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ABSTRACT

Quantum algorithms often benefit from the ability to execute multi-qubit (>2) gates. To date, such multi-qubit gates are typically decom-
posed into single- and two-qubit gates, particularly in superconducting qubit architectures. The ability to perform multi-qubit operations in
a single step could vastly improve the fidelity and execution time of many algorithms. Here, we propose a single shot method for executing
an i-Toffoli gate, a three-qubit gate with two control and one target qubit, using currently existing superconducting hardware. We show
numerical evidence for a process fidelity over 99.5% and a gate time of 450 ns for superconducting qubits interacting via tunable couplers.
Our method can straight forwardly be extended to implement gates with more than two control qubits at similar fidelities.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0077443

The implementation of gate based quantum algorithms has made
groundbreaking advances in recent years, particularly in supercon-
ducting circuit architectures.1 Quantum computing is, thus, entering
the so-called Noisy Intermediate Scale Quantum Computer (NISQ)
era,2 where devices are getting powerful enough to challenge classical
computing power but fall short of allowing for implementation of
quantum error correction. Despite this remarkable progress, achiev-
able gate fidelities still limit the number of gates that can be executed
in a circuit and, thus, limit applications.

A possible step forward could be to replace multi-qubit gate
decomposition’s by a single multi-qubit gate. The Toffoli or
controlled-controlled Not (CCX) gate, for example, requires at least
six CNOT gates3 and other single qubit gates in its decomposition.
This severely affects the fidelity and gate time of such higher order
gates. For a single step multi-qubit gate to be helpful, it needs to be
executed with better fidelity and shorter execution time than the
equivalent decomposition. Particularly in superconducting circuits,
the attention has so far been focused on the latter since the qubits

typically only interact with their direct neighbors. These higher order
gates are, however, crucial ingredients of more complex algorithms,
such as Quantum Error Correction,4 Grover’s Search Algorithm,5 and
algorithms for Quantum Chemistry.6,7 The Toffoli gate (which is
required for designing quantum analogues of classical algorithms) is a
prime example of a higher order gate that would benefit from a single
shot implementation.

Here, we propose a mechanism for performing higher order gates
on current superconducting hardware and architectures, using a recent
idea8 adapted for a more viable implementation in readily existing
hardware. We utilize the ZZ couplings that can be engineered with
capacitive or tunable couplers in superconducting circuits (SCCs) via
dispersive shifts in the qubit transition frequencies.9–11 We note here
that ZZ couplings that could be generated by the nonlinear interaction
originating from directly connecting the qubits via a Josephson junc-
tion8,10 do not lead to scalable lattices since they generate closed loops,
where flux quantization makes the device highly sensitive to flux
noise.
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In our system, we consider dispersive ZZ interactions that shift
the transition frequencies of the qubits conditioned on the states of the
qubits that they interact with. Selecting one qubit as the target qubit,
we can, thus, apply a single qubit drive on this j0i $ j1i transition,
which is dispersively shifted by the ZZ interactions. This drive executes
a high-fidelity flip of this target qubit, if and only if the two remaining
qubits are in the j1i states. For our system this results in the j101i $
j111i transition, where the first and third qubits are the controls and
the second qubit the target qubit. All other input states remain invari-
ant. As we show below, this scheme, thus, leads to the implementation
of an i-Toffoli gate, which has a matrix representation

Ui�Toffoli ¼

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 �i
0 0 0 0 0 0 1 0

0 0 0 0 0 �i 0 0

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA

in the computational basis.
For this scheme to work with high-fidelity, the dispersively

shifted transitions need to be individually addressable, which requires
the drive amplitude to be smaller than the shifts.12 The gate time is,
therefore, only dependent on the strength of this drive. These disper-
sive shifts can be turned on and off using a tunable SQUID coupler,
meaning that a high level of control can be exerted over this system.
Such tunable couplers are essential ingredients of today’s most
advanced architectures.1,13

Previous realizations of a Toffoli gate have had a gate fidelity of
68.5% with a gate time of 50 ns (Ref. 14) using a technique of hiding
the target qubit excitations in higher energy states and reached 87%
process fidelity in more recent realizations.15 A very recent implemen-
tation of an i-Toffoli via cross-resonance driving of capacitively cou-
pled transmon qubits reached gate time of 350ns and 98% process
fidelity.16 This approach uses cross resonance drives on all three fixed
frequency qubits.

