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A B S T R A C T
In this study, two schemes to treat ﬂuid-solid interaction on complex boundaries are proposed and solved in
the framework of lattice Boltzmann method. The schemes are applied on the phase-ﬁeld-based wettability
implementation methods for binary and ternary ﬂuids to simulate static contact angle on a circular surface
generated by the staircase approximation. For the binary system, surface-energy and geometric wetting
conditions are adopted, while for the ternary system, surface-energy model with two discretization schemes
resulting in explicit and implicit wetting conditions are developed and examined. It is proven that the implicit
wetting condition approximating the value of order parameters on the boundary node, as the average of their
value between the neighboring ﬂuid node and solid node, enhances the accuracy of predicted contact angles. For
modeling of contact angle on the circular surface and identifying the direction of normal vectors required for
incorporating wetting condition, the gradient of ﬂuid-solid ﬁeld is calculated. Two methods namely, round-oﬀ
and interpolation describing how the information of neighboring nodes given the direction of normal vector
on the boundary nodes should be used, are discussed. It is illustrated that results of the interpolation method
exhibit a good agreement with the analytical solution as opposed to the round-oﬀ when tested in the case of
static contact angle on a circular surface for both binary and ternary systems. Finally, it is shown incorporating
diﬀerent wetting conditions with the appropriate way of handling normal vectors and in combination with the
conservative phase-ﬁeld model can model static contact angle at high-density ratios for both binary and ternary
ﬂuids with good accuracy.

1. Introduction
Understanding the dynamics of multiphase ﬂow interacting with the
solid substrate is vital because of its wide range of applications in the
industry and nature. Enhanced oil recovery [1–4], 𝐶𝑂2 capture and
storage [5–8], and transport of contaminants in groundwater [9–13]
are just a few examples. The main challenge in modeling such ﬂows lies
in accurately capturing the underlying phenomena at the small scale
(e.g. ﬂuid-ﬂuid and ﬂuids-solid interactions) [14–17].
Among the existing numerical models for simulating multiphase
ﬂow, employing the lattice Boltzmann-based models seems to be advantageous due to its straightforward treatment of complex boundaries. The lattice Boltzmann method (LBM) is constructed based on
the Boltzmann equation and is known as a bottom-up approach link-

*

ing microscopic and macroscopic descriptions of ﬂuid ﬂow. Several
multiphase models based on the LB have been developed by the LB
community over the past decade which generally fall under these categories: color gradient [18], pseudopotential [19], free-energy [20],
and phase-ﬁeld model [21]. Among the aforementioned models, the
modiﬁed versions of phase-ﬁeld model have drawn more attention because of some distinct features. Unlike the pseudopotential models, an
advection-diﬀusion equation is applied to identify the interface which
leads to features such as suitable treatments of the surface tension, reduction in the order of spurious velocity even at high-density ratios,
and the adjustable viscosity ratio for the simulation of real ﬂuids. The
ﬁrst LB-based phase-ﬁeld model was introduced by He et al. [21] in
1999. It has then become renowned as HCZ model. In this model,
the density distribution function used in standard LB is substituted
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with a pressure distribution function to recover hydrodynamics and a
distribution function for the order parameter to capture the interface.
The model has been further developed to improve the inability to conserve the global mass [22,23], inconsistency of proposed LBE with the
target equations [24,25], instability at moderate density and viscosity
ratio, and unphysical oscillations in the proﬁle of order parameter [23].
The improved approaches mostly involve revising the hydrodynamics
LBE [26–31], adopting various discretizing schemes [32], modifying
the interface capturing LBE [24,33], devising a ﬁltering scheme to remove the unwanted oscillations in the order parameter’s proﬁle [23],
and recovering an alternative interface capturing equation [34–37].
Simulation of the contact line and implementing wetting condition
is a crucial step in simulating multiphase ﬂow in porous media. In general, there are two methods in the phase-ﬁeld-based models to handle
wetting condition. The ﬁrst approach was introduced by Briant et al.
[38,39] on the basis of the Cahn theory [40] for a binary system known
as the surface-energy model. According to this method, the ﬂuid–solid
interaction is deﬁned by a wall free-energy expression which is added
to the free-energy functional and forms the total free energy. The linear form of wall free energy was employed to introduce a prescribed
contact angle. The cubic form of surface-energy model was proposed by
Wiklund et al. [41] where a cubic wall free-energy was adopted. They
argued that implementing the linear form of wall free energy creates a
spurious ﬁlm in the vicinity of solid which is unphysical, while utilizing
the cubic form can be a remedy for this issue. This approach was then
successfully employed by Fakhari and Bolster [42], Fakhari et al. [43],
and Lou et al. [44]. For the ternary system, Liang et al. [45] extended
the cubic surface-energy formulation as the wetting condition. Their
proposed formulation is as straightforward as that of the binary system
while maintaining comparable accuracy. It is noteworthy to mention
that on the basis of mass conversation, He et al. [46] proposed a wetting condition for the ternary system which its ﬁnal form is similar to
Liang et al.’s [45] formulation. They tested the accuracy of this wetting
condition on a cylindrical surface when the contact angle varied from
60◦ to 120◦ . The second approach for wettability implementation is the
geometrical scheme introduced by Ding and Spelt [47] that can approximate the contact angle with a good accuracy. This scheme requires
suﬃcient nodes to construct the interface while the diﬀuse interface
must be close to the equilibrium. The geometrical approach was applied by Wang et al. [48] to simulate the contact line on both ideal and
non-ideal solid substrate where they conducted the simulation by adopting HCZ model [21]. This approach has also been recently extended by
Zheng et al. [49] to be applied to the pseudopotential LB model and
used by Li et al. [50] to model the contact angle on a circular surface.
Recently Bala et al. [51] employed the geometrical approach on the
ternary system where the interface between each component needed
to be identiﬁed as a priori and afterwards the binary formulation was
applied. In addition, the derivation of both wettability implementation
methods for binary ﬂuid has been elaborated in a recently published
study by Liang et al. [52] where the details on the formulation of each
approach can be found.
Implementing each mentioned approach requires determining the
value of order parameter on the boundary nodes which is a function
of the order parameter’s value on the neighboring ﬂuid node or nodes
along (depending on the method) the direction of normal vector. Therefore, identifying the direction of normal vector on the solid wall is a
prerequisite and can be a challenge when facing a complex topology.
Two strategies have been adopted in the literature to address this issue. The ﬁrst strategy is to simplify the topology of porous media in
a way that each solid element can be treated as a ﬂat plate. This approach was used in [53,54] where the thickness of each solid element
is greater than or equal to two lattices. The limitation of this strategy is that it is only applicable for a porous media with an artiﬁcial
geometry which has been constructed in a manner that removes the
possibility of facing the exceptional cases such as convex and concave
boundaries and allows obtaining the direction of normal vector manu-

