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Abstract

We consider involutive, non-degenerate, finite set-theoretic solutions of the
Yang–Baxter equation (YBE). Such solutions can be always obtained using
certain algebraic structures that generalize nilpotent rings called braces. Our
main aim here is to express such solutions in terms of admissible Drinfeld twists
substantially extending recent preliminary results. We first identify the generic
form of the twists associated to set-theoretic solutions and we show that these
twists are admissible, i.e. they satisfy a certain co-cycle condition. These findings are also valid for Baxterized solutions of the YBE constructed from the
set-theoretical ones.
Keywords: Yang–Baxter equation, braces, quantum groups, Drinfeld twists
1. Introduction
The idea of set-theoretic solutions of the Yang–Baxter equation (YBE) [3] was first suggested
by Drinfield [10] and since then there has been a considerable research activity on this topic
from the algebraic point of view [13, 14, 20], but also in the context of classical integrable
systems [1, 26, 31]. More recently, an algebraic structure that generalizes nilpotent rings, called
a brace, was introduced [27, 28], to describe all finite, involutive, non-degenerate set-theoretic
solutions of the YBE. Rump showed [27, 28] that every brace yields a solution to the YBE,
and every non-degenerate, involutive set-theoretic solution of the YBE can be obtained from a
brace. Subsequently skew-braces were developed in [19] to describe non-involutive solutions.
This emerging research area has been particularly fruitful and numerous relevant studies have
been produced over the past few years (see for instance [2, 4, 5, 16–19, 21, 29, 30]).
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In [7, 8] key links between set-theoretical solutions coming from braces and quantum
integrable systems and the associated quantum algebras were uncovered. More precisely:
(a) Quantum groups associated to Baxterized solutions of the YBEs coming from braces were
derived via the FRT construction [15].
(b) Novel classes of quantum discrete integrable systems with periodic and open boundary
conditions were produced.
(c) Symmetries of the periodic and open transfer matrices of the novel integrable systems
were identified.
(d) Preliminary findings on Drinfeld twists for set-theoretic solutions were presented.
Note that in [13] Etingof et al constructed quantum groups associated to set-theoretic
solutions, however in [7] a different construction is used coming from parameter dependent
solutions of the YBE and thus the corresponding quantum groups differ from those in [13].
Our main focus here is the study of involutive set-theoretic solutions coming from braces,
based on the findings presented in [7, 8]. More precisely, our aim is to identify the explicit
form of so called admissible Drinfeld twists for brace solutions of the YBE. We note that
in Drinfeld’s original works on quantum algebras [11, 12] it was required that the universal
R-matrix, solution of the YBE
semi-classical limit, i.e. it can be expressed as formal
 hasn a (n)
series expansion, R = 1 + ∞
h
R
, where h is some ‘deformation’ parameter. In [12]
n =1
Drinfeld introduced the notion of the twist F, which links distinct solutions of the YBE, and
consequently yields distinct quasi triangular Hopf or (quasi) Hopf algebras, provided that the
twist is admissible. Such twists have also semi-classical limits [12], i.e. they can be expressed
as formal series expansions in powers of the deformation parameter, with the leading term
being the identity.
In the analysis of [7, 8] Baxterized R-matrices coming from set-theoretic solutions of the
YBE were identified, being of the form R(λ) = r + λ1 P, where r is the set-theoretic solution
of the YBE and P is the permutation operator. Interestingly the r-matrix does not contain any
free parameter (deformation parameter), and consequently the R-matrix has no semi-classical
analogue. This is the pivotal difference between our study here and Drinfeld’s analysis [12]. A
similar observation can be made about the associated Drinfeld twist, which is explicitly identified in the present study. To be more precise the main results of this investigation, presented
in section 3, are:
(a) The identification of the explicit form of ‘local’ (2-site) and ‘global’ (n-site) Drinfeld
twists.
(b) The proof of the admissibility of Drinfeld’s twists associated to involutive, nondegenerate, set-theoretic solutions of the YBE.
The outline of the paper. We describe below what is achieved in each of the subsequent
sections.
• In section 2 we present necessary preliminary notions regarding the set-theoretic solutions
of the YBE and the associated quantum groups derived via the FRT construction [7]. More
specifically:
∗ In subsection 2.1 we recall the definition of the set-theoretic YBE. We also recall
Rump’s theorem, which states that every involutive, non-degenerate, set-theoretic
solution of the YBE comes from a brace and vice versa.
∗ In subsection 2.2 we review the construction of the quantum group associated to
involutive, set-theoretic solutions by means of the FRT formulation.
2
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• In section 3 we first recall basic definitions and results on Hopf algebras and Drinfeld
twists [11, 12]. We then move on with the presentation of our main findings regarding the
derivation of admissible Drinfeld twists associated to set-theoretic solutions of the YBE.
Specifically:
∗ In subsection 3.1 we review basic background on bialgebras, Hopf and quasitriangular Hopf algebras. We then introduce the notion of admissible Drinfeld twist
and recall fundamental propositions on admissible twists adjusted for your purposes
here.
∗ In subsection 3.2 we present the new findings on the Drinfeld twists for involutive,
non-degenerate, set-theoretic solutions. To achieve this we rely on the results of [8],
where the set-theoretic braid r-matrix was obtained from the permutation operator
via a similarity transformation. We use the similarity transformation to derive explicit
forms for the set-theoretic twist. We also derive co-product expressions of the twist,
which enable the derivation of the n-twist. From the derived explicit expressions we
are able to show the admissibility of the twist i.e. we show that it satisfies the co-cycle
condition. Note that we introduce the term quasi-admissible twist given that we only
show the admissibility of the set-theoretic twists, without exploring the notions of the
co-unit and antipode, although some related comments are presented at the end of
subsection 3.3.
∗ In subsection 3.3 we focus on a simple, but characteristic example of set-theoretic
solution of the YBE known as Lyubashenko’s solution [10]. We first introduce this
class of solutions and we show that they can be expressed as Reshetikhin type twists
recalling the results of [8]. We then move on to show that this is an admissible twist and
we derive simple expressions for the n-twist. At the end of this subsection we present
some preliminary observations related to the action of the co-unit on the twisted coproducts. We employ the Lyubashenko solution to illustrate the non-trivial action of
the co-unit.

2. Preliminaries
We present in this section basic background information regarding set-theoretic solutions of
the YBE and braces as well as a brief review on the recent findings of [7] on the links between
set-theoretic solutions of the YBE from braces and quantum algebras.
2.1. The set-theoretic YBE

Let X = {x1 , x2 , . . . , xN } be a set and ř : X × X → X × X, such that


ř(x, y) = σx (y), τy (x) .
We say that ř is non-degenerate if σ x and τ y are bijective functions. Also, the solutions (X, ř) is
involutive: ř(σx (y), τy (x)) = (x, y), (řř(x, y) = (x, y)). We focus on non-degenerate, involutive
solutions of the set-theoretic braid equation:
(ř × idX )(idX × ř)(ř × idX ) = (idX × ř)(ř × idX )(idX × ř).
Let V be the space of dimension equal to the cardinality of X, and with a slight abuse of
notation, let ř also denote the R-matrix associated to the linearisation of ř on V = CX (see [30]
3
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for more details), i.e. ř is the N 2 × N 2 matrix:
ř =



ř(x, z|y, w)ex,z ⊗ ey,w ,

(2.1)

x,y,z,w∈X

where ex,y is the N × N matrix: (ex,y )z,w = δx,z δy,w . Then for the ř-matrix related to (X, ř):
ř(x, z|y, w) = δz,σx (y) δw,τy (x) . Notice that the matrix ř : V ⊗ V → V ⊗ V satisfies the (constant)
Braid equation:
(ř ⊗ IV )(IV ⊗ ř)(ř ⊗ IV ) = (IV ⊗ ř)(ř ⊗ IV )(IV ⊗ ř).
Notice also that ř2 = IV⊗V the identity matrix, because ř is involutive.
For set-theoretic solutions it is thus convenient to use the matrix notation:

ř =
ex,σx (y) ⊗ ey,τy (x) .

