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Introduction
In the current work, we target quantitative risk assessment methods for carbon dioxide (CO2 ) storage in
deep geological formations. CO2 storage in deep saline formations is currently being discussed as an
interim technology, with a high potential for mitigating CO2 emissions (IPCC, 2005). In recent years,
significant research efforts have been directed towards understanding the processes in CO2 storage. The
multiphase flow and transport processes involved are strongly non-linear. They include phase changes
in the region of the critical point and effects such as gravity-induced fingering and convective mixing as
well as geo-chemical and geo-mechanical processes, etc.
Modeling subsurface CO2 storage involves many conceptual and quantitative uncertainties (Hansson and
Bryngelsson, 2009). The lack of information on subsurface properties (porosity, permeability, etc.) may
lead, depending on the specific question at hand, to a level where parameter uncertainties dominate or
even override the influence of secondary physical processes. Oladyshkin et al. (2011a) pointed out, that
efforts invested in improved physical conceptualization and numerical codes can easily be overwhelmed
by such uncertainties and also by errors induced by human subjectivity in data interpretation at the very
early stages of modeling.
In the development of CO2 injection as a large-scale interim solution, our ability to quantify its uncertainties and risks will play a key role. A significant part of the applied and scientific community still
refrains from explicitly considering uncertainty in modeling, although the corresponding arguments are
discussed and rejected one by one (Pappenberger and Beven, 2006). A key hindrance to quantitative risk
assessment is that current numerical simulation models are often inadequate for stochastic simulation
techniques based on brute-force Monte Carlo simulation and related approaches (Robert and Casella,
2004), because even single deterministic simulations may require parallel high-performance computing. Thus, strongly computationally demanding simulations of CO2 problems require sophisticated
stochastic approaches for uncertainty quantification and probabilistic risk assessment. This argument is
currently being challenged with several recent research studies. Oladyshkin et al. (2011b) applied massive stochastic model reductions based on the polynomial chaos expansion (PCE) to CO2 storage and
developed a novel approach to join robust design ideas with the PCE technique. Statistical uncertainty
has been also been combined with scenario uncertainty in the recent work of Walter et al. (2012) to estimate the risk related to the brine migration resulting from CO2 injection into saline aquifers. Efficient
large-scale sensitivity analysis was performed by Ashraf et al. (2013). Additionally, a stochastic model
calibration framework was developed for CO2 storage (Oladyshkin et al., 2013a,b) via strict Bayesian
principals combined with arbitrary polynomial chaos expansion (Oladyshkin and Nowak, 2012). Along
the same quantitative approaches, Tavakoli et al. (2013) compared ensemble filtering algorithms and the
null-space Monte Carlo method for parameter estimation and uncertainty quantification of CO2 sequestration sites.

Approach and contributions
In this paper, a Bayesian approach for estimating the rare probability of extreme CO2 leakage through
an abandoned (probably) sealed but leaky well is considered. An algorithm known as Subset Simulation
(SS) which relies on multilevel splitting and Monte Carlo (MC) simulation is utilized to solve this
challenging problem. SS was introduced by Au and Beck (2001, 2003) to estimate the small failure
probabilities encountered in reliability analysis of engineering systems. The proposed approach will
help to efficiently and accurately estimate failure probability of leakage of CO2 injected into a saline
aquifer.