ally. The second strategy was employed by Fakhari et al. [43] where
the direction of normal vector is determined by a 2-D algorithm that
uses a series of conditions and if statements to check the arrangement
of a boundary node with its eight neighbors and identify the direction
of normal vector based on that. The shortcoming of this procedure is
that exceptional cases such as convex corners are required to be handled separately [43] and it cannot be extended to 3-D geometries. An
alternative approach to identify normal vector of solid boundaries is to
adopt a method similar to the calculation of normal vector of the interface. In this method, the gradient of ﬂuid-solid identiﬁer, which is
referred to as the void fraction parameter, on the boundary nodes is
calculated to obtain components of normal vector and to compute the
orientation of the gradient. Using this approach, the direction of normal
vector can be identiﬁed systematically which removes the need for separately handling the exceptional arrangements of boundary nodes (i.e.
convex and concave arrangements). Additionally, it is extendable to 3-D
cases where three components of the gradient of void fraction parameter are predicted. After identifying the normal vectors, the information
of neighboring ﬂuid nodes can be used in two ways. In the ﬁrst approach, only the value of one ﬂuid node is employed whereas in the
second one, depending on the direction of normal vector the information of two neighboring ﬂuid nodes is employed by linear interpolation.
The details of each method along with their performance will be elaborated and evaluated in the following sections.
Based on the above discussion, determining the direction of unit
normal vector on the complex solid substrate for wettability implementation can be a challenge. Thereby, in this study, an approach that can
systematically identify the direction of normal vector on the boundary nodes in any geometry obtained from the staircase approximation
is adopted. Afterwards, two methods describing how the information
of neighboring nodes should be used is introduced. The methods are
tested against the analytical solution of the droplet static contact angle
on a circular surface for both binary and ternary systems. The aim of
this study is to improve the accuracy of staircase approximation to the
competence level of curved-boundary treatments [42,55–59], so that
the proposed schemes are applicable for simulation of multiphase ﬂow
in porous media with realistic geometry. In other words, by adopting
the proposed schemes in this study, the simplicity of lattice Boltzmann
method in dealing with complex boundaries will be preserved without
the loss of accuracy.
The rest of paper is organized as follows: in the next section, the
wetting boundary condition for both binary and ternary ﬂuids is brieﬂy
introduced. Followed by that, round-oﬀ and interpolation methods for
assigning order parameter values on the neighboring ﬂuid node to the
boundary node are introduced. Afterwards, LB formulation of phaseﬁeld model for recovering the Allen-Cahn equation [60] in binary and
ternary systems and the Navier-Stokes are presented. As a validation,
the contact line on a ﬂat surface is simulated in binary and ternary
systems and results are compared with the analytical solution. Furthermore, a comparison between two wetting boundary conditions for the
ternary system is conducted in the same segment. Subsequently, the
results of contact angle simulation on a circular solid substrate are provided for binary and ternary ﬂuids where round-oﬀ and interpolation
techniques are thoroughly examined.
2. The wetting condition in the phase-ﬁeld model
As it was pointed out in the introduction section, two approaches
namely, surface-energy model and geometrical scheme are available
for applying wetting conditions in phase-ﬁeld-based models. The underlying idea of both methods is to modify the value of the order
parameter on the boundary nodes locally with respect to the prescribed
contact angle. In this section, the cubic formulation of the surfaceenergy model and geometrical approach are discussed, while the details of linear formulation of the surface-energy model can be found in
Refs. [38,39,52,53].
219

A. Zarareh, S. Khajepor, S.B. Burnside et al.

Computers and Mathematics with Applications 98 (2021) 218–238

2.1. Surface-energy model for binary system

𝑘

𝑑𝜙 𝑑𝜀𝑠
=
,𝑦 = 0
𝑑𝑦
𝑑𝜙

(9)