(2.2)

x,y∈X


Define
 also, r = Př, where P = x,y∈X ex,y ⊗ ey,x is the permutation operator, consequently
r = x,y∈X ey,σx (y) ⊗ ex,τy (x) . The Yangian [32] is a special case: ř(x, z|y, w) = δz,y δw,x .
Let us now recall the role of braces in the derivation of set-theoretic solutions of the YBE.
In [27, 28] Rump showed that every solution (X, ř) can be in a good way embedded in a brace.
Definition 2.1 (Proposition 4 [28]). A left brace is an abelian group (A; +) together with
a multiplication · such that the circle operation a ◦ b = a · b + a + b makes A into a group, and
a · (b + c) = a · b + a · c.
In many papers, an equivalent definition is used [5].
The additive identity of a brace A will be denoted by 0 and the multiplicative identity by
1. In every brace 0 = 1. The same notation will be used for skew braces (in every skew brace
0 = 1).
Throughout this paper we will use the following result, which is implicit in [27, 28] and
explicit in theorem 4.4 of [5].
Theorem 2.2 (Rump’s theorem [5, 27, 28]). It is known that for an involutive, nondegenerate solution of the braid equation there is always an underlying brace (B, ◦, +),
such that the maps σ x and τ y come from this brace, and X is a subset in this brace such
that ř(X, X) ⊆ (X, X) and ř(x, y) = (σx (y), τy (x)), where σ x (y) = x ◦ y − x, τ y (x) = t ◦ x − t,
where t is the inverse of σ x (y) in the circle group (B, ◦). Moreover, we can assume that every
element from B belongs to the additive group (X, +) generated by elements of X. In addition
every solution of this type is a non-degenerate, involutive set-theoretic solution of the braid
equation.
We will call the brace B an underlying brace of the solution (X, ř), or a brace associated to
the solution (X, ř). We will also say that the solution (X, ř) is associated to brace B. Notice that
this is also related to the formula of set-theoretic solutions associated to the braided group (see
[13, 17]).
2.2. YBE & quantum groups

In this subsection we briefly review the main results reported in [7] on the various links between
braces, representations of the A-type Hecke algebras, and quantum algebras.
4
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Recall first the YBE in the braid form in the presence of spectral parameters λ1 , λ2 (δ =
λ1 − λ2 ):
Ř12 (δ) Ř23 (λ1 ) Ř12 (λ2 ) = Ř23 (λ2 ) Ř12 (λ1 ) Ř23 (δ).

(2.3)



where Ř : V → V, and let in general Ř = ja j ⊗ b j, then in the index notation Ř12 = ja j ⊗


b j ⊗ IV , Ř23 = jIV ⊗ a j ⊗ b j and Ř13 = ja j ⊗ IV ⊗ b j.
We focus here on brace solutions of the YBE, given by (2.2). The brace solution1 ř (2.2)
is a representation of the A-type Hecke algebra for q = 1 (see also [7]), as ř satisfies the braid
relations and also ř2 = IX⊗X . Due to the fact that the set-theoretic ř provides a representation
of the A-type Hecke algebra Baxterized solutions of the YBE can be derived [7]:
Ř(λ) = λř + IX ⊗ IX ,

(2.4)

where IX is the identity matrix of dimension equal to the cardinality
of the set X.

Let also R = P Ř, (recall the permutation operator P = x,y ex,y ⊗ ey,x ), then the following
basic properties for R matrices coming from braces were shown in [7]:
Basic Properties. The brace R-matrix satisfies the following fundamental properties:
R12 (λ) R21 (−λ) = (−λ2 + 1)IX⊗X ,

Unitarity

1
2
Rt12
(λ) Rt12
(−λ − N ) = λ(−λ − N )IX⊗X ,
1 t2
(λ)
Rt12

Crossing-unitarity

(2.5)
(2.6)

= R21 (λ),

where t1,2 denotes transposition on the first, second space respectively.
The quantum algebra. Our approach on deriving the quantum groups associated to settheoretic solutions [7, 8] is based on the FRT construction [15], which is somehow dual to the
Hopf algebraic description [11]. Indeed, the FRT construction can be considered as an inverse
procedure of the one that uses the quasi-triangular Hopf algebra axioms in obtaining a solution
of the YBE. The FRT construction considers a solution R : V ⊗ V → V ⊗ V (V is usually a finite
vector space) of the YBE as an input and produces a bialgebra as an output.
Given a solution of the YBE, the quantum algebra is defined via the fundamental relation
[15] (we have multiplied the familiar RTT relation with the permutation operator):
Ř12 (λ1 − λ2 ) L1 (λ1 ) L2 (λ2 ) = L1 (λ2 ) L2 (λ1 ) Ř12 (λ1 − λ2 ).

(2.7)

Ř(λ) ∈ End(CN ) ⊗ End(CN ), L(λ) ∈ End(CN ) ⊗ A, where A is the quantum algebra defined
by (2.7). We focus on solutions associated to braces given by (2.4) and (2.2). The defining
relations of the corresponding quantum algebra were derived in [7].
The quantum algebra associated to the brace R matrix (2.4) and (2.2) is defined by generators
L(m)
zw , z, w ∈ X, and defining relations
(m)
(m)
(n+1)
(m+1) (n)
(m) (n)
L(n)
z,w Lẑ,ŵ − Lz,w Lẑ,ŵ = Lz,σw (ŵ) Lẑ,τŵ (w) − Lz,σw (ŵ) Lẑ,τŵ (w)

+1) (m)
(n)
(m+1)
− L(n
σz (ẑ),w Lτẑ (z),ŵ + Lσz (ẑ,)w Lτẑ (z),ŵ .

(2.8)

1 All, finite, non-degenerate, involutive, set-theoretic solutions of the YBE are coming from braces, therefore we will
call such solutions brace solutions.
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The proof is based on the fundamental relation (2.7) and the form of the brace R-matrix (for
the detailed proof see [7]). Recall also that in the index notation we define Ř12 = Ř ⊗ idA :


ez,w ⊗ I ⊗ Lz,w (λ),
L2 (λ) =
I ⊗ ez,w ⊗ Lz,w (λ),
(2.9)
L1 (λ) =
z,w∈X

z,w∈X


−n (n)
(n)
where Lz,w (λ) = ∞
n=0 λ Lz,w and Lz,w are the generators of the affine algebra A and Ř is
given in (2.4) and (2.2). The quantum algebra is equipped with a co-product Δ : A → A ⊗ A
[11, 15]. Indeed,
we define T1,23 (λ) = L13 (λ)L12 (λ), which satisfies (2.7) and is expressed as

T1,23 (λ) = x,y∈X ex,y ⊗ Δ(Lx,y (λ)).
3. Set-theoretic solutions as Drinfeld twists
In this section we recall basic definitions and results on Hopf algebras and Drinfeld twists
[11, 12], we then move on with the presentation of our main findings regarding the derivation
of admissible Drinfeld twists associated to set-theoretic solutions of the YBE.
3.1. Quasi-triangular Hopf algebras & Drinfeld twists

Before we present our brief review on Drinfeld’s twists let us first recall the notion of a
quasi-triangular Hopf algebra. The known quantum algebras defined by the RTT relation
(2.7) are quasi-triangular Hopf algebras (on a detailed discussion on bialgebras, Hopf algebras, and quasi-triangular (quasi) Hopf algebras we refer the interested reader for instance in
[6, 11, 12, 24, 25]). We give below some useful definitions regarding, bialgebras, Hopf and
quasi-triangular Hopf algebras (see also for instance [6, 25]).
Definition 3.1. A bialgebra H is a vector space over some field k with linear maps:
(a) m : H ⊗ H → H, multiplication, m(a ⊗ b) = ab, which is associative, i.e. (ab)c =
a(bc) ∀a, b, c ∈ H.
(b) η : k → H such that it produces the unit element for H, η(1) = 1H (η(c) = c · 1H ).

