |nB | and
has left and right eigenstates n,X
R
|n,X (Y ) = |nA |nB , respectively, with complex eigenvalues
given by

En,X (Y ) = h̄(ω − iκ − g(q̂1 + q̂2 )/2)(nA + nB )

− h̄ g 2 (q̂1 − q̂2 )2 + 4λ2 (nA − nB )/2.
As a passing remark, the perturbation terms HP are in general
nonzero. This demands that the dissipation in the slowly
varying variables must be slower than the dissipation in the
quickly varying variables. If this condition is not met, then
strong dissipation in the slowly varying variables enlarges the
perturbation HP , which might make the BO approximation
invalid. Roughly speaking, a stronger rate of dissipation in the
slowly varying variables accelerates their rate of change, thus
making it hard to distinguish their dynamics from that of the

(42)

It should be noticed that in this treatment, the off-diagonal
terms of the perturbation HP , which are given by Hn,m (X) =
nA |nB |Ĥmirror |mA |mB , are identically zero. This implies
that the zeroth-order BO approximation for this particular
physical model is not only accurate but also exact. The
conclusion remains the same even when dissipation in the
slow variables is taken into account [50].
IV. QUANTUM LANGEVIN APPROACH

As mentioned before, in a typical optomechanical setup,
due to coupling induced by radiation pressure, a movable
mirror interacts with a cavity mode. Unfortunately, the
radiation-pressure coupling for an undriven cavity with a
movable mirror is usually very weak. This problem can be
circumvented by driving the cavity with a coherent classical
laser field. Driving with an intense laser field enhances the
radiation-pressure coupling and thus facilitates the observation
of nonclassical phenomena such as entanglement between
mechanical oscillators and light.
In the previous section, cavity driving was not taken into
account. Instead the two cavity fields were assumed to be
initially in coherent states and the system time evolution in
the presence of the decay of the two cavity fields was studied.
In what follows, we shall instead study the situation of cavity
driving and show that robust steady-state entanglement may
exist between different optical and mechanical modes. To this
end, we find it more convenient to work in the Heisenberg
picture. For our system of two coupled cavities with movable
mirrors, the Hamiltonian in the interaction picture of the two
driving lasers with frequency ωL now takes the form

Ĥ
 2

= (ω − ωL )(â † â + b̂† b̂) +
q̂ + pˆ1 2 ) + (q̂22 + p̂22
h̄
2 1
2
+ λ(â † b̂ + b̂† â) − g â † â qˆ1 − g b̂† b̂qˆ2
+ iη(â † − â) + iη(b̂† − b̂).
(43)
√
Here η = 2Pc κ/h̄ωc is related to the driving laser, where Pc
is the power of the driving laser and κ is the damping rate,
identical for both cavities.
The Hamiltonian (43) describes the closed-system dynamics of the two driven coupled cavities with movable
mirrors. However, as discussed in the previous section,
the dynamics of the system is also affected by damping
and noise. The main channels of dissipation in our system
are the decay in the cavity modes and the coupling of
the movable mirrors to their independent thermal baths [51].
One possible way to take into account all the damping and
noise processes is to use QLEs. The QLEs are equivalent to the
Heisenberg equations of motion for time-evolving operators,
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where noise and dissipative processes have been included
phenomenologically [41].
For the Hamiltonian (43), the QLEs for the cavity and the
mirror modes become
√
d â
˜ â + 2κ âin ,
= −iλb̂ + ig q̂1 â + η − (κ + i )
dt
√
d b̂
˜ b̂ + 2κ b̂in ,
= −iλâ + ig q̂2 b̂ + η − (κ + i )
dt
d p̂1
= −q̂1 + g â † â − γm p̂1 + ε̂1 (t),
(44)
dt
d p̂2
= −q̂2 + g b̂† b̂ − γm p̂2 + ε̂2 (t),
dt
d q̂1
d q̂2
= p̂1 ,
= p̂2 ,
dt
dt
˜ = ω − ωL is the laser detuning from the cavity
where 
resonance frequency ω, κ is the decay rate of each cavity, and
γm is the thermal decay rate, identical for the two movable
mirrors subjected to independent Brownian motion noise
characterized by the operators ε̂1 (t) and ε̂2 (t), respectively.
The quantum noise operators have the quantum statistical
properties
ε̂1 (t) = ε̂2 (t) = 0,

γm
ε̂i (t)ε̂j (t ) =
e−iω (t−t ) ω




dω
h̄ω
δij ,
× 1 + coth
k B Ti
2π

†

†

†

†

b̂in (t)b̂in (t ) = δ(t − t ), b̂in (t)b̂in (t ) = 0.