Based on the phase-ﬁeld theory [61–63], the thermodynamic behavior of ﬂuids at interface can be represented by a free energy functional
in terms of order parameter, 𝜙, as follows
(
)
1
 (𝜙) =
𝜀0 (𝜙) + 𝜅 |∇𝜙|2 𝑑𝑉 ,
(1)
∫
2

𝑑𝜀0
𝑑2𝜙
, 𝑦 > 0.
=𝜅
𝑑𝜙
𝑑𝑦2

(10)

Taking integral over (10) and replacing in (9) yields
√
𝑑𝜀𝑠
= ± 2𝜅𝜀0 .
𝑑𝜙

where 𝑉 is the occupied space by the system [64,65], 𝜀0 (𝜙) is the bulk
free energy with two minima associated with the two phases of ﬂuid.
The second term in the bracket speciﬁes the interfacial energy density
where 𝜅 is a positive constant. Derivation of the free energy function
with respect to the order parameter denotes the chemical potential 𝜇𝜙
[66,67] as
𝜇𝜙 =

𝛿 (𝜙) 𝑑𝜀0 (𝜙)
=
− 𝜅∇2 𝜙.
𝛿𝜙
𝑑𝜙

Replacing (6) to (11) results in two stable solutions namely, 𝜙𝑠1 = 0 and
𝜙𝑠2 = 1. Thereby, the surface tension between solid and liquid phase
and solid and gas phase can be given [52] by
𝜙𝑠2

√
𝑏
𝑏
𝑏
𝜎𝑠𝑙 = 1 𝜙2𝑠2 − 1 𝜙3𝑠2 +
2𝜅𝜀0 𝑑𝜙 = 1 ,
∫
2
3
6

(2)

𝑑𝜀0 (𝜙)
− 𝜅∇2 𝜙 = 0.
𝑑𝜙

𝜙𝑠1

√
𝑏
𝑏
𝜎𝑠𝑔 = 1 𝜙2𝑠1 − 1 𝜙3𝑠1 +
2𝜅𝜀0 𝑑𝜙 = 0.
∫
2
3

According to the Young’s equation [71] the contact angle can then be
written in terms of surface tension

(3)

𝜎𝑠𝑔 − 𝜎𝑠𝑙

cos 𝜃𝑠 =

𝜎

.

(14)

Substituting (12) and (13) in (14) leads to
𝑏
cos 𝜃𝑠 = − √ 1 .
2𝜅𝛽

In the above equations, 𝛽 is a parameter related to the interface thickness 𝑊 , 𝜙𝐻 and 𝜙𝐿 are the values of order parameter corresponding to
each phase (heavy and light), and 𝑧 is the direction
normal to the in√

(15)

Rearranging (15) for 𝑏1 and replacing in (8) yields
√

𝜅
terface. The following equations 𝑊 = |𝜙 4−𝜙 | 2𝛽
[28,66,68,69] and
| 𝐻 𝐿|
3
√
|𝜙𝐻 −𝜙𝐿 |
|
|
𝜎=
2𝜅𝛽 [28,69,70] relates interface thickness 𝑊 and surface
6
tension 𝜎 to coeﬃcients 𝛽 and 𝜅.
According to the surface-energy model, the free energy functional is
modiﬁed in the following manner
(
)
( )
1
𝜀 (𝜙) + 𝜅 |∇𝜙|2 𝑑𝑉 + 𝜀𝑠 𝜙𝑠 𝑑𝑠.
𝑏 (𝜙) + 𝑠 (𝜙) =
(5)
∫
∫
2

𝒏.𝛁𝜙𝑠 = −

)
2𝛽 (
𝜙 1 − 𝜙𝑠 cos 𝜃𝑠 .
𝜅 𝑠

(16)

The above equation is the wetting boundary condition for two-phase
ﬂow in contact with the solid surface. By assuming that the solid wall is
located in the middle of boundary node and its neighboring ﬂuid node
(i.e., in Fig. 1), the left-hand side of (16) can be discretized along the
direction of unit normal vector to solid [43] by central diﬀerentiation

The second integral is over the system’s solid surface and deﬁnes the in( )
teraction among the ﬂuid and the solid surface where 𝜀𝑠 𝜙𝑠 is the solid
wall free-energy and 𝜙𝑠 is the order parameter at the solid. The underlying idea of cubic formulation of surface-energy model is to prevent
shaping the unphysical ﬁlm around the solid [41], and this requires the
ﬂuid-solid interaction to only exists at the junction of three phases. To
hold this hypothesis, a cubic form for the solid wall free-energy should
be selected as follows [52]

𝒏.𝛁𝜙𝑠 =
𝜙𝑠 =

− 𝜙|𝑧=0
𝜙|
𝜕𝜙 ||
= 𝑧=1
,
𝜕𝑛 ||𝑠
ℎ𝑐

(17)

𝜙|𝑧=1 + 𝜙|𝑧=0
.
2

(18)

Note that for uniform mesh, the value of order parameter on the solid
wall is approximated as the average of boundary node and its neighboring ﬂuid node along the direction of normal vector (18). In the above
equations, 𝒛1 = 𝒛0 + 𝒏 and ℎ𝑐 = ||𝒛1 − 𝒛0 || = |𝒏| is the distance between
the boundary node and the ﬂuid node for which ℎ𝑐 = 1 𝑙𝑢 in the orthog√
onal direction and ℎ𝑐 = 2 𝑙𝑢 in the diagonal one. 𝜙|𝑧=0 can then be
predicted using (16), (17) (18)

