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H I G H L I G H T S

• A new energy harvesting system has been designed QZEH.
• The areas where the best energy harvesting is possible have been identified.
• The method of impulse excitation on the solution was proposed.
• The probability of the solution with the best effectivity was determined.
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This paper presents the results of modelling a new nonlinear multi-stable QZEH (quasi-zero energy harvester)
system for harvesting energy from vibrating mechanical devices. Detailed tests were carried out on the system
model, which consisted of a beam and a system of springs, which were used to determine the potential of a quasiflat well. Two-dimensional distributions of the Lyapunov exponent were output from the numerical model, using
the assumed range of variability within the control parameters, and plotted as a map in multi-color. These maps
are related to diagrams of the RMS values of the voltage that is induced on the piezoelectric electrodes. To
identify the optimal conditions for harvesting energy from mechanical vibrations, a multi-colored map of the
RMS voltage values was produced. Its reference to the Lyapunov distribution map, showed that in the chaotic
motion zones, energy harvesting is reduced. Based on the established sections of the Lyapunov exponent, dia
grams of solutions (DS) showing the number of coexisting solutions and their periodicity were drawn. Multiple
solutions and basins of attraction have been identified. On their basis it was possible to estimate the probability
of obtaining a solution with the greatest energy harvesting efficiency. Moreover, a method of acting on the
solution trajectory, by means of an impulse initiated at a specific moment in time, has been proposed. The results
of the model tests were visualized as multi-colored maps of impulse excitations. The direct reference of the
results of QZEH model tests to the tristable energy harvesting (TEH) system clearly indicates the advisability of
using the QZEH system in terms of higher excitation amplitudes. The QZEH system also shows an improved
ability to harvest energy in the low range of values of excitation frequencies.

1. Introduction
The subject of the research contained in this paper is a new system of
harvesting energy from vibrating mechanical devices. From a technical
point of view, it is possible to recover energy from the human envi
ronment in many ways. On an industrial scale, it is most often obtained
from the so-called renewable energy sources, including solar energy,

wind energy or water [1,2]. These sources are not always needed or
available in large industrial sizes, and therefore an alternative approach
is to use small and simple electromechanical systems that transform the
energy of mechanical vibrations into electricity [3]. From a technical
point of view, this is done via transducers: piezoelectric [4,5], electro
static [6], or electromagnetic [7]. In fact, such solutions are character
ized by relatively low energy efficiency, however, they are widely
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available, and they are capable of powering simple electronic devices,
such as sensors that are used to monitor the technical condition of de
vices and wireless data transmission systems.
Much research has been devoted to the issue of harvesting energy
from vibrating mechanical devices [8], concerning, inter alia: identifi
cation of amplitude-frequency characteristics [9–11], experimental and
model research of linear and non-linear transducer design solutions
[12,13]. When carrying out numerical experiments, researchers usually
adopt an equivalent electrical circuit that represents the electrical
properties of the piezoelectric device. Such a circuit is most often
mapped by a series connection of a capacitor and resistor. In the case of
systems based on electromagnetic converters, their substitute electric
circuit consists of a coil in series, connected with a resistor. It is also
worth mentioning that, unlike piezoelectric transducers, the resistance
of the equivalent circuit in electromagnetic transducers is negligible. For
this reason, it is often overlooked during modelling. Bearing in mind the
simplification of experimental and numerical tests, energy harvesting
systems are most often loaded with a resistor that is connected to the
converter [14,15].
From an engineering point of view, most design solutions are based
on a flexible beam with piezoelectric transducers glued to it. Because,
during the operation of machines, a wide spectrum of harmonic com
ponents are excited, solutions based on linear systems require many
subsystems connected in parallel [16]. Each of which, is tuned to a
different frequency [17]. The need to tune linear transducers to the
appropriate harmonic components means that researchers focus their
attention on nonlinear systems. Because in such systems it is possible to
excite harmonics in a wide range of frequencies. Like linear systems,
design solutions of nonlinear systems are based on flexible beams and
contain additional elements in the form of permanent magnets [18].
These magnets are used to properly shape the energy potential in which
the mechanical resonator moves. The mathematical description of the
potential is most often mapped via polynomial functions [15,19,20].
Other design solutions are also known [21], consisting of two flexible
beams, coupled by electric circuits [5] and mechanical systems
[4,22,23]. There are also systems based on free and coupled single
pendulums, or double pendulums [24].
Energy harvesting systems with local potential barriers are charac
terized by certain limitations, which are mainly caused by the required
specific energy level of the external dynamic excitation [18,25]. The
vibration level of the external source should be large enough to over
come the local potential barriers, because then the trajectories recorded
on the phase plane reach the greatest possible displacement amplitudes.
According to the authors, these limitations may be devoid of design
solutions in which the energy potential is characterized by a flat, or
almost flat, energy well. Such a potential barrier is characterized by a
system with quasi-zero stiffness, the original purpose of which was vi
bration isolation in the range of low vibration frequencies [26]. Such
systems have not been of wide interest so far in the context of harvesting
energy from mechanical vibrations. A significant feature of the QZEH
system being the subject of the research is the possibility of modifying
the mechanical properties to adjust it to the conditions in which the
energy is to be harvested.
The identification of steady-state periodic solutions becomes
important because in nonlinear systems there may be many coexisting
solutions differing in the efficiency of energy harvesting [27,28]. From
the theoretical point of view, the most energy-efficient solutions are
periodic solutions, characterized by a large amplitude of vibrations
[18,29]. Methods for controlling dynamical systems [30,31], chaos
control [32,33] are known. Nevertheless, from an energy harvesting
point of view, this approach may be ineffective because the amount of
energy supplied to the control system may be much greater than that
harvested from vibration. With this in mind, an alternative method of
influencing the nature of the solution is proposed. The change of the
orbit of the solution can be achieved by initiating, in a strictly defined
moment of time, an external impulse with a defined characteristic. Such