Physical problem formulation
We consider a benchmark leakage problem of injected CO2 into overlying formations through a leaky
well defined by Class et al. (2009). This is a well known illustrative example for a homogenized system,
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as a reference. A description and discussion of the problem have been published in Ebigbo
et al. (2007). It addresses the simulation of the advective spreading of carbon dioxide (CO2 )
injected into an aquifer which is obviously an important process since it determines the
distribution of CO2 in the aquifer over time. A second topic addressed by the problem
set-up is the leakage of CO2 from the aquifer through an abandoned and leaky well.
i.e. it considers spatial heterogeneity only through zonation according to different geological media.
However, the technique presented here can be extended to many classes of heterogeneous systems,
where
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Figure 1: Leakage scenario
Figure 1 Schematic view of the test model adapted from Ebigbo et al. (2007) and not to scale.
We will consider on purpose this relatively simple benchmark model, to illustrate the concept presented
in the current paper. The simplicity of the benchmark model chosen is fully motivated by the high
computational demand of Monte Carlo simulations, which we use to validate the proposed concept
for rare event simulations. The benchmark problem assumes that fluid properties such as density and
viscosity are constant, all processes are isothermal, CO2 and brine are two separate and immiscible
phases, mutual dissolution is neglected, the pressure conditions at the lateral boundaries are constant
over time, the formation is isotropic, rigid and chemically inert, and capillary pressure is negligible.
The initial conditions in the fully saturated domain include a hydrostatic pressure distribution which is
dependent on the brine density. The aquifers are initially filled with brine. The initial pressure at the
bottom of the domain (at 3000m depth) is 3.086 × 107 Pa. The lateral boundary conditions are constant
Dirichlet conditions and equal to the initial conditions. All other boundaries are no-flow boundaries.
CO2 is injected at a constant rate of 8.87 kg/s, which corresponds to 1600m3 /d at reservoir conditions.
Simulation time is 100 days. All relevant parameters used for the simulation are given in Table 1. Mass
balances of the two phases and the multiphase version of Darcy’s Law give the following system of
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differential equations:


∂ Sg
krw
K · (∇p − ρw g) − qw = 0,
−∇·
−φ
∂t
µw
(1)


∂ Sg
krg
φ
K · (∇p − ρg g) − qg = 0,
−∇·
∂t
µg
which is constrained by the equation
Sw + Sg = 1.

(2)

The subscripts w and g stand for the brine (water) phase, and the CO2 -rich (gas) phase, respectively. The
primary variables in equation (1) are the gas-phase saturation Sg and pressure p. Sw is the brine-phase
saturation. The relative permeabilities krw and krg are secondary variables, modeled as linear functions
of Sw and Sg , (krw = Sw = 1 − Sg ; krg = Sg ), g is the gravity vector, K is the absolute permeability
tensor and qw , qg are sources/sinks. In the current study, the benchmark problem is simulated using
DuMuX, a multi-scale multi-physics toolbox for the simulation of flow and transport processes in porous
media (Flemisch et al., 2011).

Statistical problem formulation
We will consider two uncertain parameters: aquifer permeability and permeability of the leaky well. Figure 2 demonstrates the distributions of the material properties which we use in our illustration. Here, the
distributions of aquifer permeability are based on data taken from the U.S. National Petroleum Council
Public Database (which includes 1270 reservoirs; see also (Kopp et al., 2009)). We have applied a maximum likelihood estimation to create an analytical form (lognormal) of the probability density function
(PDF), which is required for drawing a sufficiently large sample for Monte Carlo analysis. This choice
reflects the situation of site screening, where site-specific data and data that allow heterogeneity within
geological units to be resolved are not yet available. Instead, we use data sets that represent macroscopic
properties of supposedly similar sites as prior knowledge. Formally, the uncertain parameters presented
in Figure 2 represent the input parameters of Equation 1.

Methodology
Subset Simulation
In rare event simulation, one is interested in estimating the probability P( f (x) > u) of system performance f exceeding a certain threshold u, where f (x) is a function (commonly estimated by solving a
nonlinear system of PDEs) using the input parameter vector x ∈ X and X the stochastic parameter space
Parameter
CO2 density, ρg
Brine density, ρw
CO2 viscosity, µg
Brine viscosity, µw
Aquifer thickness
Aquitard thickness
Porosity, φ
Leaky & injection well radius
Injection rate
Distance between wells
Dimensions of model domain
Simulation time, t

Value
479kg/m3
1045kg/m3
3.950·10−5 Pa s
2.535·10−4 Pa s
30m
100m
0.2
0.15m
8.87kg/s (1600m3 /d)
100m
1000m × 1000m × 160m
100days

Table 1 Simulation parameters
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(a) Leaky well