(c) Δ : H → H ⊗ H, coproduct Δ(a) = j a j ⊗ b j, which is coassociative, i.e. (Δ ⊗ id)
Δ = (id ⊗ Δ)Δ.
(d)  : H → k, counit such that ( ⊗ id)Δ(a) = (id ⊗ )Δ(a) = a, ∀a ∈ H.
(e) Δ,  are algebra homomorphisms and H ⊗ H has the structure of a tensor product algebra:
(a ⊗ b)(c ⊗ d) = ac ⊗ bd, ∀a, b, c, d ∈ H.
In other words, (H, m, η) is an associative algebra and (H, Δ, ) is an associative coalgebra.
The compatibility of the bialgebra axioms is typically represented by commutative diagrams
(see for instance [6, 25] and references therein).
Definition 3.2. A Hopf algebra H is a bialgebra equipped with a bijective linear map, the
‘antipode’, s : H → H, such that m ((s ⊗ id)Δ(g)) = m ((id ⊗ s)Δ(g)) = (g) · 1H , ∀g ∈ H.
We may now give the definition of a quasi-triangular Hopf algebra, which is our main focus
in this subsection.
Definition 3.3. Let A be a Hopf algebra over some field k, then A is a quasi-triangular Hopf
algebra if there exists an invertible element R ∈ A ⊗ A:
(a) R Δ(a) = Δop (a) R, ∀a ∈ A,
where Δ : A → A ⊗ A is the co-product on A and Δop (a) = π ◦ Δ(a), π : A → A such
that π(a ⊗ b) = b ⊗ a.
6
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(b) (id ⊗ Δ)R = R13 R12 , and (Δ ⊗ id)R = R13 R23 .
Also, the following statements hold:
• The antipode s : A → A satisfies (id ⊗ s)R−1 = R, (s ⊗ id)R = R−1 ,
• The co-unit  : A → k satisfies (id ⊗ )R = ( ⊗ id)R = 1.
• Due to (a) and (b) of definition 3.3 the R-matrix satisfies the YBE R12 R13 R23 =
R23 R13 R12 .
Proofs of the above statements can be found for instance in [6, 25]. Note that a sufficient
condition for the co-associativity of Δ(op) is (R ⊗ 1) (Δ ⊗ id)R = (1 ⊗ R) (id ⊗ Δ)R, i.e. R
should satisfy the co-cycle condition. The co-cycle condition together with (b) of definition
3.3 lead to YBE.

The 
index notation holds in
this case as follows. Let R = ja j ⊗ b j ∈ A ⊗ A then
R12 = ja j ⊗ b j ⊗ 1, R23 = j1 ⊗ a j ⊗ b j etc.
If in addition to the above conditions RR(op) = 1A⊗A , where R(op) = σ ◦ R, (or in the
index notation R12 R21 = 1), then A is a triangular Hopf-algebra
Drinfelds twists. In [11, 12] Drinfeld introduced the notion of twisting (or deformation) for
(quasi)-Hopf algebras and quasi-triangular (quasi)-Hopf algebras. Recall that we focus in this
subsection on quasi-triangular Hopf algebras. Let A, equipped with (m, η, , Δ, s, ), be a quasitriangular Hopf algebra over C and F ∈ A ⊗ A be an invertible element such that (id ⊗ )F =
( ⊗ id)F = 1. The twist of A generated by F defines a new quasi-triangular Hopf algebra Ã,
equipped with (m, η, , Δ̃, s̃, ˜), having the same elements and product law as A, and such
that:
R̃ = Fop R F−1 ,

(3.1)

where we define Fop = π ◦ F, and the permutation (flip) map π : a ⊗ b → b ⊗ a. In the
index notation
Fop
12 =
 F21 . Also, u = m ((id ⊗ s)F) is an invertible element in A with

u−1 = m (s ⊗ id)F−1 , and the twisted maps, Δ̃ and s̃ are defined as
Δ̃(a) = FΔ(a)F−1,

s̃ = us(a)u−1.

(3.2)

Definition 3.4. A twist F is called admissible if it satisfies the co-cycle condition:
(F ⊗ 1) (Δ ⊗ id)F = (1 ⊗ F) (id ⊗ Δ)F.

(3.3)

In the special case that R̃ = 1A⊗A , then R = (F(op) )−1 F and such a twist is called
factorizable.
We now introduce some convenient index notation:
F12,3 := (Δ ⊗ id)F,

F1,23 := (id ⊗ Δ)F.

(3.4)

Then according to the co-cycle condition we introduce, F123 = F12 F12,3 = F23 F1.23 . In general,
we define
F12...n,n+1 := (Δ(n) ⊗ id)F,

F1,2...n+1 := (id ⊗ Δ(n) )F

(3.5)

and consequently we define the n-twist, compatible also with the co-cycle condition:
F12...n = F12...n−1 F12...n−1,n = F23...n F1,2...n .

(3.6)

We introduce a similar notation for tensor representations of the quantum algebra
T0,12...n := (id ⊗ Δ(n) )R,

(3.7)
7
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where recall (id ⊗ Δ)R = R02 R01 and (Δ ⊗ id) = R10 R20 , thus we can explicitly write
T0,12...n = R0n . . . R02 R01 . The n + 1 co-cycle condition and the explicit expressions of the
n + 1 twist are also useful for our purposes here:
F012...n = F01 F01,2 F012,3 . . . F01...n−1,n
= Fn−1nFn−2,n−1n . . . F0,1...n−1n .

(3.8)

We state below three propositions that include some of the main Drinfeld’s results [11, 12]
restricted to R-matrices that satisfy the YBE. These results are most relevant to our present
analysis that follows in the next subsection. We also refer the interested reader to [24] and
references therein on similar proofs using the index notation.
Proposition 3.5 (Drinfled 1). Let R be a solution of the YBE and F be an admissible
twist such that, in the index notation, R̃0n = Fn0 R0n F−1
0n , where n ∈ {1, . . . , N}, then
F1...n−1n0n+1...N R0n = R̃0n F1...n−10nn+1...N .

(3.9)

Proof. The proof relies on three basic statements:
(a) R̃0n = Fn0 R0n F−1
0n
(b) Fm−1,m...n0n+1...N R0n = R0n Fm−1,m...n−10n...N ,
m  n ∈ {1, . . . , N} and
F12...n0n+1...m,m+1 R0n = R0n F12...n−10n...m,m+1 ,
m  n ∈ {1, . . . , N}
(c) The generalized co-cycle condition (3.8).
Statement (b) is a natural consequence of (3.5) and the fact that R satisfies the YBE or
equivalently conditions (a) and (b) of definition 3.3.
We start with
F1...n−1n0n+1...N R0n
= F1...n−1n0F1...n−1n0,n+1 . . . F1...n−1n0n+1...N−1,N R0n
= F1...n−1n0R0n F1...n−10n,n+1 . . . F1...n−10nn+1...N−1,N ,

(3.10)

where we have repeatedly used the generalized expressions (3.8) and statement (b). We now
focus on
F1...n−1n0R0n = Fn0 Fn−1,n0 . . . F1,2...n0 R0n
= Fn0 R0n Fn−1,0n . . . F1,2...0n
= R̃0n F0n Fn−1,0n . . . F1,2...0n
= R̃0n F12...0n .