excitation can, for example, be initiated by an electromagnet acting on a
permanent magnet loading a flexible beam [21,34]. Another practical
way is to use the piezoelectric itself for this purpose, which can be
loaded by applying an external voltage source to it. However, the
functioning of the impulse initiating system is not the subject of this
paper. The article presents exemplary results of model tests, confirming
the possibility of influencing the solution by means of an impulse, and
thus increasing the efficiency of harvesting energy. To determine the
optimal moment of impulse initiation, a numerical procedure was
developed which illustrates the results of computer simulations in the
form of a multi-colored diagram of impulse excitation.
2. Formulation of the mathematical model
The subject of modelling is the QZEH energy harvesting system
(Quasi-Zero Energy Harvester), in which the potential barrier was mapped
with the quasi-zero stiffness characteristic. In comparison to other
design solutions, based on a flexible beam and permanent magnets, the
system proposed here is characterized by an almost flat energy potential
well. To clearly explain the schematic diagram, the phenomenological
model is presented in two views (Fig. 1). The quasizero stiffness sub
system (Fig. 1b) represents the view from the right and provides an
opportunity to identify the mechanical characteristics of the system. The
model tests assumed a symmetrical structure of connections of elastic
elements, which are fixed at points A, B and C to the non-deformable
frame IV. The system is rigidly attached to the machine component by
means of the screws III. The piezoelectric element II is glued to the
surface of the flexible beam I, which under the influence of external
forces undergoes elastic deformation. As a result of the beam deforma
tion on the piezoelectric electrodes, an electric charge is induced. It was
assumed that the inertial element m can move along the straight line, of
which, direction is determined by points B and G of the main spring
mounting c1. This assumption determines the appropriate construction
solutions, which are not shown in the diagram (Fig. 1a). At this point, we
only indicate that the inertial element m is connected to the flexible
beam I, via the hinge H and a movable link that moves parallel to the
base of the frame IV inside the inertial element m.
The potential barrier is unequivocally defined by the main spring c1
and two compensation springs c2 and c3, which are incidental with the
inertia element m. We assume that the stiffnesses of the compensation
springs c2 and c3 have the same values. In the position of static equi
librium, the elastic elements c2 and c3 are oriented parallel to the base of
the rigid frame IV. The bZ energy dissipation element additionally
model’s energy losses in the joints of the compensation springs. Based on
the presented phenomenological models, the differential equations of
motion reflecting the dynamics were derived, the mechanical charac
teristics of the quasi-zero stiffness system were identified, and the dif
ferential equations of motion were derived.
2.1. Identification of the mechanical characteristics of the quasi-zero
stiffness system
Based on the adopted phenomenological model (Fig. 1b), which
demonstrates the cause-and-effect relationship between the displace
ment q of the inertial element and the external load F. Neglecting the
influence of inertia and dissipation forces, the load F is balanced by three
forces induced in the main spring c1 and two compensation springs c2, c3
– assuming that c3 equals c2:
q
F(q) = F1 + 2F2 sinφ = c1 q + 2(F20 + c2 ΔL) √̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅,
a20 + q2

a0 > 0

.

(1)

In equation (1), the value F20 represents the preload of the
compensation springs. Appropriate analytical relationships are derived
from the reference system, the beginning of which is located at point A
(Fig. 1). The lengths of the compensation springs in the position of static
2
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Fig. 1. Idea diagrams: (a) phenomenological model of the energy harvesting system, (b) quasi-zero stiffness system.

equilibrium ‖AD‖, after their deformation ‖AD’‖ and the size charac
terizing their shortening or elongation ΔL are given by the equations:
√̅̅̅̅̅
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(2)
‖AD‖ = a20 , ‖AD’‖ = a20 + q2 , ΔL = ‖AD’‖ − ‖AD‖.

F20 = −

c1

√̅̅̅̅̅
a20
.
2

(5)

Finally, the mechanical characteristic describing the relationship
between the deflection q and the external load F is given by the equation:
(
√̅̅̅̅̅ )
a20
̅ q
F(q) = (c1 + 2c2 ) 1 − √̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(6)
2
⏟̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅⏟
a0 + q2

Bearing in mind the fact that the quasi-zero stiffness system is
characterized by a symmetrical configuration of the springs c3 = c2, it is
enough to define the relationship that defines the change in length with
respect to one spring. After combining equation (2) with equation (1),
we obtain the equation for the static characteristics of the system with
quasi-zero stiffness:
(√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ √̅̅̅̅̅ ) )
(
q
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅.
F(q) = c1 q + 2 F20 + c2
a20 + q2 −
(3)
a20
a20 + q2

Also, the form of the energy potential is obtained as a result of
integrating the mechanical characteristics (5):
(
∫
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ )2
cZ
V(q) = F(q)dq =
a20 + q2 .
(7)
a0 −
2

The proper functioning of the system and the ensuring of a flat en
ergy potential well, depends on the selection of the appropriate initial
tension of the F20 compensation springs. In order to identify the
appropriate initial tension, equation (3) is differentiated with respect to
the generalized coordinate:

The relationship (7) clearly indicates that the potential function is
influenced by two parameters. One of them is the equivalent stiffness cZ,
the increase of which, limits the zone in which the energy potential is
close to zero (Fig. 2b). On the other hand, the second is the geometric
quantity a0, which causes the well to flatten as the value increases

(

(√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2q2 F20 + c2
a20 + q2 −
∂F(q)
2c2 q2
c(q) =
−
= c1 + 2
(√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ )3
2
∂q
a0 + q
a2 + q2
0

√̅̅̅̅̅ ) )
a20

cZ

(
(√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ √̅̅̅̅̅ ) )
a20
2 F20 + c2
a20 + q2 −
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
+
.
2
2
a0 + q

(4)

(Fig. 2b)
The identified static characteristics of the quasi-zero stiffness system
constitute the formal basis for quantitative and qualitative modelling
tests.

Considering zero or close to zero stiffness of the quasi-zero stiffness
system, equation (4) equates to zero c(q = 0) = ∂∂Fq = 0, and also assumes

zero displacement of the inertial element q = 0. After considering the
above assumptions, the tension of the compensation springs takes the
form:

Fig. 2. Results of numerical calculations showing the influence of the mapping parameter: (a) equivalent stiffness cZ, (b) distance a0.
3
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2.2. Formulation of a dimensionless model

model of the energy harvesting system with an almost flat energy po
tential well, formulated in this way.