(b) Aquifer

Figure 2 Probability Density Function of Log-permeability (in m2 ).
defined by the problem parameterization. Let Γ = {x ∈ X : f (x) > u} denote the set of a function values
f : X → R above a threshold u ∈ R (i.e., the failure or high risk region). We are interested in estimating the probability α(u) := PX (Γ) where PX is the probability measure on X. This probability could
correspond to the probability of failure of a system or a risky operational regime which is undesirable.
Induced by the engineering goal of robustness and reliability, this probability is typically very small, i.e.,
f (x) > u is a rare event. If the probability α(u) is small, using a brute force Monte Carlo estimator of
the form:
m

i.i.d

α̂mMC = 1/m ∑ 1 f (Xi )>u , Xi ∼ PX

(3)

i=1

requires a large number m of system evaluations f (xi ). The main problem with the estimator α̂mMC is that
the sample size m must be large in order to get a reasonably high probability of observing at least a few
samples in Γ. The problem gets increasingly harder when α(u) is smaller.
The idea of Subset Simulation (Au and Beck, 2001, 2003) is to solve this difficult problem iteratively by
introducing intermediate failure events which are easier to sample from, and thus provides a systematic
way to proceed between the iterations. Let u0 = −∞ < u1 < u2 < . . . < uT = u be a sequence of increasing
failure thresholds, then one obtains a corresponding sequence of nested failure regions Γ0 := X ⊇ Γ1 ⊇
· · · ⊇ ΓT := Γ, where Γt := {x ∈ X : f (x) > ut }, t = 1, . . . , T . Given the nested properties of failure
T
regions Γi , it is straightforward to estimate Γt = ti=1 Γi . Then, again using the nested properties of the
failure regions and knowing that the failure probability corresponding to u0 = −∞ is one, one obtains
(
α(u0 ) = 1 ,
(4)
α(ut+1 ) = α(ut ) PX (Γt+1 |Γt ) , t ≥ 0 ,
Using the definition of conditional probability, α(u) can be rewritten as:
α(u) = PX (ΓT ) =

T −1

∏ PX (Γt+1 |Γt ) .

(5)

t=0

Thus, the idea of Subset Simulation is to replace the problem of estimating the small probability, α(u)
by that of estimating the higher conditional probabilities PX (Γt+1 |Γt ), 0 ≤ t < T . This is performed
by choosing T and Γt , i = 1, . . . , T − 1 appropriately, such that the conditional probabilities can be made
large enough for efficient evaluation by MC simulation.

Algorithmic details
(k)

Subset Simulation (SS) starts by simulating n samples {x0 , k = 1, . . . , n} from the prior distribution of
(k)
the parameters, where the subscript in x0 denotes the iteration (level) number and the superscript denotes the sample number. These n samples (aka. active set) are propagated through the system dynamics
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(k)

to obtain the corresponding set of system responses { f (x0 ), k = 1, . . . , n}. Then, the first threshold u1 is
estimated by retaining those c percent of the samples that have the largest value of f (where c is an input
constant of the algorithm between 0 and 100 and smaller c values corresponds to more greedy search for
the failure region). The set of retained samples represents Γ1 of the domain with a failure probability u1
defined as the largest f value within the set of discarded samples. For the next iteration (level), one starts
with the samples that represent Γ1 . These samples provide the seed for simulating additional samples
from the prior, but also satisfying the hard constraint f > u1 . Au and Beck (2001) proposed to start from
these samples a Markov chain Monte Carlo (MCMC) method to obtain an additional (1 − c) × n samples that satisfy the constraint f > u1 . This brings the total number of samples satisfying the constraint
f > u1 again to n samples. The intermediate threshold u2 is then adaptively chosen using the same c
quantile as before, and the iteration continues until the traget rare event threshold is reached.
The main difficulty of the SS algorithm is to propose a new sample xnew
at level j that satisfies perj
new
formance threshold of f (x j ) > u j . Following Au and Beck (2001), an efficient constrained sampling
can be performed by randomly selecting each surviving sample that satisfies the function f constraint to
start a short MCMC chain and only accept samples that satisfy the constraint. Algorithm 1 shows the
details of one MCMC step starting from the state xij . It uses a simple random walk proposal distribution
q(ξ |xij ) for the MCMC chain of the form ξ = xij + δ w, where δ is a scaling factor controlling the update
step-size, w ∼ N (0, C), C is a covariance matrix which could be selected as the identity matrix I, and
N denotes the normal distribution.
Algorithm 1: Constrained local sampling via Metropolis–Hastings algorithm
Input: function hard constraint u j , Starting sample of the MCMC chain xij , number of local, scaling
factor δ and proposal covariance matrix C
Output: xnew
j
while TRUE do
Propose ξ ∼ q(ξ |xij ) using ξ = xij + δ w, w ∼ N (0, C)


p(ξ )q(xij |ξ )
Compute ρ = min 1,
p(xij )q(ξ |xij )
Generate u ∼ U (0, 1) (i.e., from a uniform distribution)
if u ≤ ρ then
Evaluate f (ξ )
if f (ξ ) > u j then
xnew
=ξ
j
BREAK