(3.11)

Then by means of (3.11) statement (a) and (3.8) expression (3.10) becomes R̃0n F1...n−10nn+1...N ,
which concludes our proof.

We may now present the next two basic propositions.
Proposition 3.6 (Drinfeld 2). Let R satisfy the YBE and R̃ = Fop R F−1 , where F is an
admissible twist, then R̃ also satisfies the YBE.
Proof. We are employing the index notation together with proposition 3.5. R satisfies the
YBE, we multiply YBE with F321 form the left and F−1
123 from the right:
8
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F321 (R12 R13 R23 = R23 R13 R12 ) F−1
123 .

(3.12)

We focus on the left side of the equation above, and use proposition 3.5:
−1
F321 R12 R13 R23 F−1
123 = R̃12 F312 R13 R23 F123

= R̃12 R̃13 F132 R23 F−1
123
= R̃12 R̃13 R̃23 F123 F−1
123
= R̃12 R̃13 R̃23 .
Similarly, for the right-hand side of (3.12) we end up with R̃23 R̃13 R̃12 , and this concludes
our proof.

Proposition 3.7 (Drinfeld 3). Let R be a solution of the YBE and F be an admissible twist: R̃ = Fop R F−1 . Let also F012...N defined in (3.8), T0,12...N := R0N . . . R01 and
T̃0,12...N := R̃0N . . . R̃01 , then
F12...N0 T0,12...N F−1
012...N = T̃0,12...N

(3.13)

Proof. The proof of this proposition follows exactly the same logic as the proof of
proposition 3.6. We start with the lhs of (3.13), and use proposition 3.5:
F12...N0 R0N R0N−1 . . . R01 F−1
012...N =
R̃0N F12...N−10N R0N−1 . . . R01 F−1
012..N = . . .
R̃0N R̃0N−1 . . . R̃01 F012...N−1N F−1
012...N ≡ T̃0.12...N .

3.2. Quasi-admissible twists for set-theoretic solutions

We are focusing henceforth on R matrices acting of tensor products of finite N dimensional
spaces V, i.e. R : V ⊗ V → V ⊗ V. Our main aim is to identify the explicit form of Drinfeld’s
twists for finite, involutive, non-degenerate, set-theoretic solutions of the YBE coming from
braces, and also show that they are admissible. We are employing the term quasi-admissible
twist due to the fact that we only show here the admissibility of the set-theoretic twists, i.e.
the validity of the co-cycle condition, however we are not exploring the action of a co-unit on
such twists. We make some preliminary remarks at the end of the manuscript illustrating the
singular nature of set-theoretic twists via a simple example.
More specifically, in the analysis that follows we focus on finite,
involutive, non-degenerate,
set-theoretic solutions of the YBE given by r = Př, where ř = x,y,∈X ex,σx (y) ⊗ ey,τy (x) . We
review below the fundamental constraints emerging from the YBE for such solutions.
Constraints for set-theoretic solutions of the YBE. For
 any finite, non-degenerate, involutive, set-theoretic solution of the YBE r = Př, where ř = x,y∈X ex,σx (y) ⊗ ey,τy (x) , the following
conditions hold:
σση (x̂) (στx (η) (y)) = ση (σx (y)) and ττy (x) (τσx (y) (η)) = τy (τx (η)),

(3.14)

∀η, x, y ∈ X: σ η (x), τ y (x) are fixed.
Proof. It is convenient for our purposes here to express the YBE in the following form:
9
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ř23 T1,23 = T1,23 ř23

(3.15)

(similarly ř12 T12,3 = T12,3 ř12 ), where we define, T 1,23 = r13 r 12 , (T 12,3 = r13 r23 ) and recall
ř = Pr.
We take the following steps.
(a) We first identify T 1,23 = r 13 r12 , where r = Př and ř is the set-theoretic solution

T1,23 =
eτy (x),ση (x) ⊗ eη,τx (η) ⊗ eσx (y),y .

(3.16)

x,y,η∈X

(b) We calculate the left and right-hand side of (3.15), using also the involutive property,

LHS =
eτy (x),ση (x) ⊗ eση (σx (y)),τx (η) ⊗ eτσx (y) (η),y
(3.17)
x,y,η∈X

RHS =



eτy (x),ση (x) ⊗ eη,στx (η) (y) ⊗ eσx (y),τy (τx (η)) .

(3.18)

x,y,η∈X

(c) We identify the constraints emerging from (3.15) by equating expressions (3.17) and
(3.18). Equivalence of expression (3.17) and (3.18) leads to
η = ση̂ (σx̂ (ŷ)),
τx (η) = στx̂ (η̂) (ŷ),

σx (y) = τσx̂ (ŷ) (η̂) and
y = τŷ (τx̂ (η̂)).

(3.19)
(3.20)

Note that relations (3.19) are equivalent to: ση (σx (y)) = η̂, and τσx (y) (η) = σx̂ (ŷ). We
also require
ση (x) = ση̂ (x̂)

and τy (x) = τŷ (x̂).

(3.21)

Conditions (3.19)–(3.21) guarantee the equivalence between the lhs and rhs of (3.15)
given in (3.17) and (3.18).
(d) We consider together (3.20), (3.21) and obtain ση (x) = ση̂ (x̂), τx (η) = στx̂ (η̂) (ŷ), which
leads to η = σση̂ (x̂) (στx̂ (η̂) (ŷ)), then comparing with (3.19) we obtain the first fundamental
constraint:
C1 ≡ σση̂ (x̂) (στx̂ (η̂) (ŷ)) − ση̂ (σx̂ (ŷ)) = 0,

(3.22)

and conversely if C 1 = 0 then ση (x) = ση̂ (x̂) given (3.19) and (3.20).
Similarly, from (3.19) and (3.20) σx (y) = τσx̂ (ŷ) (η̂), τy (x) = τŷ (x̂), which leads to
y = ττŷ (x̂) (τσx̂ (ŷ) (η̂)), and comparison with (3.20) leads to the second fundamental constraint:
C2 ≡ ττŷ (x̂) (τσx̂ (ŷ) (η̂)) − τŷ (τx̂ (η̂)) = 0,

(3.23)

and conversely if C 2 = 0 then τŷ (x̂) = τy (x), given (3.19) and (3.20).
For the brace solution of the YBE, which is our main interest in this study, the above
constraints are satisfied as shown by Rump.

We derive in the following lemma the explicit forms of the co-products of the quantum
algebra associated to brace solutions of the YBE. This will be of significance when identifying
the corresponding admissible Drinfeld twists.
Lemma 3.8. Let ř be an involutive, finite, non-degenerate set-theoretic solution of the YBE
and T1,23 = x,y∈X ex,y ⊗ Δ(Lx,y ), where Lx,y are the represented elements of the corresponding quantum algebra defined by the RTT relation (2.7) and r = Př (P is the permutation
10
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operator). Then
Δ(Lx,y ) ř = ř Δ(Lx,y )

∀x, y ∈ X,

(3.24)

subject to (3.22) and (3.23).
Proof. The proof is an immediate consequence of the constraints emerging for set-theoretic
solutions of the YBE. Indeed, from (3.16) we can read of
Δ(Lτy (x),ση (x) ) =



eη,τx (η) ⊗ eσx (y),y ,

(3.25)

x,y,η∈W

where W : x, y, η ∈ X such that σ η (x) and τ y (x) are fixed.
Then due to ř23 T1,23 = T1,23 ř 23 we obtain (3.24) i.e. the entries of the T 1,23 -matrix
commute with ř, subject to (3.22) and (3.23).