From a mathematical point of view, the energy dissipation elements
bB and bZ (Fig. 1) form a parallel connection. For this reason, a simpli
fication has been made, which boils down to the derivation of the
dissipative element b = bB + bZ. The situation is similar to the elastic
element modelling the stiffness of the cB beam and the main spring c1.
Because of this simplification, it is necessary to increase the stiffness c1
by the value cB. The system is influenced by a periodic kinematic exci
tation, which is a superposition of two harmonic functions: f =
A1 sin(ω1 t) + A2 sin(ω2 t).
We assume that the amplitudes of individual excitations have the
same values A1 = A2 = A, which can be considered a simplification.
Nevertheless, mapping the mechanical vibrations much better imitates
reality than the harmonic excitation, which is usually adopted in
simulation studies. The decision to load the system in such a way was
due to the fact, that mechanical vibrations, induced by technical devices,
can be described only in rare cases by using a simple harmonic function.
Two-frequency excitation was considered in the study [35], where the
phenomenon of vibration resonance was also considered.
Considering the adopted model and simplifying assumptions, the
differential equations of motion of the tested system take the form:
⎛
⎞
⎧
)
(
⎪
2
⎪
d
q
dq
df
a
⎪
⎜
0
⎟
⎪
⎪
m
−
+ cZ ⎝1 − √̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⎠(q − f ) + kP UP = 0,
+b
⎪
⎨ dt2
dt dt
a20 + (q − f )2
⎪
⎪
(
)
⎪
⎪
⎪
dU
1
dq df
⎪
⎩ CP P +
−
= 0.
UP − kP
RO + RP
dt dt
dt
(8)

3. Results of numerical simulations
Model studies, mapping the dynamics of the energy harvesting sys
tem with quasi-zero energy potential, were carried out with reference to
the numerical data from the tested system, which is summarized in
Table 1.
Based on the numerical data characterizing the mathematical model,
numerical tests were carried out, showing the effect of the dimensionless
frequency ω of the excitation and selected physical quantities on the
location of chaotic motion zones. Many methods are used for such an
assessment, however, the most frequently used is the largest Lyapunov
exponent λ [36,37]. Using the selected cross-sections of multi-coloured λ
distribution maps, the efficiency of energy harvesting was estimated,
and diagrams of coexisting solutions were drawn.
3.1. Distribution of the Lyapunov exponent and the effectivity of energy
harvesting
During the identification of the largest Lyapunov exponent, a threedimensional phase space was assumed (x, ẋ, UP ). All the multi-colored
maps of the λ distribution were plotted for zero initial conditions x(0) =
0, ẋ(0) = 0,UP (0) = 0. In an attempt to obtain a satisfactory resolution,
the range of variability of the control parameters defining the abscissa
and ordinates was divided into 500 intervals. To identify λ, the nu
merical algorithm proposed by Wolf (Wolf et al. 1985) was implemented
in the phase space spanning the computed coordinates. When plotting
multi-colored maps, two control parameters p and ω were chosen,
characterizing the external source of excitation, and the initial distance
between the tested trajectory and the reference trajectory was assumed
to be ε(0) = 10− 5. Positive values of λ indicate chaotic behavior,
otherwise the phase trajectories tend to be stable points or periodic
orbits. On the other hand, when λ takes values equal to zero, we deal
with the so-called bifurcation points. Technically, the mechanical
properties of the QZEH system are determined by the equivalent stiffness
cZ and the mass m applied at the end of the flexible beam. The exemplary
results illustrating the influence of mechanical quantities on the distri
bution map of the largest Lyapunov exponent are presented in the
graphs (Fig. 3). The results of computer simulations were limited to the
case when harmonic vibrations affected the energy harvesting system µ
= 0.
We assume that the geometrical dimensions of the system and the
mass loading the free end of the flexible beam remain unchanged
(Table 1). However, we modify the stiffness of the system, then with an
increase in the value of cZ, the area of chaotic solutions increases (Fig. 3).
In the conducted tests, the expansion of the unpredictable solutions
zones is determined by the equation defining the dimensionless damping
coefficient δ. An increase in the equivalent stiffness cZ increases the
dimensionless frequency ω0 occurring in the denominator, which
consequently leads to a decrease in the value of the dimensionless
damping.
Then, the influence of the parameter μ, which defines the relation
ship between the frequencies of individual harmonic components on the
distribution of the largest Lyapunov exponent λ, was examined. The
results of the numerical experiments were also visualized in the form of
two-dimensional multi-colored maps, which were plotted in relation to
selected values of the parameter μ. The overriding goal of this study is to
evaluate the effectivity of energy harvesting. For this reason, the RMS
value of the voltage induced on the piezoelectric electrodes was adopted
as an indicator [38,39]. The results of the numerical test are presented in
the form of diagrams, drawn in relation to the arbitrarily selected values
of the control parameter p. The multi-colored maps of the largest Lya
punov exponent clearly show the influence of the frequency ratio µ on
the location of the zones of chaotic solutions. It is also worth noting that

The coefficients in the mathematical model (8) represent respec
tively: constant kP, capacitance CP and resistance RP of the piezoelectric.
The RO parameter is used to reproduce a system powered by energy
harvested from the mechanical vibrations. Because of the efficient and
effective numerical tests, the system of equations (8) can be considered
in a dimensionless form. For this purpose, we introduce a new variable,
defined as the difference of displacements of the inertial element m and
the external kinematic input y = q − f, where the new variable depends
on the dimensionless time τ = ω0 t.
⎧ 2
)
(
)
(
d x
dx
1
⎪
⎪
⎪ 2 + δ + 1 − √̅̅̅̅̅̅̅̅̅̅̅̅̅ x − θUP = ω2 p sin(ωτ) + μ2 sin(μωτ) ,
⎨
2
dτ
dτ
1+x
⎪
⎪
dx
⎪ dUP
⎩
+ σUP + ϑ = 0.
dτ
dτ
(9)
where:

ω20 =

cZ
b
kP
A
, θ=
, p= ,
, δ=
mω0
a0
m
ma0 ω20
x=

y
,
a0

ϑ=

μ=

ω2
ω1
, ω= ,
ω1
ω0

kP a0
1
, σ=
.
CP
ω0 CP RZ

Numerical simulations will be carried out using the mathematical
Table 1
Geometric and physical parameters of the model.
Name

Symbol

Value

Inertial element (mass) loading the beam
Energy losses in a mechanical system
Equivalent stiffness of a quasi-zero system
Length of the compensation springs in the equilibrium
position
Equivalent resistance of the electrical circuit
Equivalent capacity of the electric circuit
Electromechanical constant of piezoelectric converter

m
bB
cZ
a0

0.02 kg
0.02 Nsm−
18 Nm− 1
0.03 m

RZ
CP
kP

1.1⋅106 Ω
72 nF
3.985⋅10− 5 N/
V

1

4
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Fig. 3. Influence of the stiffness cZ on the distribution of the largest Lyapunov exponent: (a) cZ = 4.5, (b) cZ = 18, (c) cZ = 72, (d) cZ = 144. Zero initial conditions
were used for the simulation.