Example: Failure probability estimation of CO2 storage
We evaluate the probability of leakage of 1% and 2% of the injected CO2 after 100 days for the idealized
test case detailed earlier in this papper. The leaky well permeability follows the distribution shown in
Figure 2-a. The results of a brute force MC simulation with 20, 000 forward runs are shown in Figure 3.
For the levels of 1% and 2% leakage rates, the corresponding probabilities are 0.0328 and 0.0122,
respectively.

Subset Sampling simulation
We performed SS simulation with an active set of 100 samples to estimate the probability of leakage of
1% of injected CO2 . At each iteration, the threshold level is determined by retaining 50 samples out of
the 100 samples (c = 0.5 in the SS algorithm). Figure 4 shows the evolution (of a specific run) of the
SS algorithm where four subset levels were needed until termination. At each iteration, the threshold is
adaptively increased until it exceeds the termination threshold of 1%. For this run, the estimated rare
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Figure 3 Leakage rates as a percentage of injected CO2 rates using a full Monte Carlo of 20000 forward
runs (red line marks the 1% leakage level).
event probability is 0.033125 using 299 forward runs (MC reference estimate is 0.0328 with 20, 000
forward runs). However, it was observed that different SS runs produce slightly different results due to
sampling errors. In order to specify these sampling errors, the average of 10 different runs resulted in an
estimated probability of 0.0331 for leakage of 1% of injected CO2 with a standard deviation of 0.0167.
The average computational cost per SS run was 327.4 forward simulations.
Figure 5 shows the results of using the SS algorithm to estimate the probability of leaking 2% of the
injected CO2 given the uncertainties in the reservoir properties and of the abandoned well permeability.
For this run, an active set of 100 samples was utilized and c was set to 0.2 to retain only 20% of the
samples at each iteration. This resulted in a reduction in the total number of SS iterations. Figure 5
shows the sample evolutions for estimating the probability of leaking 2% of the injected CO2 . The
estimated final rare event probability is 0.01 (versus 0.0167 from the MC simulation) and SS utilized
259 forward simulations. Similar to the previous case, the SS algorithm was run 10 times and the mean
probability of leaking 2% of the injected CO2 is 0.0136 with a standard deviation of 0.0104. The average
computational cost per SS run was 298.3 forward simulations.

Conclusions
We presented the first application of the Subset Simulation (SS) algorithm for estimating the probability
of CO2 leakage given a pre-set leakage threshold. This formulation of the leakage assessment is more
plausible from a risk assessment perspective in comparison to standard techniques relying on the mean
leakage values. Estimating the probability of such a rare event is a challenging process. We proposed
an iterative solution using a multilevel splitting algorithm called subset simulation (SS) in comparison
to brute force MC methods. The presented results confirm the efficiency of the SS algorithm. However, the SS algorithm like many other constrained sampling techniques (Skilling, 2006; Elsheikh et al.,
2013b) suffers from sampling errors. In order to reduce the sampling errors, SS could be combined with
response surface approaches similar to the recent work of Elsheikh et al. (2014).
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(a) Iteration 1 threshold = 0.10697

(b) Iteration 2 threshold = 0.2204

(a) Iteration 3 threshold = 0.44625

(b) Iteration 4 threshold = 0.68945

Figure 4 Rare event estimation using subset simulation, target leakage level = 1% and active set size
= 100 and c = 0.5. Estimated rare event probability = 0.033125 using 299 forward runs (blue dots for
retained samples red dots for new samples).

(a) Iteration 1 threshold = 0.27254

(b) Iteration 2 threshold = 0.66773

Figure 5 Rare event estimation using subset simulation, target leakage level = 2% and active set size =
100 and c = 0.2. Estimated rare event probability = 0.01 using 259 forward runs (blue dots for retained
samples red dots for new samples).
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