(6)

where 𝑏1 is a constant. Minimizing the total free-energy functional implies that
𝜕𝜀𝑠
= 𝜅𝒏.𝛁𝜙𝑠 ,
𝜕𝜙𝑠

(13)

0

By choosing the double-well form of the bulk free energy density [66,
(
)2 (
)2
68] 𝜀 (𝜙) = 𝛽 𝜙 − 𝜙𝐻
𝜙 − 𝜙𝐿 the order parameter’s proﬁle along a
planar interface can be given by
( )
𝜙 + 𝜙𝐿 𝜙𝐻 − 𝜙𝐿
2𝑧
𝜙 (𝑧) = 𝐻
+
tanh
.
(4)
2
2
𝑊

( ) 𝑏
𝑏
𝜀𝑠 𝜙𝑠 = 1 𝜙2𝑠 − 1 𝜙3𝑠 ,
2
3

(12)

1

According to [61] interface proﬁle at equilibrium can be calculated by
minimization of the free energy function  (𝜙) through satisfying the
following relation
𝜇𝜙 =

(11)

(
𝜙|𝑧=0 =

(7)

and 𝒏 is the unit normal vector to the solid surface. Substituting (6) to
(7) yields

where

(
)
𝜅𝒏.𝛁𝜙𝑠 = 𝑏1 𝜙𝑠 − 𝜙2𝑠 .

𝑎 = −ℎ𝑐

2
𝑎

√

(8)

1+

𝑎
−
2

√

(
1+

𝑎
2

)2

(
)
2𝛽
cos 𝜃𝑠 𝜃𝑠 ≠ 90◦ .
𝜅

)
− 2𝑎 𝜙|𝑧=1

− 𝜙|𝑧=1 ,

(19)

(20)

(
)
In order to achieve the neutral wetting condition 𝜃𝑠 = 90◦ the unknown value of order parameter at the boundary node should be
equal to its ﬂuid neighboring node in the direction of normal vector
𝜙|𝑧=0 = 𝜙|𝑧=1 . It should be pointed out that the other root of 𝜙|𝑧=0 leads
to negative order parameter in both phases breaking up the simulation.

Assuming that the solid surface is horizontal and located at 𝑦 = 0 while
the rest of domain 𝑦 > 0 is occupied by one of the phases. Therefore, the
free-energy functional for 𝑦 = 0 is obtained through (5) and for 𝑦 > 0 is
calculated by (1). As a result, the minimization of free energy functional
leads to (7) for 𝑦 = 0 and (3) for 𝑦 > 0 which can be reformulated as
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(
)
 𝜙1 , 𝜙2 , 𝜙3 𝑡 =

(
∫
+

∫

(
)
(
))
𝜀0 𝜙1 , 𝜙2 , 𝜙3 + 𝜓 ∇𝜙1 , ∇𝜙2 , ∇𝜙3 𝑑𝑉
(
)
𝜀𝑠 𝜙1 , 𝜙2 , 𝜙3 𝑑𝑠,

(27)

where [45]
3
(
) ∑
(
)
𝜀𝑠 𝜙1 , 𝜙2 , 𝜙3 =
𝜎𝑤𝑖 3𝜙2𝑖 − 2𝜙3𝑖 ,

(28)

𝑖=1

and 𝜎𝑤𝑖 speciﬁes the surface tension between the solid substrate and
ﬂuid 𝑖. Minimizing the total free energy functional and taking an additional mass conserving constraint into account, Liang et al. [45] derived
the following wetting boundary condition for a ternary system (interested readers are kindly referred to their study for more details)
4
𝑊
4
𝒏.∇𝜙2,𝑠 =
𝑊
4
𝒏.∇𝜙3,𝑠 =
𝑊

𝒏.∇𝜙1,𝑠 =

)
(
− cos 𝜃13 𝜙1,𝑠 𝜙3,𝑠 − cos 𝜃12 𝜙1,𝑠 𝜙2,𝑠
(
)
cos 𝜃12 𝜙1,𝑠 𝜙2,𝑠 − cos 𝜃23 𝜙2,𝑠 𝜙3,𝑠
(
)
cos 𝜃23 𝜙2,𝑠 𝜙3,𝑠 + cos 𝜃13 𝜙1,𝑠 𝜙3,𝑠 .

(29)

In the above equation, 𝜃𝑖𝑗 is the contact angle of the interface shaped
by ﬂuid 𝑖 and 𝑗 with the solid surface. Moreover, contact angles have to
be selected according to the following relation [45]
𝜎12 cos 𝜃12 − 𝜎13 cos 𝜃13 + 𝜎23 cos 𝜃23 = 0.

Fig. 1. Schematic illustration of the solid substrate with boundary and neighboring ﬂuid nodes. Boundary nodes are speciﬁed by red circles, normal vector
by red lines and ﬂuid nodes by gray circles.