there is a direct correlation between the Lyapunov map and the RMS
voltage diagram. Selected examples corresponding to the μ coefficient,
assuming values from the set of integers, reciprocals of integers and
rational and irrational numbers are illustrated in the graphs (Fig. 4).
When µ takes values from the set of integers or their reciprocals, then
periodic solutions dominate the image of the largest Lyapunov expo
nent. In a situation where μ is determined by a rational or irrational
number, the zones of unpredictable solutions are activated.
In the graph (Fig. 4d) the points on the multi-colored map of the
largest Lyapunov exponent are not located directly on the border of the
periodic and chaotic solutions zone. This is due to the accuracy of the
identification of the Lyapunov exponent, the value of which was

estimated, based on a very short time sequence. Based on the graphs
(Fig. 4), it can be concluded that the local maximums of the diagram of
RMS voltage values correspond to the dimensionless frequency, beyond
which unpredictable solutions dominate. This is also the point where
energy harvesting efficiency drops sharply. When the Lyapunov expo
nent takes the values λ ≈ 0, there is a minimum voltage drop in the
diagram of the RMS voltage. This situation is very well illustrated by the
graph (Fig. 4b), unmarked points on the dashed line p = 0.4, between X4’
and Y4’ . An analogous situation takes place in the sections determined by
the values of the control parameter p = 0.3 and p = 0.2. It is worth noting
that regardless of the characteristics of the external input source, in the
5
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Fig. 4. Energy effectivity diagrams. The exponent λ and RMS(u) as a function of the frequency ω and the control parameter p for different values of μ: (a) μ = 1π , (b)
μ = 13, (c) μ = 45, (d)μ = 2 Zero initial conditions were used for the simulation.

zones of periodic solutions λ < 0, a higher voltage is induced on the
piezoelectric electrodes. Moreover, a direct comparison of the diagrams
of the RMS voltage value with the multi-colored maps of the distribution
of the largest Lyapunov exponent confirms the hypothesis that the in
crease in the value of μ coefficient causes the characteristic curves to
shift towards lower frequencies.
If the system is affected by mechanical vibrations, and the ratio of the
harmonic frequencies is given by an irrational number µ = 1π (Fig. 4a),
then the most energy is harvested when the dimensionless frequency is
in the vicinity of the point Y4 (ω = 2.8). In the range of lower values of ω,
the local maximum of the RMS diagram corresponds to the frequency ω
≈ 0.8 (point X4). The mentioned values correspond to the case when the
system is influenced by external mechanical vibrations with the ampli
tude p = 0.4. As the p-value is reduced, less voltage is induced at the
piezoelectric electrodes, while local maxima are shifted towards lower ω
values.
A very similar situation occurs when the system is affected by

external excitations, for which the coefficient µ takes the value of the
reciprocal of an integer (Fig. 4b). While in the range of low values of ω, it
is not possible to show significant differences. In the frequency band ω >
2 the maximum of the diagram of RMS voltage values is shifted to the
left. With reference to the presented examples, the highest RMS voltage
values were recorded when the coefficient µ takes a value from the set of
rational numbers (Fig. 4c). In the case of (Fig. 4d), the diagrams of RMS
voltage values are characterized by a much larger number of local
maxima. In the studied range of variability of the control parameter p,
the position of the points Xi’ , Yi’ , Z’i can be approximated with high ac
curacy by the exponential function.
The results of the numerical tests presented in the graphs (Fig. 4)
show only a pictorial of the relationship between the effective value of
the voltage induced on the piezoelectric electrodes and the largest
Lyapunov exponent. In addition, the energy efficiency diagram was
plotted assuming zero initial conditions. Considering the quantitative
and qualitative assessment of the impact of the coefficient µ, defining the

6
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Fig. 5. Maps of the output voltage and the Lyapunov exponent as a function of μ and ω obtained for zero initial conditions. It is worth paying attention to the
correlation of jump changes in contrasts on the map λ with URMS maxima.

ratio of the frequency of the external excitation affecting the system,
multi-colored maps of the largest Lyapunov exponent and the RMS value
of the induced voltage were drawn (Fig. 5). The multi-colored effective
voltage map was generated assuming randomly changing initial condi
tions. This approach to the numerical experiments takes into account
coexisting solutions, and ultimately determines the optimal operating
conditions of the energy harvesting system with quasi-zero stiffness.
As in the case of the tests carried out with the assumption of zero
initial conditions, the obtained results clearly indicated the limitation of
the energy recovery capacity if the operating point of the system was in
the chaotic zone. Based on the multi-colored map of the RMS voltage, it
is possible to demonstrate the system’s negligible ability to harvest en
ergy in the range of low values of the dimensionless frequency ω ∈ [0,
0.2]. The situation is slightly better for the higher values of the excita
tion frequency ω > 2.5, because at this frequency, it is possible to
distinguish ranges of variability of the μ coefficient, for which the
effective value of the voltage induced on the piezoelectric electrodes
reaches the value in the range URMS ∈ [30, 50] (µ ∈ [0.4, 0.5] and µ ∈
[0.6, 0.8]). It is also worth noting that for µ = 1, the system with quasizero stiffness does not meet the expectations set for it.
Energy is most efficiently harvested when the operating point is
located just before the “fault”. The course of one of these (energy-effi
cient) “faults” is marked with the symbols denoted by Xi. Its course can
be accurately approximated by the power function, given by the equa
tion μ = 0.866ω0.961 . The statement regarding the high accuracy is
justified as the coefficient of determination has the value R2 ≈ 0.998.
The second “fault”, characterized by a similar energy effectivity, takes
the form of a line running perpendicular to the ordinate axis for µ> 1.
Model studies were also conducted to assess the efficiency of
obtaining energy from coexisting solutions, these are documented later
in this paper.