In contrast, our proposal works with transmon qubits coupled
via tunable couplers and achieves a process fidelity of over 99.5% for a
gate time of 450 ns with the application of a single microwave pulse on
the center qubit. Since we consider the same types of qubits and cou-
pling circuits as implemented in the hardware of most leading devel-
opers,1,13,17–19 our approach adds further versatility to the possible
gates that current quantum chips can run.

One of its most important features is that it can be generalized to
more than two control qubits, e.g., to CCCX gates, without noticeable
loss of fidelity. To this end, the frequency of the drive applied to the
target qubit needs to be chosen such that it only picks out the specific
CCCX transition we require. For current hardware with qubits on a
regular 2d grid, this would, for example, allow us to execute not gates
controlled by four qubits (as similarly explored with qubits and reso-
nators20). Another generalization of this system is to use more than
one drive. This would allow the system to detect qubit cluster parity,21

which is crucial for quantum error correction.

We consider three qubits coupled via two tunable couplers,
where the qubits are capacitively coupled to the tunable couplers, pro-
viding a tunable interaction22,23 between the target and control qubits
as demonstrated in Refs. 17 and 24–26, see Fig. 1 for a circuit diagram.

By adjusting the coupler transition frequencies with external
fluxes, we can tune the couplings27,28 giving versatile control over the
interactions of this system. We use transmon qubits29 and capacitively
shunted dc-SQUIDs as tunable couplers. After quantization of the cir-
cuit and dropping counter rotating terms (see the supplementary
material for full derivation), we obtain the Hamiltonian

H¼
X3
i¼1

xiq
†
i qiþ

ai
2
q†i q

†
i qiqi

� �
þ
X2
j¼1

xcjc
†
j cjþ

acj
2
c†j c

†
j cjcj

� �

�
X3

n<m¼1
gnm q†nqmþq†mqn
� �

�
X2
k¼1

gk;c1 c†1qkþq†kc1
� �

�
X3
l¼2

gl;c2 c†2qlþq†l c2
� �

þX tð Þ q2þq†2
� �

; (1)

where qi (ci) represent the annihilation operators for the qubits (cou-
plers) and xi/ai (xci/aci) are the qubit (coupler) transition frequencies
and anharmonicities, respectively. The external voltage drive applied
to the target qubit is denoted by XðtÞ, gnm denotes the coupling
between qubit n and m (the exact form can be found in the supple-
mentary material), and gi;cj describes the coupling between the i-th
qubit and the j-th coupler. We choose capacitances such that the cou-
pling between the qubits is much smaller than the qubit-coupler cou-
pling. We detune the coupler and qubits by>1 GHz to ensure that the
counter rotating terms do not contribute.25 In this dispersive regime
(i.e., gi;cj

xi�xcj
� 1Þ, we can eliminate the coupler using a

Schrieffer–Wolff (SW) transformation,30 H ! ~H ¼ eiSHe�iS, where
S ¼

P2
i¼1

gi;c1
xi�xc1

ðq†i c1 � qic
†
1Þ þ

P3
j¼2

gj;c2
xj�xc2

ðq†j c2 � qjc
†
2Þ. Keeping

terms up to the second order in this expansion, we decouple the qubits
from the couplers such that we are only left with qubit–qubit couplings
described by the Hamiltonian

~H ¼ H0;q þ Hqq þ Hd; (2)

FIG. 1. Circuit diagram of our system; here, the blue circuits indicate the qubit nodes
(described by uq;i ). Each qubit has a capacitance of Ci and a Josephson Energy of
EJ;i . The green circuits indicate the tunable couplers (described by uc;i ). The tun-
able couplers have capacitance CCi , Josephson Energy of EJ;cj , and they are driven
by an external flux UCi , which tunes their frequency. The second qubit is driven by
an external voltage (denoted in pink here), which executes the CCX interaction. The
qubits are coupled to one another via a small capacitance Cij (red circuits), and the
qubits and tunable couplers are each coupled via a capacitance Ci;cj .
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where (�h ¼ 1)

H0;q ¼
X3
j¼1

~xjq
†
j qj þ

~aj

2
q†j q

†
j qjqj;

Hqq ¼
X3

n<m¼1
~g nmðqnq†m þ q†nqmÞ;

Hd ¼ XðtÞðq2 þ q†2Þ:

(3)

Here, ~xn; ~an, and ~gnm are shifted frequencies, nonlinearities, and cou-
plings (see the supplementary material for the explicit expressions).
We have dropped the counter rotating terms and assumed that the
coupler always remains in the ground state. The latter allows us to
drop the terms describing the coupler as it is no longer coupled to the
qubits.