In order to discretize (29), similar to the binary case and according to
Fig. 1, the solid substrate (𝑧𝑠 ) is considered in the middle of boundary
node (𝑧0 ) and neighboring ﬂuid node (𝑧1 ) along the direction of normal
vector of the solid wall. The discretization can be done in two ways
which, in both cases, the left-hand side of (29) is approximated with a
central diﬀerence scheme as follows
𝜙𝑖 ||𝑧=1 − 𝜙𝑖 ||𝑧=0
𝒏.∇𝜙𝑖,𝑠 =
, 𝑖 = 1, 2, 3.
(31)
ℎ𝑐

2.2. Surface-energy model for ternary system
The free energy functional (1) can be extended to three-component
system [72] by
)
(
 𝜙1 , 𝜙2 , 𝜙3 =

(
∫

(
)
(
))
𝜀0 𝜙1 , 𝜙2 , 𝜙3 + 𝜓 ∇𝜙1 , ∇𝜙2 , ∇𝜙3 𝑑𝑉 ,

(21)

For the right-hand side of (29), a more straightforward approximation
is to assume the value of order parameters for each phase on the solid
wall is equal to the value of neighboring ﬂuid node

where the bulk free energy 𝜀0 and its corresponding interfacial energy
term 𝜓 can be written [72] as
3 [
(
) 12 ∑
)2 ]
𝛾𝑖 2 (
𝜀0 𝜙1 , 𝜙2 , 𝜙3 =
𝜙𝑖 1 − 𝜙𝑖
,
𝑊 𝑖=1 2

(22)

3
) ∑
(
3
2
𝑊 𝛾𝑖 ||∇𝜙𝑖 || ,
𝜓 ∇𝜙1 , ∇𝜙2 , ∇𝜙3 =
8
𝑖=1

(23)

𝜙𝑖 |𝑧=𝑠 = 𝜙𝑖 |𝑧=1 ,

4ℎ
𝜙1 ||𝑧=0 = 𝜙1 ||𝑧=1 − 𝑐
𝑊
4ℎ
𝜙2 ||𝑧=0 = 𝜙2 ||𝑧=1 − 𝑐
𝑊
4ℎ𝑐
|
|
𝜙3 |𝑧=0 = 𝜙3 |𝑧=1 −
𝑊

𝛾1 = 𝜎12 + 𝜎13 − 𝜎23
𝛾2 = 𝜎12 + 𝜎23 − 𝜎13
(24)

The chemical potential of ﬂuid 𝑖 can be given as [72,73]
[ (
)]
𝜕𝜀
4𝛾 ∑ 1 𝜕𝜀0
3
𝜇𝜙𝑖 = 𝑇
− 0
− 𝑊 𝛾 𝑖 ∇2 𝜙𝑖 ,
𝑊 𝑗≠𝑖 𝛾𝑗 𝜕𝜙𝑖 𝜕𝜙𝑗
4
where

3
𝛾𝑇

=

∑3

1
𝑖=1 𝛾𝑖

𝛾𝑇
> 0;
2

(25)

𝜙𝑖 ||𝑧=𝑠 =

. An additional constraint needs to be imposed so

𝑖 = 1, 2, 3.

(32)

)
(
− cos 𝜃13 𝜙1 ||𝑧=1 𝜙3 ||𝑧=1 − cos 𝜃12 𝜙1 ||𝑧=1 𝜙2 ||𝑧=1
(
)
cos 𝜃12 𝜙1 ||𝑧=1 𝜙2 ||𝑧=1 − cos 𝜃23 𝜙2 ||𝑧=1 𝜙3 ||𝑧=1
)
(
cos 𝜃23 𝜙2 ||𝑧=1 𝜙3 ||𝑧=1 + cos 𝜃13 𝜙1 ||𝑧=1 𝜙3 ||𝑧=1 .
(33)

A more accurate estimation considers the value of order parameters on
the solid wall as the average between the boundary node and neighboring ﬂuid node, similar to the binary case

that the ternary free energy functional is consistent with binary system. The following relation was proposed by Boyer and Lapuerta [72]
establishing the dynamically consistent condition
𝛾𝑖 >

𝑖 = 1, 2, 3.

Replacing (31) and (32) in (29) leads to the ﬁnal form of wetting boundary condition for determining the unknown value of order parameters
on the boundary nodes

and 𝛾𝑖 are surface tension coeﬃcients denoted by

𝛾3 = 𝜎13 + 𝜎23 − 𝜎12 .

(30)

𝜙𝑖 ||𝑧=1 + 𝜙𝑖 ||𝑧=0
2

,

𝑖 = 1, 2, 3,

which results in the following non-linear system of equations
𝜙1 |𝑧=0 − 𝜙1 |𝑧=1
ℎ𝑐
1 [
−
cos 𝜃13 (𝜙1 |𝑧=0 + 𝜙1 |𝑧=1 )(𝜙3 |𝑧=0 + 𝜙3 |𝑧=1 )
𝑊
]
+ cos 𝜃12 (𝜙1 |𝑧=0 + 𝜙1 |𝑧=1 )(𝜙2 |𝑧=0 + 𝜙2 |𝑧=1 ) = 0

(26)

Similar to the binary case, a term responsible for solid-ﬂuid interaction
can be added to (21) to construct the total free energy functional for a
ternary system [74]

𝜙2 |𝑧=0 − 𝜙2 |𝑧=1
ℎ𝑐
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1 [
− cos 𝜃12 (𝜙1 |𝑧=0 + 𝜙1 |𝑧=1 )(𝜙2 |𝑧=0 + 𝜙2 |𝑧=1 )
𝑊
]
+ cos 𝜃13 (𝜙2 |𝑧=0 + 𝜙2 |𝑧=1 )(𝜙3 |𝑧=0 + 𝜙3 |𝑧=1 ) = 0

−

𝜙3 |𝑧=0 − 𝜙3 |𝑧=1
ℎ𝑐
1 [
−
− cos 𝜃23 (𝜙2 |𝑧=0 + 𝜙2 |𝑧=1 )(.𝜙3 |𝑧=0 + 𝜙3 |𝑧=1 )
𝑊
]
− cos 𝜃13 (𝜙1 |𝑧=0 + 𝜙1 |𝑧=1 )(𝜙3 |𝑧=0 + 𝜙3 |𝑧=1 ) = 0.