It was shown in [8] proposition 3.3 that any brace solution of the YBE can be obtained from
−1
P12 F12 2 .
the permutation operator via a similarity transformation, i.e. ř12 = F12

Proposition 3.9. Let ř = x,y∈X ex,σx (y) ⊗ ey,τy (x) be the brace solution of the braid
YBE. 
Let also Vk , k ∈ {1, . . . , N 2 } be the eigenvectors of the permutation operator
P = x,y∈X ex,y ⊗ ey,x , and V̂ k , k ∈ {1, . . . , N 2 } be the eigenvectors of the brace ř-matrix.
Then the ř-matrix can be expressed as a Drinfeld twist, such that ř = F −1 PF , where the
 2
T
twist F −1 is expressed as F −1 = N
k=1 V̂ k Vk [ 8] .
From the proof of the above proposition (proposition 3.3 in [8]) we know that the eigenvectors of the permutation operator P and the set-theoretic braid solution ř are given as follows.
Let êk , k ∈ {1, . . . , N } be the N dimensional column vector with 1 in the kth position and 0
elsewhere, i.e. êk form a basis of the N dimensional vector space.
(a) The (normalized) eigenvectors of the permutation operator are (x, y ∈ X):
Vk = êx ⊗ êx ,

k ∈ {1, . . . , N }


1 
Vk = √ êx ⊗ êy + êy ⊗ êx ,
2

1 
Vk = √ êx ⊗ êy − êy ⊗ êx ,
2



N2 + N
N + 1, . . . ,
,
2
 2

N +N
+ 1, . . . , N 2 . (3.26)
x = y, k ∈
2
x = y, k ∈

The first N 2+N eigenvectors have the same eigenvalue 1, while the rest N 2−N eigenvectors have eigenvalue −1. Also it is easy to check that V k form an ortho-normal basis
 2
T
T
for the N 2 dimensional space. Indeed, VkT Vl = δkl and N
k=1 Vk Vk = IN 2 ( denotes usual
transposition).
2

2 The

2

twist of the present study is the inverse of F in [8]. It is just a matter of convention.
11
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(b) The eigenvectors of the ř-matrix are
V̂ k = êx ⊗ êy ,

(x, y) = (σx (y), τy (x)), k ∈ {1, . . . , N }



N2 + N
1 
√
êx ⊗ êy + êσx (y) ⊗ êτy (x) , k ∈ N + 1, . . . ,
V̂ k =
,
2
2

1 
V̂ k = √ êx ⊗ êy − êσx (y) ⊗ êτy (x) , (x, y) = (σx (y), τy (x)),
2
 2

N +N
2
+ 1, . . . , N
k∈
(3.27)
2

As in the case of the permutation operator the ř matrix has the same eigenvalues 1 and
2
2
−1 and the same multiplicities, N 2+N and N 2−N respectively. Hence, the two matrices are
similar, i.e. there exists some invertible F ∈ End(CN ) ⊗ End(CN ) (not uniquely defined)
 2
T
such that ř = F −1 PF , where F −1 = N
k=1 V̂ k Vk .
From proposition 3.3 in [8] we can extract explicit forms for the twist F and state the
following.
 2
T
Proposition 3.10. Let F −1 = N
k=1 V̂ k Vk bethe similarity transformation (twist) of
proposition 3.9, such that ř = F −1 PF , where ř = x,y∈X ex,σx (y) ⊗ ey,τy (x) is the brace solution
of the braid YBE, P is the permutation operator and
V̂ k , Vk are their respective eigenvectors.
Then the twist can be explicitly expressed as F = x,y∈X ex,x ⊗ eσx (y),y .
Proof. We begin our proof by re-expressing the eigenvectors of the permutation operator in
a convenient for our purposes form. The first N eigenvectors are used as they are, we only
2
conveniently re-express the rest (let n = N 2+N ):
Vk = êx ⊗ êx ,

k ∈ {1, . . . , N }


1 
Vk = √ êx ⊗ êσx (y) + êσx (y) ⊗ êx ,
2

1 
Vk = √ êx ⊗ êσx (y) − êσx (y) ⊗ êx ,
2

x = σx (y), k ∈ {N + 1, . . . , n} ,

x = σx (y), k ∈ n + 1, . . . , N 2 .

(3.28)

Let us first mention that if x = σ x (y) then y = τ x (y) (and vice versa). Indeed, this can be
show as follows: let ŷ = τy (x), then due to involution we obtain x = σx (ŷ) (and y = τŷ (x)), but
due to the fact that σ x (y) is a bijection, and also x = σ x (y), we conclude that ŷ = y. We may
now compute F −1 using the explicit expressions of the eigenvectors of ř and P (3.27) and
2
(3.28) (recall n = N 2+N ) x, y ∈ X:
F −1 =

N


V̂ k VkT +

=

N

2

V̂ k VkT +

k =N +1

k =1



n


V̂ k VkT

k =n +1

(êx ⊗ êy )(êTx ⊗ êTx )

x=σ x (y)

+

1 
1 
(êx ⊗ êy )(êTx ⊗ êTσx (y) ) +
(êσx (y) ⊗ êτy (x) )(êTσx (y) ⊗ êTx )
2
2
x=σ x (y)

x=σ x (y)

12

J. Phys. A: Math. Theor. 54 (2021) 415201

=



A Doikou

x=σ x (y)

=





ex,x ⊗ ey,x +

ex,x ⊗ ey,σx (y)

x=σ x (y)

ex,x ⊗ ey,σx (y)

x,y∈X

From
the above expression and due to the fact that σ x and τ y are bijections, we conclude that
−1
T
F = x,y∈X ex,x ⊗ eσx (y),y , (F12
= F12
, where T denotes total transposition in both spaces).
Recall that r = Př, we also confirm
by direct computation, and using the fact that σ x , τ y

are bijections that (F (op) )−1 F = x,∈X ey,σx (y) ⊗ ex,τy (x) = r.

Remark 3.11.
The twist is not uniquely
defined, for instance an alternative twist is of the


−1
G12 . This is shown by direct
form G = x,y∈X eτy (x),x ⊗ ey,y , and x,∈X ey,σx (y) ⊗ ex,τy (x) = G21
computation.
Remark 3.12. The Baxterized solution of the YBE, R(λ) = λr + P (recall P is the per−1
mutation operator) can be also expressed as R12 (λ) = F21
R̃12 (λ)F12 , where R̃ is the Yangian.
This is a straightforward statement due to the form of the Yangian R̃(λ) = λI + P, and due to
−1
the fact that F21
P12 F12 = P12 .
We now focus on the derivation of the three-twist F012 and the co-cycle condition. We will
now identify the three-twist for any finite, involutive, non-degenerate set-theoretic solution and
inspired by propositions (3.5)–(3.7) will show that a suitable co-cycle condition is satisfied,
i.e. F is an admissible twist. This is achieved in the following propositions.
Proposition 3.13. In accordance to the co-multiplication of the quantum algebra as
defined in lemma 3.8, we define:

eση (x),ση (x) ⊗ eη,τx (η) ⊗ eσx (y),y |C1 =0
(3.29)
F0,12 =
x,y,η∈X

F01,2 =



eση (x),ση (x) ⊗ eτx (η),τx (η) ⊗ eση (σx (y)),y |C1 =0

(3.30)

x,y,η∈X

where C1 = σση (x) (στx (y) (y)) − ση (σx (y)). Let also ř =
ř01 F01,2 = F01,2 ř01 ,



x,y∈X e x,σ x (y)

ř12 F0,12 = F0,12 ř12 .