Following the procedure outlined in Ref. 31, we use perturbation
theory to calculate the corrections to the eigenenergies of H0;q due to
the interaction term V ¼ Hqq. We use these to calculate the dispersive
shifts vnm, where n andm denote the qubits that the shift applies to,

v12 ¼ Ej110i � Ej100i � Ej010i þ Ej000i;

v13 ¼ Ej101i � Ej100i � Ej001i þ Ej000i;

v23 ¼ Ej011i � Ej010i � Ej001i þ Ej000i;

(4)

and the total shift on the j111i state,

v123 ¼ Ej111i � Ej100i � Ej010i � Ej001i þ 2Ej000i; (5)

up to the second order. Here, Ejni denotes the energy of the state jni,
including corrections up to the second order in Hqq. We note that v123
contains all possible shifts on the j111i state, and this will include both
controlled phase (CPhase) and controlled controlled phase (CCPhase)
shifts (see the supplementary material for discussion of CCPhase),
which emerge because of the finite nonlinearity of transmon qubits,
see Eq. (7). The dispersive shifts can be expanded in orders of pertur-
bation theory vðnÞ,

vm ¼ vð1Þm þ vð2Þm þ � � � ; (6)

wherem 2 f12; 13; 23; 123g. We note that all first order terms vanish,
vð1Þm ¼ 0, as the interaction term V is off diagonal. To the second order,
we obtain the following shifts:

vð2Þij ¼�
2~g ij

2

~aiþ ~Dij

�
2~g ij

2

~ajþ ~Dji

þ
2~g ij

2

~aiþ ~R ij
þ

2~g ij
2

~ajþ ~R ij
�

4~g ij
2

~aiþ~ajþ ~Rij
;

vð2Þ123¼vð2Þ12 þvð2Þ23 þvð2Þ13 ;

(7)

where we have introduced the notation ~D ij ¼ ~xi � ~x j and
~Rij ¼ ~x i þ ~xj. In a frame, where each qubit rotates at its transition
frequency (including second order perturbative corrections) and
neglecting v13 and neglecting v13 and all shifts greater than third order
in perturbation theory by choosing parameters such that these pertur-
bations are highly suppressed. We, thus, arrive at the Hamiltonian

~H 2�Lvl ¼ vð2Þ12 ðj110i h110j þ j111i h111jÞ

þ vð2Þ23 ðj011i h011j þ j111i h111jÞ þ Hd; (8)

in a two level approximation.

The dispersive shifts can be thought of as shifts in the qubit tran-
sition frequency dependent on the state of the other qubits. For suit-
able drive frequencies, this allows us to individually address specific
transitions of the three qubit system as each excited qubit adds a con-
tribution to the dispersive shift of the target qubit. This results in the
j110i; j011i, and j111i states being shifted by v12, v23, and v12 þ v23,
respectively. In our case, we wish to address the j101i $ j111i transi-
tion, which will be shifted by v12 þ v23 by the external drive to pro-
duce an i-Toffoli gate. The level diagram and suitable control pulses
are sketched in Fig. 2.

Our approach relies on ZZ interactions that cause the dispersive
shifts as an essential ingredient. These dispersive shifts induce condi-
tional phase accumulation on specific states, which can be described
by the unitary Uphase ¼ diag½1; 1; 1; eiv23t ; 1; 1; eiv12t ; eiðv12þv23Þt �. These
conditional phases correspond to CPhase gates that are included in
our three qubit gate. One can either work with this generalized Toffoli
gate or apply simple strategies to eliminate the contributions of condi-
tional phase gates. We can cancel the accumulated phase (vij) by
applying CPhase gates after the Toffoli gate has been executed. After
having corrected for the phases discussed above and removing any sin-
gle qubit phases, we are left with a factor of –i multiplying the flipped
states (j111i and j101i).8 If needed, this factor could be removed via
the inclusion of an ancilla qubit.8 We want to add that Toffoli gates
with modified phases have been found to be useful in certain quantum
algorithms.32