(45)

as
bs
a
b

= −δ â(κ + ia ) − iλδ b̂ + igas δ x̂ +
= −δ b̂(κ + ib ) − iλδ â + igbs δ ŷ +
= δ p̂1 ,

g|as |2
g|bs |2
, q2s =
, p1s = 0, p2s = 0,


−iλη + η(κ + ib )
= 2
,
λ + κ 2 + iκ(a + b ) − a b
−iλη + η(κ + ia )
= 2
,
(47)
λ + κ 2 + iκ(a + b ) − a b
˜ − gq1s = ω − ωL − gq1s ,
=
˜ − gq2s = ω − ωL − gq2s .
=

√

2κ âin ,

√
2κ b̂in ,

dδ q̂2
= δ p̂2 ,
dt

(48)

= −δ q̂1 + g(|as |2 + as∗ δ â + as δ â † ),
= −δ q̂2 + g(|bs |2 + bs∗ δ b̂ + bs δ b̂† ).

By further introducing the position and momentum quadratures for the two cavity modes and their input noises,
d(δ â † + δ â)
dδ X̂a
=
,
dt
dt
dδ X̂b
d(δ b̂† + δ b̂)
=
,
dt
dt

dδ P̂a
d(δ â † − δ â)
=i
,
dt
dt
dδ P̂b
d(δ b̂† − δ b̂)
=i
,
dt
dt

a
dδ X̂in
d(δ âin + δ âin )
=
,
dt
dt
†
b
dδ X̂in
d(δ b̂in + δ b̂in )
=
,
dt
dt

†

dδ P̂ina
d(δ âin − δ âin )
=i
,
dt
dt
†
b
dδ X̂in
d(δ b̂in − δ b̂in )
=i
,
dt
dt

(49)

we can rewrite Eq. (48) in the compact form
dR
= ZR + N.
dt

(50)

Here
R T = (δ q̂1 ,δ p̂1 ,δ q̂2 ,δ p̂2 ,δ X̂a ,δ P̂a ,δ X̂b ,δ P̂b ),
√
√

a
N T = 0,1 (t),0,2 (t), 2κδ X̂in
(t), 2κδ P̂ina (t),
√
√

b
(t), 2κδ P̂inb (t) ,
(51)
2κδ X̂in

(46)

We are interested in investigating the possibility of achieving
steady-state entanglement between distant optical and mechanical modes. To pursue this aim we have to solve the
set of coupled nonlinear QLEs (44). This task is difficult,
but it is simplified in the presence of strong external driving,
in which case linearization of the set of QLEs around the
steady-state values is justified. Solving the set of QLEs (44)
for the steady-state amplitudes of the optical and mechanical
modes, we get
q1s =

dδ â
dt
dδ b̂
dt
dδ q̂1
dt
dδ p̂1
dt
dδ p̂2
dt

†

where i,j ∈ 1,2 and δij is the Kronecker delta. We have also
introduced independent cavity input noise operators, âin (t) and
b̂in (t) for the first and second cavity, respectively. For the case
of optical fields, h̄ω/kB T  1, and hence the mean number of
thermal photons can be safely neglected. In this limit the noise
operators âin (t) and b̂in (t) satisfy the two-time correlations
âin (t)âin (t ) = δ(t − t ), âin (t)âin (t ) = 0,

In the regime where the two cavities are very intensely driven,
such that |as |,|bs |  1, and by expanding the mechanical and
optical mode operators as quantum fluctuations around the
steady-state values (â = as + δ â, b̂ = bs + δ b̂, q̂i = qis + δ q̂i ,
and p̂i = pis + δ p̂i for i = 1,2) we obtain the following
linearized QLEs for the quantum fluctuations:

and


Z=

Z1
Z2

with the 4 × 4 matrices
⎛
0

⎜ − −γm
Z1 = ⎝
0
0
0
0
⎛
0 0 0
⎜ gas 0 0
Z2 = ⎝
0 0 0
0 0 gbs
⎛
−κ a
⎜ −a −κ
Z3 = ⎝
0
λ
−λ
0
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Z2
Z3


,

⎞
0
0
0
0 ⎟
,
0
 ⎠
− −γm
⎞
0
0⎟
,
0⎠
0
⎞
0
λ
−λ
0 ⎟
.
−κ b ⎠
−b −κ

(52)
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The phase reference
√ has been chosen
√ such that as and bs are
real with gas = 2gas and gbs = 2gbs . In Eq. (50), Z is the
drift matrix. Stability (in the steady state) demands that the
real part of all the eigenvalues of Z must be negative. All
the parameters in the present work have been chosen such that
the system is stable in the steady state.
The dynamics of the coupled cavities with movable mirrors
is governed by the first-order matrix differential equation (50).
For an initial Gaussian state of the two cavities and their
movable mirrors it is sufficient to fully characterize all the
quantum correlations by explicitly evaluating the 8 × 8 symmetric covariance matrix V where Vi,j (t) = [Ri (t)Rj (t) +
Rj (t)Ri (t)]/2. If the system is stable in the steady state, then
the covariance matrix takes the form
 ∞  ∞
Vi,j =
ds
ds Wi,p (s)Wj,q (s )p,q (s − s ), (53)
p,q

0

0

where W = exp(Zs) and p,q (s − s ) = [Np (s)Nq (s ) +
Nq (s )Np (s)]/2 is the steady-state noise correlation matrix. It
turns out that in the regime where the mechanical oscillators
possess very high Q values, the quantum Brownian noise
becomes approximately δ correlated and in this limit the noise
correlation matrix takes the form
p,q (s − s )
= Ñp,q δ(s − s )
= diag[0,γm (2n̄1 + 1),0,γm (2n̄2 + 1),κ,κ,κ,κ]δ(s − s ),
(54)
with n̄1 = [e(h̄/kB T1 ) − 1]−1 and n̄2 = [e(h̄/kB T2 ) − 1]−1 .
Thus, Eq. (53) simplifies to
 ∞
ds W(s)ÑWT (s).
(55)
V=
0

When the system is stable in the steady state, the covariance
matrix V satisfies a Lyapunov equation [17]
ZV + VZT = −Ñ.