⊗ ey,τy (x) , then
(3.31)

Proof. We divide the proof in two parts.
(a) We first show that ř01 F01,2 = F01,2 ř01 , using the explicit expressions of ř, F0,12 and F01,2 :
the lhs of the expression is (subject to the constraint C1 = 0)

eη,ση (x) ⊗ ex,τx (η) ⊗ eση (σx (y)),y .
ř01 F01,2 =
η,x,y∈X

Similarly,
F01,2 ř01 =



eη,ση (x) ⊗ ex,τx (η) ⊗ eσση (x) (στx (η) (y)),y ,

η,x,y∈X

and due to the constraint C1 = 0: F01,2 ř 01 =
concludes the first part of our proof.
13
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(b) We move on now to the second part of our proof, which is a bit more involved:
ř12 F0,12 = F0,12 ř12 . By direct computation given the explicit expressions for F0,12 and
ř12 :


ř12 F0,12 =

eση (x),ση (x) ⊗ eση (σx (y)),τx (η) ⊗ eτσx (y) (η),y

η,x,y∈X



F0,12 ř12 =

eση (x),ση (x) ⊗ eh,στx (η) (y) ⊗ eσx (y),τy (τx (η)) ,

η,x,y∈X

subject to C1 = 0. We now follow the logic of obtaining the constraints for set-theoretic
solutions of the YBE. We employ (3.19) and (3.20) which as argued due to C1 = 0 guarantee that ση (x) = ση̂ (x̂) leading to ř12 F0,12 = F0,12 ř 12 , which basically concludes our
proof.
All possible permutations among the indices 0, 1, 2 can be considered in a straightforward
manner. For instance, by multiplying expression ř12 F0,12 = F0,12 ř12 with P01 (left and right)

we obtain ř02 F1,02 = F1,02 ř02 .
Remark 3.14. This is a straightforward, but useful remark. Recall, r = Př, where P is the
permutation operator. If F01,2 ř01 = ř01 F01,2 , and F1,02 ř 02 = ř02 F1,02 , as in proposition 3.13,
then by multiplying the latter two equalities with P from the left we conclude: F10,2 r01 =
r01 F01,2 , and F1,20 r02 = r02 F1,02 .
Generalization. The (n + 1)-objects F0,12...n and F0,12...n can be now derived by iteration
exploiting the explicit form of T 0,12..n = r0n . . . r 01
. Indeed, let us first identify T 0,1..n recalling
the specific form of the set-theoretic solution r = x,y∈X ey,σx (y) ⊗ ex,τy (x) ,


T0,1...n =

x1 ,...,xn ,y1 ∈X

eyn ,σx1 (y1 ) ⊗ ex1 ,τy1 (x1 ) ⊗ · · · ⊗ exn ,τyn (xn ) ,

(3.32)

subject to ym−1 = σxm (ym ), m ∈ {2, . . . , n}. Then according to the generic expression (3.32),
(bear in mind that T0,1..n řmm+1 = ř mm+1 T0,1..n , m∈ {1, . . . , n − 1}; see also proposition 3.13
and expression (3.29)) we derive, F0,1...n = x1 ,...,xn ,yn ∈X eσx1 (y1 ),σx1 (y1 ) ⊗ ex1 ,τy1 (x1 ) ⊗ · · · ⊗
exn ,τyn (xn ) , subject to ym−1 = σxm
(ym ), m ∈ {2, . . . , n}. Also, by iteration (see expression
(3.30)) we obtain, F01...n−1,n = x1 ,...,xn+1 ∈X ex1 ,x1 ⊗ ex2 ,x2 ⊗ · · · exn ,xn ⊗ eX,xn+1 , where we
define X := σx1 (σx2 (. . . (σxn (x n+1 )) . . .). The general expressions hold subject to the constraint σxn (σxn+1 (y)) = σσxn (xn+1 ) (στxn+1 (xn ) (y)), x n , y ∈ X.
We may now proceed in proving the admissibility of the derived twist, i.e. show the validity
of the co-cycle condition.

Proposition 3.15. Let F01 = F ⊗ I and F12 = I ⊗ F , where F = η,x,y∈X eη,η ⊗ eση (x),x .
Let also F01,2 and F0,12 defined in (3.29) and (3.30). Then
F012 := F01 F01,2 = F12 F0,12 .

(3.33)

Proof. By substituting the expressions for F01 , F12 , F01,2 and F0,12 (recall C 1 = 0 holds for
F01,2 , F0,12 ) we obtain by direct computation:
F01 F01,2 =



eση (x),ση (x) ⊗ eη,τx (η) ⊗ eση (σx (y)),y .

η,x,y∈X

14

J. Phys. A: Math. Theor. 54 (2021) 415201

A Doikou

Similarly,
F12 F0,12 =



eση (x),ση (x) ⊗ eη,τx (η) ⊗ eση (σx (y)),y

η,x,y∈X

The
 explicit form the three-twist is given from the expressions above as F012 =

η,x,y∈X eση (x),ση (x) ⊗ eη,τ x (η) ⊗ eση (σ x (y)),y |C1 =0 .
We are now in the position to show the factorization of the monodromy matrix T 0,12 in terms
of the admissible twists.

Corollary 3.16. Let r = x,y∈X ey,σx (y) ⊗ ex,τy (x) , a solution of the YBE, and F012 =

x,y,η∈X eη,η ⊗ eση (x),x ⊗ eση (σ x (y)),y |C1 =0 , as defined in proposition 3.15. Let also, T0,12 = r02 r01 ,
−1
F012 .
then T0,12 = F120
Proof. This is based on proposition 3.7. Indeed, to show the decomposition of the monodromy matrix T 0,12 constructed from set-theoretic solutions we employ the following statements:
−1
(a) Proposition 3.7: Fn0
F0n = r0n , n ∈ {1, 2}.
(b) Proposition 3.13 and remark 3.14: Fn0,m r0n = r0n F0n,m and Fm,n0 r0n = r0n Fm,0n , n = m ∈
{1, 2}.
(c) Proposition 3.15: the co-cycle condition, F01 F01,2 = F12 F0,12 .

We first recall that Fn0,m = P0n F0n,m P0n , similarly for Fm,n0 , where P is the permutation
operator. The proof is straightforward based on the proof of proposition 3.7: i.e. use (a)–(c)
−1
= IV ⊗3 .

above, then F120 T0,12 F012
Direct computation. Let us also confirm corollary 3.16 by direct computation. We first
derive T 0,12 via (3.32) for n = 2:

T0,12 =
ey,ση (σx (y)) ⊗ eη,τσx (y) (η) ⊗ ex,τy (x) .
(3.34)
η,x,y∈X
−1
−1
T
We also derive F012
; due to the fact that σ y , τ x are bijective functions: F012
= F012
, where T
denotes total transposition, i.e. transposition in all three spaces of the tensor product. We may
−1
now show by direct computation that T0,12 = F120
F012 , indeed
⎛
⎞


−1
F012 =
ey,ση (σx (y)) ⊗ eη,η ⊗ ex,ση (x) ⎝
eη̂,η̂ ⊗ eση̂ (x̂),x̂ ⊗ eση̂ (σx̂ (ŷ)),ŷ ⎠
F120
η,x,y∈X

=



η̂,x̂,ŷ∈X

ey,η̂ ⊗ eη,x̂ ⊗ ex,ŷ

(3.35)

x,y,η,x̂,ŷ,η̂∈X

subject to the following conditions:
η̂ = ση (σx (y)),

ση̂ (x̂) = η,

ση (x) = ση̂ (σx̂ (ŷ))

(3.36)

Our aim now is to express the x̂, ŷ, η̂ in terms of x, y, η, notice that η̂ is already expressed in
such a way. Consider now the condition ση̂ (x̂) = h, and let τx̂ (η̂) = ξ then we obtain via the
involutive property: η̂ = ση (ξ) and x̂ = τξ (η). However, due to the first of the conditions (3.36)
and the fact that σ η is a bijective function, we conclude that ξ = σ x (y) and hence x̂ = τσx (y) (η).
It remains now to express ŷ in terms of x, y, η; we consider the third of the conditions (3.36)
15
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as well as condition C1 = 0 then ση (x) = σση̂ (x̂) (στx̂ (η̂) (ŷ)), but as shown above ση̂ (x̂) = h, then
using also the fact that σ η is a bijection we conclude x = στx̂ (η̂) (ŷ). From our considerations
above τx̂ (η̂)(= ξ) = σx (y), and we conclude that ŷ = τy (x).
Having expressed x̂, ŷ, η̂ in terms of x, y, η: η̂ = ση (σx (y)), x̂ = τσx (y) (η), and ŷ = τy (x), we
arrive via (3.35) at

−1
F120
F012 =
ey,ση (σx (y)) ⊗ eη,τσx (y) (η) ⊗ ex,τy (x)
(3.37)
x,y,η∈X



which is precisely T 0,12 (3.34).