(35)

The unknowns in the above equations are 𝜙1 ||𝑧=0 , 𝜙2 ||𝑧=0 , 𝜙3 ||𝑧=0 which
form a non-linear system of equations. This system can be solved numerically by an iteration method such as Newton-Raphson on each
time step to determine the unknown values of order parameters on
the boundary nodes. As it can be seen, adopting (32) leads to an explicit wetting boundary condition [(33)] whereas (34) results in an
implicit wetting condition [(35)] which requires to be solved numerically. Thereby, (33) and (35) are respectively referred as explicit and
implicit wetting conditions in the rest of paper. The eﬀect of adopting
the implicit wetting condition on [(35)] as opposed to the explicit one
[(33)] will be investigated in the following sections in detail.

Fig. 2. Diﬀerent arrangements for boundary nodes a) Convex, b) Concave, and
c) Flat.

2.3. Geometrical approach for binary system
As its name suggests, the geometrical approach provides wetting
boundary condition derived from the geometrical point of view. Going
through the details of this approach is avoided here as it is out of the
scope of this study and interested readers are referred to the study of
Liang et al. [52]. The contact line based on this approach can be written
as a function of the order parameter in the following manner [47]
)
(
𝜋
(36)
𝒏.𝛁𝜙 = − tan
− 𝜃𝑠 |𝒕.𝛁𝜙| ,
2
where 𝒏 and 𝒕 are normal and tangential vectors on the boundary node.
After adopting a central diﬀerence scheme for the derivative on the
right and second-order extrapolation scheme for the one on the left side
of (36), the following relation yields [52]
)
) | 0.75 ( 𝜙|
(
− 𝜙|𝑥−1,𝑧=1 ||
𝜋
|
( 𝑥+1,𝑧=1
) |,
𝜙|𝑥,𝑧=0 = 𝜙|𝑥,𝑧=1 + tan
− 𝜃𝑠 |
(37)
| −0.25 𝜙|𝑥+1,𝑧=2 − 𝜙|𝑥−1,𝑧=2 |
2
|
|
where z and x are referred to normal and tangential directions on the
boundary node and 𝜙|𝑥, 𝑧=1 represents the value of order parameter on
the neighboring node along the direction of normal vector. The second
term of (37) is the approximation of order parameter’s derivative in the
tangential direction where 𝑧 = 2 refers to the next nearest node along
the direction of normal vector.

𝜕𝑆𝑖,𝑗 ∕𝜕𝑥𝑗
𝑛𝑠,𝑥𝑗 = √
.
𝑛2𝑠,𝑥 + 𝑛2𝑠,𝑥

(40)

𝑖

𝑗

𝑗

The gradient terms on the above equations can be calculated by
eight-order isotropy central diﬀerence scheme which considers the
value of neighboring and next-neighboring nodes recommended in
Refs. [50,75]. Since the wetting condition is only applied to the boundary nodes, it is beneﬁcial to use (38) to identify the location of boundary
nodes. For this purpose, the gradient of ﬂuid-solid ﬁeld must be discretized with a fourth-order isotropy scheme which only considers the
value of neighboring nodes. As a result of this discretization scheme,
|𝛁𝑆| is only non-zero on the boundary nodes where the change in the
void fraction parameter takes place, and this matter can be used to locate the boundary nodes.
The direction of normal vector is obtained by dividing the 𝑥𝑗 component over 𝑥𝑖 as follows
(
)
𝜕𝑆𝑖,𝑗 ∕𝜕𝑥𝑗
𝛼𝑠 = 𝑎𝑟𝑐𝑡𝑎𝑛
.
(41)
𝜕𝑆𝑖,𝑗 ∕𝜕𝑥𝑖
Note that in order to obtain one outcome from (41), the atan2 function from the FORTRAN’s intrinsic library is used. This function returns
only one value for 𝛼𝑠 by taking the signs of 𝑥𝑗 and 𝑥𝑖 components into
account.
To put this method into perspective, the zoomed-in view of a circular substrate is considered and the contour of 𝛼𝑠 on the boundary nodes
is plotted in Fig. 3. (a) This geometry includes all the three types of
boundary arrangements. As depicted, given the direction of 𝛼𝑠 , invoking (41) leads to ﬁnding the direction of normal vector of boundary
nodes. As previously stated, the information of the neighboring node
given to the direction of the normal vector on the boundary nodes
is used so that the wetting condition is applied properly. In a twodimensional case, a given boundary node has eight neighbors where
𝛼𝑠 can take 0◦ , 90◦ , 180◦ (−180◦ ), and −90◦ for the orthogonal directions
and 45◦ , 135◦ , −135◦ , and −45◦ for the diagonal ones. However, normal vector of boundary nodes in a complex geometry similar to Fig. 3
is not usually equal to the main directions. On the other hand, it should
be noted that the 𝛼𝑠 always lies between an orthogonal and a diagonal
main direction if it is not equal to one of them. First solution coming
to mind is to round-oﬀ 𝛼𝑠 to one of the main directions, it lies in between. For this purpose, a tolerance of ±22.5 for each of eight directions
can be considered which is shown on Table 1. For instance, based on
Table 1 and by considering Fig. 3 (a), the direction of normal vector