phase plane. For this purpose, a numerical procedure was developed in
Wolfram Mathematica software, through which it is possible to estimate
the number and periodicity of coexisting solutions DS – Diagram of So
lutions. The results of numerical calculations were visualized in the form
of a graph with the following diagrams: DPS – Diagram of Periodic So
lutions (blue points) and DNS – Diagram of Number Solutions (blue
shaded diagram). At this point, we indicate that the procedure for
drawing DPS and DNS diagrams is based on the fixed points of the
Poincare cross-section. It should be noted that the above-mentioned
diagrams are used for the initial assessment of the nature of coexisting
solutions, because their accuracy is a compromise between the precision
of numerical calculations and the time of computer simulation. For this
reason, tests with higher levels of precision are carried out in relation to
specific values of the parameter ω. The following diagrams of coexisting
solutions are plotted for 300 different values of the control parameter ω.
Moreover, in view of the possibility of assessing the variability range of
ω, they were compared to the diagrams of the effective value of the
voltage induced on the piezoelectric electrodes. The energy effectivity
charts were produced using randomly selected initial conditions.
Coexisting multiple solutions identified for selected values of the
dimensionless frequency ω, located in the zone between “faults” X1 and
X2, were identified after 500 periods of the external force had been
applied. On the other hand, the Poincare cross-section points, based on
which the periodicity of the solution was defined, were determined,
based on a time window of 50 periods of the external load. The results of
the model tests were visualized in the form of basins of attraction and pie
charts, which contain basic information characterizing the identified
solution. However, in view of the possibility of a direct reference of the
basin of attraction to a specific solution, the colors contained in the pie
charts were correlated with the colors of the basins of attraction. The
probabilities A of the occurrence of a given solution were estimated by
counting the initial conditions, corresponding to a given attractor.
Periodic solutions dominate the studied range of ω variability. It is
worth noting that the number of edges of the URMS diagram correlate
with the number of coexisting solutions in the DS diagram. (Fig. 6). It
should be noted that the accuracy of the identification of the edges of the
energy effectivity diagram (URMS) is significantly dependent on the
number of initial conditions included in the plot. Until the first “fault” X1

3.2. Multiple solutions identification
One of the characteristic properties of nonlinear dynamical systems
is related to the coexistence of several solutions. From the numerical
point of view, this problem comes down to the study of many steadystate trajectories, the beginnings of which are in different places of the
7
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Fig. 6. Sample graphic images of basins of attraction of coexisting solutions. Bar graphs show the contribution of individual solutions µ=3/2. The fractal form of the
basins of attraction implies chaotic solutions. In simulations, the value of Up = 0 for t = 0.
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appears, there is basically a single periodic solution with a periodicity of
2T, which is determined by the denominator of the µ coefficient. It is the
lowest periodicity that occurs in the analyzed range of ω. The periodicity
of the remaining solutions most often assumes values that are multiples
of 2T. After passing through the “fault” X1, the system response takes the
form of chaotic solutions, and the effectiveness of energy harvesting
decreases rapidly. Such solutions occur in a relatively narrow range of
variability of the control parameter ω ∈ [0.6, 0.7]. We deal with double
periodic solutions with 2T periodicity in the range ω ∈ [0.8, 1]. Never
theless, in the middle of this range there is a “fault” X2 (ω ≈ 0.91), the
consequence of which is a significant limitation of energy harvesting.
With three and four coexisting solutions with 2T periodicity, we deal
with the variability range ω ∈ [1.1, 1.17]. In the band ω ∈ [1.2, 2.65]
there are solutions whose periodicity is a multiple of 2T. In the zone ω ∈
[1.7, 2.05] the system response may take the form of vibrations with
periodicity of 4T and 6T. Only in the vicinity of the frequency ω ≈ 1.8,
solutions with 4T, 6T and 12T periodicity coexist. It is worth noting that
in the case under consideration, the most effective energy harvesting
takes place within the variability of the control parameter ω ∈ [0.4,
0.91]. A similar efficiency of obtaining energy can be obtained for higher
values of ω. Nevertheless, this is the case with specific solutions. After
passing through the “fault” Xi, the number of coexisting solutions is
reduced.
In the case when the parameter characterizing the frequency ratio of
the external load affecting the system takes the value μ = 43 (Fig. 7), in
the range of the dimensionless frequency ω < 0.7 we are dealing with
single solutions with a periodicity of 3T. The value of ω ≈ 0.7, defines
the location of the first X1 “fault”. In the band bounded by “faults” X1
and X2, apart from chaotic solutions, there may also be cases of single
3T-periodic solutions. As in the case already analyzed, this is the lowest
periodicity that was recorded during numerical tests. Stable coexisting
periodic solutions occur in the frequency range ω ∈ [X2, X4]. After ω
exceeds the “fault” X4, the motion of the flexible beam of the energy
harvesting system takes the form of periodic vibrations with a period
icity of 6T. Double stable periodic solutions with 3T periodicity occur in
the band ω ∈ [1.1, 1.2]. However, in the band ω ∈ [2.35, X4], the
response of the system may take the form of 3T and 6T-periodicity.
A similar situation takes place regarding the results of numerical
tests presented in Fig. 8. This time, until the first “fault” X1 appears, a
single stable solution with 4T periodicity dominates A relatively small
decrease in the value of the coefficient µ to the value determined by the
ratio 5/4 results in the band ω ∈ [X2, X3] areas of the irregular chaotic
solutions becoming excited. Moreover, in contrast to the examples
shown in Fig. 5 and Fig. 6, when ω exceeds the value determined by the
“fault” X3, we deal with a single stable periodic solution, and its peri
odicity is doubled (ω ≈ 2.6).
In all analyzed cases, the geometric structure of the basins of
attraction resemble a vortex, the center of which is not located at the
origin of the coordinate system. In addition, adjacent to the “center of
the vortex”, the basins of attraction essentially create regular, uniform
areas that become mixed and blurred as they move away from the center
of the vortex. The numerical tests carried out clearly show that
regardless of the numbers that define the coefficient µ, the position of the
“fault” X2 does not change. Moreover, in the vicinity of the “faults”, the
geometric structures of the basins of attraction create irregular areas
characterized by intense mixing. Such a situation takes place, for
example, in the vicinity of the “fault” X1 for the graphic images of the
basins of attraction corresponding to the frequency ω = 1.1 (Figs. 6, 7
and 8). It is worth noting that the stabilization of the number of coex
isting solutions in the DS diagram, increasing the value of the dimen
sionless frequency ω causes the edges of the basins of attraction to form a
uniform regular boundary. One deals with such a situation, for example,
in the basins of attraction corresponding to the frequencies ω = 1.4, ω =
1.5, ω = 1.6 (Fig. 7).
The numbers that define the coefficient µ affect not only the