Remark 3.17. An alternative admissible twist is derived as follows. Using the notation
introduced in (3.5), we define

G0,12 =
eτy (τx (η)),η ⊗ eσx (y),σx (y) ⊗ eτy (x),τy (x) |C2 =0
(3.38)
η,x,y∈X

G01,2 =



eτx (η),η ⊗ ey,σx (y) ⊗ eτy (x),τy (x) |C2 =0

(3.39)

η,x,y∈X

C2 = τy (τx (η)) − ττy (x) (τσx (y) (η)), then:
(a) G01,2 ř01 = ř01 G01,2 and G0,12 ř12 = ř12 G0,12 , where ř is the brace solution.
(b) The co-cycle condition is also satisfied and the three-twist
is then derived, i.e.

G012 := G01 G01,2 = G12 G0,12 , where the two-twist is G = x,y∈X eτy (x),x
 ⊗ ey,y , given in
remark 3.11. The explicit form of the three-twist then is G012 = η,x,y∈X eτy (τx (η)),η ⊗
ey,σx (y) ⊗ eτy (x),τy (x) |C2 =0
The proofs of the statements above follow the same logic of the corresponding proofs for
F012 .
The (n + 1)-twist. The general (n + 1)-twists may be derived by iteration using the algebra co-product rules as identified
 by T 0,12....n = r0n . . . r02 r01 . For instance, recall the generalized expressions F0,1...n = x1 ,...,xn ,yn ∈X eσx1 (y1 ),σx1 (y1 ) ⊗ e
x1 ,τy1 (x1 ) ⊗ · · · ⊗ e xn ,τyn (xn ) , subject to ym−1 = σxm (ym ), m ∈ {2, . . . , n}, and F01...n−1,n = x1 ,...,xn+1 ∈X ex1 ,x1 ⊗ ex2 ,x2 ⊗ . . .
exn ,xn ⊗ eX,xn+1 , where X := σx1 (σx2 (. . . (σxn (x n+1 )) . . .). We extract the
 (n + 1)-twist via
the generalized co-cycle condition (3.8) by iteration: F012...n = x1 ,...,xn+1 ∈X ex1 ,x1 ⊗
eσx1 (x2 ),x2 ⊗ eσx1 (σx2 (x3 )),x3 ⊗ · · · ⊗ eX,xn+1 , subject to the standard constraint σxn (σxn+1 (y)) =
σσxn (xn+1 ) (στxn+1 (xn ) (y)), x n , y ∈ X.
−1
Lemma 3.18. Let F be an admissible twist, such that r12 = F21
F12 , satisfies the
YBE. Let also the Baxterized solutions of the YBE R(λ) = λr + P, R̃(λ) = λI + P and
T0 (λ) = R0N (λ) . . . R01 (λ), T̃ 0 (λ) = R̃0N (λ) . . . R̃01 (λ), then
−1
T̃ 0 (λ) = F12...n0 T0 (λ) F012...n
.

(3.40)

Proof. It suffices to prove that
F12...n−1n0n+1...N R0n (λ) = R̃0n (λ) F12...n−10nn+1...N

(3.41)

then according to propositions 3.5 and 3.7 expression (3.40) follows. Indeed, for the admissible twist via proposition 3.5, F12...n−1n0n+1...N r0n = F12...n−10nn+1...N , but also by the definition
of the permutation operator P we have F12...n−1n0n+1...N P0n = P0n F12...n−10nn+1...N . Then
according to the definition of R, R̃ we arrive at (3.41), which concludes our proof.
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3.3. Special case: Lyubashenko’s solution

We focus now on a special class of set-theoretic solutions of the YBE known as Lyubashenko’s
solutions [10] (see also [17] in relation to symmetric groups). We first introduce this class of
solutions and we show that they can be expressed as simple twists recalling the results of [8].
We then move on to show that these are admissible twists and we explicitly derive the associated
n-twists.
Let us recall proposition 3.1 in [8]:
Proposition
 3.19. Let τ , σ : X→ X be isomorphisms, such that σ(τ (x)) = τ (σ(x)) = x and
let V = x∈X ex,τ (x) and V −1 = x∈X eτ (x),x . Then any solution of the braid YBE of the type
ř =



ex,σ(y) ⊗ ey,τ (x) ,

(3.42)

x,y∈X

can be obtained from the permutation operator P =



x,y∈X e x,y

⊗ ey,x as

ř = (V ⊗ I)P(V −1 ⊗ I) = (I ⊗ V −1 )P(I ⊗ V)

(3.43)

We will now derive the n-twists associated to Lyubashenko’s solution and show that these
are admissible. We introduce in what follows two distinct twists F and G compatible
 with the
=
V
,
given
the
explicit
form
V
=
results of [8]. Let us first
introduce
the
twist
F
12
2
x∈X e x,τ (x)

we may rewrite F = x,y∈X ex,x ⊗ ey,τ (y) . It is instructive to compare with the general settheoretic twist, proposition 3.10. Note that the terms at each space now ‘decouple’ due to the
fact that σ x (y), τ y (x) → σ(y), τ(x).

Indeed, according to proposition 3.19, P = V2 ř 12 V2−1 , where ř = x,y∈X ex,σ(y) ⊗ ey,τ (x) .
Also, F is a Reshetikhin type twist as it trivially satisfies the YBE, and consequently the
co-product structure is the one of the quasi-triangular Hopf algebra:
F1,23 = F13 F12 ,

F12,3 = F13 F23 .

(3.44)

By means of (3.44) and given that F12 = V2 : we have:
F1,23 = V2 V3 ,

F12,3 = V32 .

(3.45)

The co-cycle condition is satisfied and it is nothing but the YBE: F123 := F12 F12,3 . We also
derive by iteration:
F0,12...n = F0n . . . F01 ,

F12.n,0 = F10 F20 . . . Fn0 ,

(3.46)

F12...n,0 = V0n .

(3.47)

and the explicit expressions are given as
F0,12...n = V1 V2 . . . Vn ,

The precise form of the (n + 1)-twist is derived in the following lemma.
the admissible twist for Lyubashenko’s solution, then the
Lemma 3.20. Let F12 = V2 , be 
(n + 1)-twist is given as F012...n = nk=0 Vkk .
Proof. The proof is straightforward given the explicit forms of F , expressions (3.47) and the
generalized cocycle condition (3.8).
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x∈X e x,τ (x) ,


x1 ,...,xn+1 ∈X

then we can express the (n + 1)-twist as

ex1 ,x1 ⊗ eσ(x2 ),x2 ⊗ eσ2 (x3 ),x3 ⊗ · · · ⊗ eσn (xn+1 ),xn+1 .