In order to apply the wetting condition, after determining the prescribed contact angle, the direction of normal vector on the boundary
nodes needs to be identiﬁed. This is because according to the presented
wetting conditions, the value of order parameter on the boundary node
depends on the neighboring ﬂuid nodes in the normal and tangential
(only in geometrical approach) directions. Determining the direction
of normal vector of a horizontal or vertical ﬂat surface is straightforward. However, when it comes to a complex topology, adopting an
algorithm capable of identifying normal vectors on the boundary nodes
is essential. Based on the staircase approximation, there are three types
of boundary node arrangements when dealing with a complex geometry including convex, concave, and ﬂat that are illustrated in Fig. 2.
Consequently, the normal vector of a given boundary node with the
aforementioned arrangements can be deﬁned [50,75] as
𝛁𝑆
,
|𝛁𝑆|

(39)

𝑖

3. Schemes for treating boundary nodes

𝒏𝒔 = −

𝜕𝑆𝑖,𝑗 ∕𝜕𝑥𝑖
𝑛𝑠,𝑥𝑖 = √
,
𝑛2𝑠,𝑥 + 𝑛2𝑠,𝑥

(38)

where 𝑆 is the void fraction parameter that takes the value of 1 for solid
nodes and 0 for ﬂuid nodes. The components of 𝒏𝒔 in the horizontal and
vertical directions (𝑥𝑖 and 𝑥𝑗 ) can be written as
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Fig. 3. The contour of normal vector orientation on boundary cells with ﬂat, concave, and convex arrangement obtained from (a) 8th-order isotropy central diﬀerence
scheme; (b) 4th-order isotropy central diﬀerence scheme.

Table 1
Round-oﬀ method in determining the ﬁnal direction of normal vector when 𝛼𝑠 is not on the main directions.
Orientation

Tolerance of ±22.5◦

0◦

−22.5◦ ≤ 𝛼𝑠 < 22.5◦

45◦

22.5◦ ≤ 𝛼𝑠 < 67.5◦

90◦

67.5◦ ≤ 𝛼𝑠 < 112.5◦

135◦

112.5◦ ≤ 𝛼𝑠 < 157.5◦

180◦

157.5◦ ≤ 𝛼𝑠 < 180◦
−180◦ ≤ 𝛼𝑠 < −157.5◦

−45◦

−67.5 ≤ 𝛼𝑠 < −22.5◦

−90◦

−112.5 ≤ 𝛼𝑠 < −67.5◦

−135◦

−157.5◦ ≤ 𝛼𝑠 < −112.5◦
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to capture the interface. The ﬂuid ﬂow for incompressible two-phase
ﬂow is governed by continuity and the Navier-Stokes equations including the additional surface tension and body forces as follows
𝛁.𝒖 = 0,
)
(
𝜕𝒖
+ 𝒖.𝛁𝒖 = −𝛁𝑝 + 𝛁.𝚷 + 𝑭 𝑠 + 𝑭 𝑏 ,
𝜌
𝜕𝑡

(46)
(47)

where 𝚷 denotes the viscous stress tensor and 𝑭 𝑠 the surface tension
force. The LBE recovering (46) and (47) is presented in section 4.3,
while in the following section, interface capturing equations and calculating the surface tension force appeared in (47) is discussed.
4.1. Binary ﬂuid formulation

Fig. 4. Obtaining the distance between the boundary node and neighboring
ﬂuid node when 𝛼𝑠 is not on the main directions.

The local conservative form of the Allen-Cahn equation describing
binary ﬂuid can be written as [76,77]
[
]}
{
) 𝛁𝜙
𝜕𝜙
4 (
+ 𝛁. (𝜙𝒖) = 𝑀 ∇2 𝜙 + 𝛁.
𝜙 𝜙 − 𝜙0
,
(48)
𝜕𝑡
𝑊
|𝛁𝜙|

for the cells with 𝛼𝑠 = 139◦ and 𝛼𝑠 = 150◦ is rounded oﬀ as 135◦ , so the
normal vector points toward the neighboring cell on the top-right. For
the cell with 𝛼𝑠 = 164◦ the direction is rounded as 180◦ which points toward the right-hand-side neighbor. This technique is simply referred to
as round-oﬀ method in the rest of the paper. The output of using the
round-oﬀ method is similar to the algorithm proposed by Fakhari et al.
[43]. The only diﬀerence is that it is more systematic and normal vectors are obtained without the need of writing series of “if statements” in
the code. Furthermore, using this technique removes the need of handling exceptional cases manually.
The second way to handle normal vectors in applying wetting condition is to use the information of orthogonal and diagonal main directions in conjunction with adopting an interpolation scheme. The value
of order parameter based on the neighboring ﬂuid nodes in the orthogonal and diagonal directions can be computed by the following linear
interpolation
|𝛼 − 𝛼 |
𝑠
𝑜𝑟𝑡ℎ |
𝐶1 = |
,
𝜋∕4
|
|
|𝛼𝑠 − 𝛼𝑑𝑖𝑎𝑔 |
|,
𝐶2 = |
𝜋∕4
𝛿𝑥
,
𝛾 = ||𝛼𝑠 − 𝛼𝑜𝑟𝑡ℎ || ,
ℎ𝑐 =
cos 𝛾
𝜙|𝑧=1 = 𝐶1 𝜙𝑜𝑟𝑡ℎ + 𝐶2 𝜙𝑑𝑖𝑎𝑔 .