geometrical structures of the basins of attraction. These numbers also
determine the periodicity of the coexisting stable periodic solutions. In
particular, the denominator μ = mn, where m and n are any numbers from
the set of integers and n ∕
= m, determines the periodicity of solutions. In
all the considered cases, the smallest identified periodicity of the coex
isting solutions is equal to n. However, the periodicity of the remaining
solutions was equal to the multiple of n. Increasing the value of the
numbers defining the frequency ratio results in the band limited by
“faults” ω ∈ [X2, X3], in which areas of chaotic solutions are excited. The
emergence of areas of chaotic solutions causes the emergence of local
“faults” disturbing the line of the edges of the basins of attraction, which
takes on a fractal structure.
The conducted numerical studies, and in particular, the reference of
the effective value of the voltage induced on the piezoelectric electrodes
to the size of the basins of attraction, indicate that the most energyeffective solutions do not dominate in the assessed area of the phase
plane. Only in the case of ω = 1.2 (Fig. 6), is there a case where the
dominant basin of attraction is characterized by the best efficiency of
energy harvesting. It is also worth noting that the responses of the sys
tem characterized by low periodicity are characterized by better energy
efficiency compared to solutions with higher periodicity. Only in the
case of the external excitation with a frequency of ω = 1.2, the 8T-period
solution (Fig. 6) shows almost twice the energy efficiency when
compared to 2T-period solutions. Moreover, the data presented in the
pie charts (Figs. 6–8) clearly indicate that with the increase of the
dimensionless frequency of excitation ω, the efficiency of energy har
vesting in relation to the solutions characterized by the lowest period
icity, increases. Part of this is also caused by an increase in the
acceleration of mechanical vibrations affecting the energy harvesting
system. In addition to the typical fractal regions at the junction of two
attraction regions, signaling non-linear mixing of the two solutions,
fractal compositions of three solutions, also known as Wada regions,
were observed. In these areas, solutions become extremely unpredict
able [5].
3.3. The influence of impulse disturbance on the ability to harvest energy
Presented below are the results of the numerical tests, the assessment
of the impact of the impulse disrupting the nature of the solution, and
thus the efficiency of energy harvesting of a system with quasi-zero
stiffness. During the numerical experiments, a priori rectangular im
pulse profile was assumed. The authors realize that impulses of this
shape rarely occur in practice. Nevertheless, for computer simulations,
such a mapping is used, as it is the simplest form of mathematical
description. The formal presentation of the computer simulation results
is given as a diagram of impulse excitation (Figs. 9-12), which indicates
what solution can be expected after the expiration of the transient
processes, assuming that the impulse is initiated at the moment τ0. The
background colors of the mechanical vibration signal affecting the en
ergy harvesting system shown, correlate with the colors of the basins of
attraction, which are presented in section 3.2. When creating the visu
alizations of the individual solutions, the red color was used to represent
a stable phase trajectory that is influenced by the impulse at the moment
τ0. When the trajectory is excited by an impulse, the state of the system
become transient and the trajectory is outlined in grey. On the other
hand, when the target trajectory is stable, after the expiration of the
transient processes, it is plotted in blue. A similar convention was
adopted for the Poincaré points which, in the case of primary trajec
tories, were marked with red markers. The blue color marks the Poincaré
points of the new solutions that result from the impulse action. Addi
tionally, the moments in which the impulse initiation and expiration
take place are marked with black markers in the phase plane. The
dashed curve represents the phase trajectory of the system response in
the pulse duration. In the numerical experiments, it was assumed that
initially, the flexible beam of the energy harvesting system is in static
9

J. Margielewicz et al.

Applied Energy 307 (2022) 118159

Fig. 7. Sample graphic images of basins of attraction of coexisting solutions. Bar graphs show the contribution of individual solutions µ=4/3. The fractal form of the
basins of attraction implies chaotic solutions. In simulations, the value of Up = 0 for t = 0.
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Fig. 8. Sample graphic images of basins of attraction of coexisting solutions. Bar graphs show the contribution of individual solutions µ=5/4. The fractal form of the
basins of attraction implies chaotic solutions. In simulations, the value of Up = 0 for t = 0.
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Fig. 9. Model test results: a) τ0 ≈ 1571.7, A = 2, τ1 = 0.5, b) τ0 ≈ 1573.7, A = 2, τ1 = 0.5, c) τ0 ≈ 1583.2, A = 2, τ1 = 0.5, d) stable 2T-period solution URMS ≈ 22.1
(blue basin of attraction), stable 2T-period solution URMS ≈ 21.3 (green basin of attraction), e) A = 6, τ1 = 0.5, f) A = 6, τ1 = 0.25. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

equilibrium (x(0) = 0, ẋ(0) = 0). Additionally, it is assumed that the
energy harvesting system is in steady state, until the impulse is initiated.
When the system is affected by an external excitation with a time
response that is defined with the parameters: p = 0.4, ω = 1.4, μ = 3/2,
then there are five coexisting solutions, for which basins of attraction are
shown in diagram Fig. 7. In steady state, the response of the system takes
the form of a 2T-periodic solution, during which the voltage URMS ≈ 12.5
is induced on the piezoelectric electrodes. The results of the numerical
experiments (Fig. 9) indicate that in the assessed time interval, the in
fluence of the assumed impulse characteristics are not sufficient to
achieve stable solutions – the phase trajectories of which are shown in