Given the above discussion, we can determine the unitary that we
obtain if all employed approximations work perfectly. We take into
consideration the accumulated phases discussed above along with the
factor of – i caused by the drive only being resonant with the subspace
fj101i; j111ig, which we are, thus, not able to compensate for with a
virtual Z gate. Denoting ~U the unitary that results from a perturbation
free evolution as generated by ~H 2�Lvl as in Eq. (8) and using U†

phase as
a perfect phase correcting unitary, which corrects for the accumulated
phases, we find

Ui�Toffoli ¼ U†
Phase

~U ; (9)

where Ui�Toffoli is defined in Eq. (1).
We numerically simulated the dynamics generated by the

Hamiltonian ~H of Eq. (2) using QUTIP33 and the q-optimize
package.34 We truncate the qubit subspace to only include three
energy levels. By performing sweeps over realistic parameter ranges,

FIG. 2. (a) Energy level diagram detailing the dispersive shifts and couplings within
the system. Also showing the applied drive. (b) Suggested pulse schemes for an
experimental realization. C1 and C2 show the biases applied to the couplers bring-
ing them to the needed frequency to cause the dispersive shifts and Q2 showing
the drive pulse applied to qubit 2.
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we identified suitable parameters for the circuit and then used the
q-optimize package to optimize the drive pulse. We applied DRAG
(Derivative Removal by Adiabatic Gate)35 to shape the Gaussian pulses
such that states outside the computational subspace are not excited
despite the presence of the dispersive shifts.

Denoting by Usim as the unitary that results from the simulated
dynamics generated by ~H , we quantify the fidelity of the gate by com-
paring U†

phaseUsim and Ui�Toffoli. In terms of process fidelity, as mea-
sured by the entanglement fidelity FpðU1;U2Þ ¼ jTrðU†

1 ;U2Þj=d
(d¼ 8 being the dimension of the Hilbert space), our scheme reaches
FpðUi�Toffoli;U

†
phaseUsimÞ� 99:5% for the parameters stated below.

We choose qubit frequencies ~x1=2p ¼ 4:965, ~x2=2p ¼ 5:12,
and ~x3=2p ¼ 4:825 GHz, to maximize fidelity and ensure that our
approximations are highly accurate (leading terms of the neglected
perturbations are sufficiently small). The peak drive amplitude of the
considered Gaussian pulse was jXj=2p ¼ 2:1 MHz. The correspond-
ing simulation results are shown in Fig. 3, see the figure caption for the
remaining parameters.

The conditions, which limit the achievable process fidelity in our
scheme, are: (i) The gate needs to be executed much quicker than the
decoherence time of the qubits, where a quicker gate requires a larger
drive. (ii) To avoid excitations of higher energy states, the drive needs
to remain in the weak driving regime, where increasing the drive
amplitude (jXðtÞj) would require a similar increase in the dispersive
shifts v12 and v23. The latter could be achieved by decreasing the
detuning D. (iii) The detuning D, however, needs to remain large
enough to keep the device in the dispersive regime. (iv) The pulse XðtÞ
needs to be such that non-computational states remain unoccupied.
(v) The parameters need to be chosen such that the unwanted interac-
tions leading to CCPhase action on the j111i state are minimized.

To further analyze the sources of error in our scheme, we note
that there are tunable couplers only between neighboring qubits.

Hence, only the phases due to v12 and v23 can be corrected for by
CPhase gates, and the dispersive shifts v13 and v123 will cause errors by
generating unitary transformations Uv13 and Uv123 . From the resulting
errors 1� FpðUi�Toffoli;UaUi�ToffoliÞ for a ¼ v13ðv123Þ, we estimate
that they reduce the fidelity by <0:025% (<0:004%). Our simulations
also reveal that unintended leakage to other states leads to unwanted
occupations of 0.3% for states in and 0.02% for states outside the com-
putational subspace. The remaining 0.1% of error probability is found
to disappear in the limit of large gate time (smaller drive amplitude);
thus, we ascribe this error to the drive weakly coupling to states with a
resonant frequency close to the drive frequency. This source of error
would also be reduced for larger dispersive shifts.