We shall also need for the next lemma the expression F12...n0 = V0n Vnn−1 . . . V32 V2 .
Given the explicit form of the (n + 1)-twist from lemma 3.20 we can show the factorization
of the monodromy matrix in a straightforward manner in the following lemma.
Lemma 3.21. Let T0,12..N = r0N . . . r01 , where r is Lyubashenko’s solution and F012..N , the
−1
(N + 1)-twist as derived in lemma 3.20, then F12...N0
F012...N = T0,12...N .
Proof. The factorization can be checked by direct computation (recall in this case,
r0n = V0−1 Vn ), indeed



−1
−1
N−1
F12...N0 T0,12...N F012...N
= V0N VNN−1 . . . V32 V2 V0−1 VN . . . V0−1 V1 VNN VN−1
. . . V22 V1
= I ⊗(N +1) .


Remark 3.22. There is an alternative admissible twist for Lyubashenko’s solutions. Indeed,
G12 = V1−1 , is an alternative admissible, Reshetikhin type twist:
(a) G12,3 = G13 G23 and G1,23 = G13 G12 .
(b) G0,12...n = V0−n and G12...n,0 = V1−1 V2−1 . . . Vn−1 .
(c) Via the 
generalized co-cycle condition the alternative (n + 1)-twist is expressed as
G01...n = nk=0 Vk−(n−k) .

Recalling also that V −1 = x∈X ex,σ(x) we can write

eτ n (x1 ),x1 ⊗ eτ n−1 (x2 ),x2 ⊗ · · · ⊗ eτ (xn ),xn ⊗ exn+1 ,xn+1 .
G01...n =
x1 ,...,xn+1 ∈X

Remark 3.23. The set-theoretic solution (2.2) is a representation of the Hecke algebra
H N (q = 1) [7], hence the Baxterized solution can be expressed as in remark
 3.12. A q-analogue
of Lyubashenko’s solution was derived in [8] via the simple twist V = x∈X eσ(x),x . Indeed, if g
is the Uq (glN ) invariant representation of the Hekce algebra H N (q) [22, 23] then so gt = (V ⊗
I)g(V −1 ⊗ I) is provided that sgn(x − y) = sgn(τ (x) − τ (y)) = sgn(σ(x) − σ(y)) ∀x, y ∈ X
gives a
(note also that [V ⊗ V, gt ] = 0). Then the Baxterized solution Řt = eλ gt − e−λ g−1
t
twisted Ř-matrix associated to the Uq (glN ). The more general twist of proposition 3.10 can
be also applied to the Uq (glN ) invariant solution g of the braid relation, subject to certain
constraints, however this case will be discussed in detail elsewhere.
Curious observations. This is a preliminary discussion motivating the next natural steps
of our investigation. Throughout this manuscript we have been focused on the identification
of set-theoretic twists and the issue of their admissibility in the sense of proposition 3.15. We
have restricted our attention on the co-product structure of the underlying quantum algebra and
we have not discussed the actions of the co-unit and antipode for set-theoretic solutions, which
are crucial in identifying the quantum algebra as a quasi-triangular Hopf algebra.
Let us briefly refer to the notions of co-unit and antipode for the quantum algebra associated to Lyubashenko’s solution, which represents a simple, but characteristic example
of involutive, set-theoretic solution. Recall the Lyubashenko solution can be expressed in
−1
the compact way
 r : V ⊗ V → V ⊗ V (V is the N -dim vector space), such that r = V ⊗
V, where V = x∈X ex,τ (x) is a group like element. From the definition T 0,12 = r 02 r01 and
18
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recalling the simple form of Lyubashenko’s solution we have Δ(V) = V ⊗ V, indeed V
is a group like element. We define the co-unit: (V) = (V)−1 = (I) = 1, then it follows that ( ⊗ id)Δ(V) = (id ⊗ )Δ(V) = V. We also define the antipode: s(V) = V −1 , then
m ((s ⊗ id)Δ(V)) = m ((id ⊗ s)Δ(V)) = IV .
We recall the Lyubashenko twists: F = I ⊗ V and G = V −1 ⊗ I, we can then readily check,
regardless the above defined action of the co-unit, that ( ⊗ id)F = V, (id ⊗ )G = V −1 and
via (V) = (V −1 ) = 1, we conclude (id ⊗ )F = I, ( ⊗ id)G = I. Even though the conditions ( ⊗ id)F = I, (id ⊗ )G = I are now relaxed, the twists F , G are still admissible in the
weaker sense of proposition 3.15 and corollary 3.16. It is also interesting to present the action
of the above defined co-unit on Lyubashenkso’s r matrix: ( ⊗ id)r = V, (id ⊗ )r = V −1 .
This is an ‘uncommon’ action of the co-unit, the origin of which is the fact that both the settheoretic r-matrix as well as the related twists have no semi classical analogues, i.e. they can
not be expressed as formal series expansions with leading term being the identity.
Similar observations can be made for the Baxterized solutions coming from
the Lyubashenko
r-matrix. Let R̃(λ) = λIV⊗V + P be the Yangian R-matrix where

P = x,y∈X ex,y ⊗ ey,x is the permutation operator and ex,y are the generators of glN
in the N -dimensional representation. We focus for the sake of simplicity on the
finite glN subalgebra of the Yangian; glN is a Hopf algebra with count (ex,y ) = 0,
(I) = 1, antipode s(ex,y ) = −ex,y and co-product Δ(ex,y ) = ex,y ⊗ I + I ⊗ ex,y . Moreover,
Δ(ex,y )R̃(λ) = R̃(λ)Δ(ex,y ), ∀x, y ∈ X, recalling that R(λ) = V2 R̃12 (λ)V1−1 = V1−1 R̃(λ)V2 ,
we conclude that Δ(op)
j (e x,y )R(λ) = R(λ)Δ j (e x,y ), j ∈ {1, 2}, where the two types
of twisted co-products are defined as [8]: Δ1 (ex,y ) = ex,y ⊗ I + I ⊗ eτ (x),τ (y) and
Δ2 (ex,y ) = eσ(x),σ(y) ⊗ I + I ⊗ ex,y , (Δ2 (ex,y ) = V ⊗ V · Δ1 (ex,y ) · V −1 ⊗ V −1 ).
Given the above twisted co-products it follows that ( ⊗ id)Δ1 (ex,y ) = eτ (x),τ (y) , (id ⊗
)Δ1 (ex,y ) = ex,y and ( ⊗ id)Δ2 (ex,y ) = ex,y , (id ⊗ )Δ1 (ex,y ) = eσ(x),σ(y) i.e. the twisted coproducts and co-unit do not satisfy the bialgebra axioms. In addition, co-associativity for
the deformed co-products is also an issue, indeed it is easily shown using the explicit
expressions for the co-products Δ j: (id ⊗ Δ1 )Δ1 (ex,y ) = Φ−1 · (Δ1 ⊗ id)Δ1 (ex,y ) · Φ and (id ⊗
Δ2 )Δ2 (ex,y ) = Φ̂−1 · (Δ2 ⊗ id)Δ2 (ex,y ) · Φ̂ where we define Φ = I ⊗ I ⊗ V and Φ̂ = V ⊗ I ⊗
I, i.e. the co-associativity is now reduced to an almost co-associativity. Although after applying the simple twists the underlying algebra is still glN [8], strict co-associativity as well
as the axioms of the bialgebra involving the co-multiplication and co-unit are not satisfied
anymore.
We have briefly demonstrated the intriguing problem of characterizing the quantum group
associated to set-theoretic solutions as a bialgebra, using the simple example of Lyubashenko’s
solution. The problem for the general set-theoretic solutions of the YBE is studied in [9]. The
general case, also in relation to the Yangian, as well as the notion of the quantum double will
be addressed in detail elsewhere.
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