the graphs (Fig. 9d). These solutions can be initiated with an impulse,
but it is associated with the need to redefine its characteristics by
modifying amplitude or width. The influence of the impulse character
istic on the diagrams of impulse excitation is shown in graphs Fig. 9e.
The values of τ0 dominate in the identified diagram, in which the
initiated impulse allows for a 2T-periodic orbit. Its initiation in the
cyclically repeating zones τ0 ∈ [1572.7, 1574.9], distinguished by yel
low (Fig. 9b) and magenta (Fig. 9b), results in a change in the system’s
response, resulting in a large decrease in energy harvesting efficiency. As
part of the numerical tests, the impact of the impulse characteristics on
the structure of the diagrams of impulse excitations was assessed.
12
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Fig. 10. Model test results: a) τ0 ≈ 1571, A = 2, τ1 = 0.5, b) τ0 ≈ 1571.5, A = 2, τ1 = 0.5, c) τ0 ≈ 1573.2, A = 2, τ1 = 0.5, d) τ0 ≈ 1575.1, A = 2, τ1 = 0.5, e) τ0 ≈
1577.7, A = 2, τ1 = 0.5, f) A = 2, τ1 = 0.25, g) A = 2, τ1 = 0.125.
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Fig. 11. Model test results: a) τ0 ≈ 1571, A = 2, τ1 = 0.5, b) τ0 ≈ 1571.2, A = 2, τ1 = 0.5, c) τ0 ≈ 1576, A = 2, τ1 = 0.5, d) τ0 ≈ 1579.3, A = 2, τ1 = 0.5, e) τ0 ≈ 1583.5,
A = 2, τ1 = 0.5, f) A = 4, τ1 = 0.5, g) A = 3, τ1 = 0.25.
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Fig. 12. Model test results: a) τ0 ≈ 1895, A = 2, τ1 = 0.5, b) τ0 ≈ 1898.5, A = 2, τ1 = 0.5, c) τ0 ≈ 1902.5, A = 2, τ1 = 0.5, d) τ0 ≈ 1596.5, A = 2, τ1 = 0.5, e) τ0 ≈ 1700,
A = 2, τ1 = 0.5, f) τ0 ≈ 1702.5, A = 2, τ1 = 0.5.
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The impulse characteristics were defined by parameters representing
the amplitude factor A and the width (activation time) τ1. If the me
chanical vibration signal affecting the energy harvesting system is
disturbed by an impulse with the following characteristics: A = 2, τ1 =
0.5, then there is a 76% chance of obtaining a solution with URMS > 20.
The diagram (Fig. 9e) illustrates: A = 6, τ1 = 0.5, which results in a 56%
chance of obtaining a solution where URMS > 20. The diagram of impulse
excitations presented in Fig. 9f was plotted for an impulse of amplitude
factor A = 6 and width τ1 = 0.25. In such a case, the probability of
moving to an orbit with URMS > 20 is 29.2%.
If the ratio of the frequency of the external source of excitation is
based on µ = 4/3 and ω = 1.4, then there are five coexisting periodic
solutions, with a periodicity of 3T and 9T. The response of the forced
system with zero initial conditions induces a voltage on the piezoelectric
electrodes of URMS = 9.4. The maximum possible voltage is URMS = 16.5.
This solution is possible if the impulse is initiated in the area mapped
with a magenta color (Fig. 10).
The diagram of impulse excitations identified for the assumed im
pulse profile A = 2, τ1 = 0.5 indicates that the probability of achieving a
solution characterized by URMS > 15 is 38.4%. Contrary to the previ
ously considered case, it is possible to use the impulse to correct the
response of the system in a wide range of coexisting solutions. Sample
images of diagrams of impulse excitations and impulse-corrected phase
trajectories are presented in the graphs shown in Fig. 10. It is worth
noting that obtaining a 3T-periodic solution, characterized by the
voltage URMS = 9.1 (blue basin of attraction in Fig. 7), is difficult due to
the very narrow bands corresponding to it, as shown in the diagram.
Fig. 10f shows the structure of the diagram of impulse excitations for:
A = 2, τ1 = 0.25, which gives a 14.4% probability of achieving a solution
characterized by URMS > 15. The diagram of impulse excitations pre
sented in Fig. 10g was plotted for an impulse with the amplitude factor
A = 2 and width τ1 = 0.125. In such a case, the probability of moving to
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2 and τ1 = 0.5 is 32.2%. This solution can be obtained if the impulse is
initiated in the zone mapped in blue (Fig. 11). Fig. 11f shows the
structure of the diagram for impulse excitations characterized by: A = 4,
τ1 = 0.5, and that the probability of achieving a solution characterized
by URMS > 20 is 7.1%. The diagram of impulse excitations presented in
Fig. 11g was plotted for an impulse with the amplitude factor A = 3 and
width τ1 = 0.5. For such a case, the probability of moving to an orbit
with URMS > 20 is 6.2%.
The diagrams of impulse excitations presented in the graphs (Fig. 9
to Fig. 11), for the most part, are mapped with an irregular arrangement
of colors along the axis τ0, representing the moment of impulse initia
tion. This issue is out of scope for this paper, however, referring to the
relevant images of the diagrams of impulse excitations and the basins of
attraction, it is hypothesized that the irregularities of the diagrams may
be caused by the fractal structure of the basins. This is justified by the
fact that, if the energy harvesting system is influenced by an external
excitation, defined by the following parameters: ω = 1.1, p = 0.4, µ = 3/
2, then the diagram of impulse excitations will assume a fairly regular
structure (Fig. 12a-12c). All the coexisting solutions are characterized by
the periodicity of 2T, however, only for three of them, the effective value
of the voltage induced on the piezoelectric electrodes reaches URMS >
10, which accounts for about 71% of the tested variability range τ0.
When the value of the dimensionless excitation frequency increases
to ω = 1.3, then, for zero initial conditions, the system response is given
by a periodic solution with a periodicity of 6T (trajectories plotted in
red, Fig. 12d-12f). Similarly to the previous example, four stable peri
odic solutions are given: two 2T-periodic solutions and one each with 4T
and 6T periodicity. The graphic images of the basins of attraction are
presented in the preceding section (Fig. 6). Only in relation to 2T-peri
odic solutions, the voltage URMS > 18 is induced on the piezoelectric
electrodes, which represents approximately 18.8% of the tested
τ0 range.
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an orbit with URMS > 15 is 0%.
If the frequency ratio of the external source of excitation is based on µ
= 5/4 and ω = 1.4, then five coexisting periodic solutions are possible,
with a periodicity of 4T and 12T. The system response, with zero initial
conditions, induces a voltage on the piezoelectric of URMS = 9.4. In
comparison, the probability of obtaining a solution with the highest
energy harvesting ability (URMS = 20.8), by initiating with impulse: A =

The presented examples demonstrate the influence of the efficiency
of energy harvesting by modifying the solution’s orbit.
3.4. Comparison of the efficiency of energy harvesting
The numerical tests presented in this subsection are carried out to
investigate the comparison of the efficiency of energy harvesting from

Fig. 13. Tristable energy harvesting system: a) phenomenological model, b) characteristics of the energy potential.
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Fig. 14. Multi-colored maps of the energy harvesting effectivity by QZEH and TEH systems, showing the influence of: a) p parameter at µ = 0, b) µ parameter at p =
0.4. The maps were drawn assuming random initial conditions.

vibrating machine components by the QZEH system and the tristable
TEH system (Fig. 13, eq. (10)).
{
(
)
ẍ + δẋ + x + αx3 + βx5 + θUP = ω2 p sin(ωτ) + μ2 sin(μωτ) ,
(10)
U̇ P + σUP − ϑẋ = 0.