(56)

Once again, when we have the solution for the covariance
matrix, we can compute various nonclassical correlations
between the optical and mechanical degrees of freedom. In
particular, the degree of entanglement between different optical and mechanical modes can be evaluated by computing the
logarithmic negativity as defined in Eq. (22). We numerically
solve Eq. (56) for the covariance matrix V . An example of the
numerically calculated logarithmic negativity between various
optical and mechanical modes is presented in Fig. 4.
For evaluating the entanglement between various optical
and mechanical modes we have chosen physical parameters
accessible in present experiments. Not surprisingly, the steadystate entanglement is susceptible to thermal fluctuations of the
environment. A high temperature of the surrounding reservoirs
will result in a completely separable state of the optical and
mechanical modes. One should note that the entanglement
generated between optical and mechanical modes in the steady
state is not very large, but it does not require any quantum
resources, such as additionally driving the two cavities with
squeezed light [18,19].
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FIG. 4. (Color online) Logarithmic negativity as a measure of
entanglement between (a) two distant cavity mirrors, (b) a mirror
and adjacent cavity mode, and (c) a mirror and distant cavity mode,
plotted as a function of detuning  and average thermal occupancy of
the two mirrors n̄1 = n̄2 = n̄. We have chosen the different physical
parameters such that  = 1, gas = gbs = 2.5, λ = 20, κ = 0.08, γm =
0.01, and a = b = .

Also, it is worth pointing out that with our particular
choice of parameters we find that an appreciable entanglement
appears between various optical and mechanical modes only
when we operate far away from the regime of the red ( = )
or blue ( = −) sideband. Although operating in the blue
sideband regime is commonly considered ideal for generating
entanglement between various optical and mechanical modes,
the condition that the steady state should be stable puts serious
restrictions on the coupling strength between the mechanical
and optical modes [52].
A challenging aspect of any scheme involving entanglement
generation between macroscopic mechanical systems is the
actual experimental detection of entanglement. There are,
however, some recent promising proposals to create and detect
quantum correlations in optomechanical settings [19,22].
Since it is comparatively easier to detect quantum correlations
between optical modes, as compared to directly detecting quantum entanglement between mechanical modes, the
essence of these proposals is to swap the nonlocal correlations
from the mechanical modes back to the optical modes. As
shown in Fig. 1 this can, for instance, be implemented using
two auxiliary light modes, each initially prepared in classical
uncorrelated states. These auxiliary modes can be two modes
of distant cavities, and the geometry so arranged that each
entangled mirror couples independently to the two modes.
The nonlocal correlations may then be transferred from the
movable mirrors to the initially uncorrelated auxiliary modes,
which may eventually become entangled. Thus, using standard
homodyne measurement techniques, the entire correlation
matrix of the two optical auxiliary modes can be reconstructed.
A presence of nonzero quantum correlations between these
optical modes will be an indirect signature of nonzero quantum
correlations between the mechanical modes.

V. CONCLUSION

We have discussed in detail the possibility of generating
nonlocal quantum correlations between optical and mechanical modes of two spatially separated cavities. Each cavity
is assumed to have one fixed and one movable mirror and
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the two cavities are coupled by an optical fiber. Under the
Born-Oppenheimer approximation, relying on separating the
dynamics into a fast optical time scale and a slow mechanical
time scale, we have analytically worked out the dynamics of
the two coupled movable mirrors. Furthermore, within this
adiabatic regime, we have also presented a full analytical
solution of the master equation governing the open-system
dynamics of the two movable mirrors. We especially found
that the interaction mediated via two optical modes entangles
the two distant movable mirrors. Cavity losses were taken
into account in an effective non-Hermitian model, and mirror
entanglement was found to be fairly robust against such dissipation. Using a complementary model, we have studied the
two coupled cavities using the quantum Langevin formalism,
by explicitly solving the resulting equations of motion. In the
presence of strong driving laser fields we have found that the
two coupled cavities exhibit nonlocal quantum correlations
between distant optical and mechanical modes. In particular,
these optical and mechanical modes exhibit entanglement in
the steady state and at finite temperatures. This opens up

an interesting possibility to study spatially separated massive
Schrödinger cat states.
Note added. Recently we became aware of a proposal
discussing the possibility of phonon photon entanglement in
coupled optomechanical arrays [53].
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