As the gate is executed in less than 1% of the T1 and T2 times of
modern transmon qubits, dissipation processes will only insignifi-
cantly lower the fidelity found in our unitary simulations, e.g., by
�0:5% for T1 � T2 � 75ls. Moreover, the CPhase gates employed to
correct for phases due to v12 and v23 will have finite fidelities.
Assuming 99.5% fidelities for these gates, the overall fidelity for the i-
Toffoli process will be reduced by a factor 0.99. Taking all these reduc-
tions into account, we estimate the fidelity of the process to be�98%.

The approach to a single shot Toffoli gate that we present here
can be modified and enhanced in multiple ways. First, it can also be
implemented in a circuit without tunable couplers, e.g., where fre-
quency tunable qubits are capacitively coupled. The absence of tunable
couplers would mean a stronger coupling between the qubits, and
since the dispersive shift is proportional to the square of this coupling
strength, it would lead to a larger shift in qubit transition frequencies,
allowing for larger drives and, thus, even faster gate times.

For the simple circuit discussed here, the roles of target and con-
trol qubits are not interchangeable. Yet for qubits arranged in a trian-
gle, with tunable couplers between each pair of neighbors, each qubit
can take the role of the target qubit. Importantly, in a lattice, where

FIG. 3. (a) Absolute values of the matrix elements of U†
PhaseUsim for our scheme, showing � 99:5% process fidelity. Here, the evolved unitary has been multiplied by a correct-

ing phase unitary to simulate a perfect phase correction process. As a consequence, all phases have returned close to 0. One sees, that the states j101i and j111i are fully
swapped, with an added phase of �p=2, making the gate an i-Toffoli gate. The system parameters (in natural frequency units) used are: qubit frequencies of
~x1=2p ¼ 4:965, ~x2=2p ¼ 5:12, and ~x3=2p ¼ 4:825 GHz. Anharmonicities of ~a1=2p ¼ ~a3=2p ¼ �330, ~a=2p ¼ �240 MHz and qubit–qubit coupling strengths of
~g12=2p ¼ 15:4, ~g23=2p ¼ 29:2, and ~g13=2p ¼ 2:2 MHz. The peak drive amplitude was jXj=2p ¼ 2:1 MHz. The phases of this simulation were corrected against the idle
phases simulated using the same parameters. (b) Population transfer in the target qubit, the legend on the right-hand side depicts the initial state.
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each qubit has four direct neighbors, as required for surface code real-
izations, any two of the four neighboring qubits can take the role of
control qubits. This could also be achieved by connecting all the qubits
to a central tunable coupler,36,37 this would allow for tunability of all
the couplings via modification of the coupler frequency.

Further extensions of this system can be envisaged by adding
more qubits to the circuit, thus allowing us to execute higher order
Toffoli gates (Multi-Controlled-Not-Gates), such as, for example, a
CCCX gate. As with the standard Toffoli gate, higher order Toffoli
gates can be decomposed into single- and two-qubit gates. The num-
ber of elementary gates in such expansions, however, scales exponen-
tially with the number of control qubits involved38 and, in some cases,
can require many more ancilla qubits.39 The realization of single-shot
higher order controlled NOT gates following our scheme would cir-
cumvent this problem and allow the use of these gates without modifi-
cation of existing hardware. These higher order gates have uses in
quantum information algorithms [4], quantum error correction,4,20,40

and quantum annealing.41 Since current decomposition’s of higher
order gates require 2n�1 controlled gates (where n is the number of
control qubits),39 the fidelity of such decomposed operations would be
significantly lower than the single shot implementation, which we pro-
pose here.

In summary, we have presented a proposal for a single step
Toffoli gate using dispersive shifts. We have numerically simulated the
system and find that the achievable process fidelity and gate time are
significantly better than most current implementations and compara-
ble to the latest results within superconducting circuits. The proposed
implementation uses existing superconducting devices and is, thus,
straight-forward to implement in available hardware. The approach
that we present generalizes in a straightforward manner to higher
order controlled gates, such as CCCX gates, which are useful in quan-
tum error correction, where parity measurements using this method
could also be executed. These higher order gates could also be useful
for quantum simulators of high energy physics or quantum chemistry
simulators where three-body interactions are crucial for emulating
interactions between gauge and matter fields.

See the supplementary material for detail of the derivation of the
circuit Hamiltonian and explicit expressions of neglected perturbations
and higher order accumulated phases.
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