and material parameters of a flexible beam. Considering the comparable
value of the parameter ω0 ≈ 30, it is shown that the mTEH mass loading
the flexible beam was properly corrected in the tristable system (TEH).
As an indicator of the efficiency of energy harvesting, the difference of
the effective values of the voltage induced on the piezoelectric elec
TEH
trodes was adopted: ΔURMS = UQZEH
RMS − URMS . The results of the numerical
tests were visualized in the form of two-dimensional multi-color maps
showing the influence of the control parameter p (Fig. 14a) and the
frequency ratio µ (Fig. 14b).
The areas highlighted in red represent better efficiency in energy
harvesting from vibrating mechanical systems with the tristable poten
tial (TEH) system. Blue indicates more efficient energy harvesting by the
system with a quasi-zero potential (QZEH) system. Faded shades of
yellow, blue and white on the multi-colored maps indicate comparable

where:
Appropriate model assumptions were made during the computer
simulations. One of these concerns the geometric and material di
mensions of the flexible beam. Bearing in mind the objective assessment
of the efficiency of energy harvesting by individual design solutions, it
was assumed that all systems are characterized by the same geometric

Fig. 15. Diagrams of the difference in RMS voltages induced on piezoelectric electrodes by QZEH and TEH, plotted with the assumption of the variability of the p
parameter. The results of the computer simulations were obtained with the assumption of random initial conditions.
17

J. Margielewicz et al.

Applied Energy 307 (2022) 118159

Fig. 16. Diagrams of the difference in RMS voltages induced on piezoelectric electrodes by QZEH and TEH, plotted with the assumption of the variability of the µ
parameter. The results of the computer simulations were obtained with the assumption of random initial conditions.

efficiency of energy harvesting by both systems. The multi-colored maps
are an important observation when considering the selection of the
appropriate design solution for the energy harvesting system.
To illustrate the efficiency of energy harvesting in the considered
ranges of variability of control parameters, the legend was arbitrarily
limited to the variability range ΔURMS ∈ [-10, 10]. This was done
because in the range of higher values of the p parameter, the effective
values of the voltage induced on the piezoelectric electrodes in the
QZEH system reached URMS ≈ 1000, in the vicinity of ω = 1 (Fig. 15).
Such a large difference makes it difficult to assess the efficiency of en
ergy harvesting by individual design solutions. For this reason, to
illustrate the existing differences, sections of multi-colored maps were
drawn, corresponding to the selected values of p and µ parameters.
Values exceeding URMS ≈ 200 may be physically unrealistic because
loads acting on a flexible beam have an impact on its fatigue strength
and, with prolonged exposure to such force, may lead to its destruction
[40].
Diagrams of the difference in values of RMS voltages induced on the
electrodes of piezoelectric transducers (Figs. 15, 16), were plotted with
twice the resolution of the control parameter ω, in relation to the multicolored map (Fig. 14a). The obtained results confirm that with the in
crease of p values, the QZEH system harvests energy more efficiently
from mechanical vibrations than the TEH system. In addition, the results
suggest that in the low frequency range ω < 0.8, it is advisable to use a
system with an almost flat potential well QZEH.
When breaking down a vibration source into a superposition of two
harmonic components, it is shown that the QZEH system can be used for
a wide range of µ, if the dimensionless frequency ω > 0.9. For higher
frequencies ω > 2.4 and p > 1.5, it is advisable to use a system with the
tristable potential well (Fig. 14b). However, if the dimensionless exci
tation amplitude p = 0.25, then the application of the TEH system is
recommended when µ < 0.25 and the dimensionless excitation fre
quency ω ∈ [0.85, 1.35] and ω > 2.4. The diagrams of the difference in
the effective value of the induced voltages on piezoelectric electrodes
clearly indicate that the design solutions of the quasi-zero potential well
system is characterized by a dynamic voltage increase (when the pa
rameters characterizing the excitations p and ω are in the zone of peri
odic solutions). However, in relation to the tristable system, the voltage
increases smoothly on the piezoelectric electrodes, along with the in
crease in the value of the dimensionless frequency ω.
One should be aware that the results of the presented numerical
studies provide important, useful information. However, if using the

parameter values µ = 0 and p = 0.0625, in the zone ω ∈ [0.5, 1.1]
(Fig. 15), it is advisable to conduct an additional detailed analysis – this
is also true when µ = 0.25 and p = 0.25. This is required because random
initial conditions are selected once for each value of ω diagrams. Because
of this, in relation to the first system, a solution may be characterized by
low energy harvesting efficiency. On the other hand, in the case of the
latter, the randomly selected initial conditions may lead to a solution
with the best energy harvesting efficiency. Therefore, in such situations,
it is necessary to carry out a detailed analysis to identify the efficiency of
energy harvesting with all coexisting solutions.
4. Conclusions
The results of numerical tests presented in this paper were assessed to
study the influence of the parameter µ, defined as the frequency ratio of
the two external harmonic forces, on the energy harvesting efficiency of
the quasi-zero stiffness system. Moreover, the influence of the µ coeffi
cient on periodicity and the number of coexisting solutions was inves
tigated. Although the effectiveness of energy harvesting systems is
currently not very high, they are potentially capable of sufficiently
powering some simple measurement systems, such as three-axis accel
erometers and wireless data transmission systems. Such systems are
useful in the transport industry for monitoring the condition of vehicles.
For the comfort of travelers, vehicles that are designed for transporting
people are usually designed to minimize the impact of cyclical loads. For
this reason, in the presented research, we have limited ourselves to a
relatively small amplitude of vibrations. In summary, based on the nu
merical tests performed, it is possible to draw the following conclusions:
• A correlation was demonstrated between the multi-color map of the
distribution of the largest Lyapunov exponent and the diagram of the
effective value of the voltage induced on the piezoelectric electrodes.
• The conducted numerical experiments clearly show that to effi
ciently harvest energy from vibrating mechanical systems, the
operating point of the system with quasi-zero stiffness should be
located outside of the zones of chaotic solutions.
• The obtained results from numerical tests indicated that when the
dimensionless frequency of the excitation ω passes through the
“fault”, the number of coexisting solutions is reduced, and thus the
efficiency of energy harvesting is reduced.
• The presented numerical tests show that the energy harvesting sys
tem with quasi-zero stiffness demonstrates the highest efficiency
18
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when the frequency of mechanical vibrations affecting the system is
in the range of ω ∈ [0.6, 1] (Fig. 5).
• The information contained in the diagram of impulse excitations
(Figs. 9-12) is useful as the basis for the design of an external impulse
initiation system that will directly improve the efficiency of an en
ergy harvesting system.
• For most values of the dimensionless excitation amplitude, the QZEH
system is more efficient at harvesting energy than the TEH system
(Figs. 9–11).
• In the QZEH system, limiting the zones of chaotic solutions is
possible by increasing the energy dissipation coefficient bz.
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