where 𝜙 is the order parameter, 𝑀 is mobility, 𝑊 is interface width,
(
)
and 𝜙0 = 𝜙𝐻 − 𝜙𝐿 ∕2.
By employing the natural condition below
𝒏.𝒖 = 0,

𝒏.𝛁𝜙 = 0,

(49)

in which 𝒏 is the normal vector to the boundary, the following relation
specifying the total mass conservation can be achieved
𝑑
𝜙𝑑𝒙 = 0.
𝑑𝑡 ∫

(50)

In this study, LBEs developed by Fakhari et al. [77] have been invoked
to solve (48)-(50). To distinguish the interface between two ﬂuids, the
following distribution function is adopted [77]
𝑒𝑞

(42)

ℎ𝛼 (𝒙, 𝑡) − ℎ𝛼 (𝒙, 𝑡)
)
(
ℎ𝛼 𝒙 + 𝒆𝛼 𝛿𝑡, 𝑡 + 𝛿𝑡 = ℎ𝛼 (𝒙, 𝑡) −
+ 𝑭 𝜙𝛼 (𝒙, 𝑡) ,
𝜏𝜙 + 1∕2

(43)

where the force term is given by
[
(
)2 ]
1 − 4 𝜙 − 𝜙0
𝛁𝜙
𝐹𝛼𝜙 (𝒙, 𝑡) = 𝛿𝑡
𝜔𝛼 𝒆𝛼 .
.
𝑊
|𝛁𝜙|

(44)
(45)

(51)

(52)

In the above, ℎ𝛼 is the order parameter distribution function, 𝜏𝜙 is the
phase-ﬁeld relaxation time, and 𝜔𝛼 and 𝒆𝛼 are the weight coeﬃcients
and particle velocity in 𝛼 direction respectively. For the 𝐷2𝑄9 lattice
structure 𝜔𝛼 and 𝒆𝛼 are denoted by

According to the above relations and Fig. 4, ℎ𝑐 [appeared in (20), (33),
(35)] and 𝜙|𝑧=1 ( 𝜙𝑖 ||𝑧=1 for ternary ﬂuid) on the boundary nodes can be
approximated by linear interpolation between the nearest orthogonal
and diagonal directions by calculating weighing constants 𝐶1 and 𝐶2 .
In the above equations, 𝛼𝑜𝑟𝑡ℎ and 𝛼𝑑𝑖𝑎𝑔 are the orthogonal and diagonal
main angles that 𝛼𝑠 lies in between, 𝜙𝑜𝑟𝑡ℎ and 𝜙𝑑𝑖𝑎𝑔 are the corresponding values of order parameter on the neighboring ﬂuid nodes in the
orthogonal and diagonal directions respectively. Since in the geometrical method the information of next and next-nearest neighboring nodes
in the tangential direction is also required, utilizing the interpolation
technique calls for using (45) for each term of (37). In other words,
the tangential angle for a given boundary node with 𝛼𝑠 not being on
one of the main directions, lies between an orthogonal and a diagonal
angle too. As a result, similar to the normal direction, the information of nodes on which the tangential direction lies in between is used
according to (45). Using the above-mentioned interpolation technique
assures that information of neighboring nodes in the right direction is
employed. In order to evaluate the performance of introduced methods,
the result of each is compared with the analytical solution in the case of
droplet’s contact angle on a circular surface in the following sections.

𝛼=0⎫
⎪
𝛼 = 1, … , 4 ⎬ ,
𝛼 = 5, … , 8 ⎪
⎭

⎧ 4∕9,
⎪
𝜔𝛼 = ⎨ 1∕9,
⎪ 1∕36,
⎩

⎧ (0, 0) ,
)
⎪(
𝑒𝛼 = 𝑐 ⎨ cos 𝜃𝛼 , sin 𝜃𝛼 ,
)
(
⎪ cos 𝜃𝛼 , sin 𝜃𝛼 ,
⎩

(53)

𝛼=0⎫
⎪
𝛼 = 1, … , 4 ⎬ ,
𝛼 = 5, … , 8 ⎪
⎭

(54)

where 𝑐 = 𝛿𝑥∕𝛿𝑡, and 𝛿𝑥 and 𝛿𝑡 are lattice spacing and time step respectively. 𝛿𝑥 and 𝛿𝑡√are usually
√ set to 1 making 𝑐 = 1 and speed of sound
equal to 𝑐𝑠 = 𝑐∕ 3 = 1∕ 3. The equilibrium distribution function for
the order parameter is given by
𝑒𝑞
1 𝜙
ℎ𝛼 = ℎ𝑒𝑞
𝛼 − 2 𝐹𝛼 ,

where

ℎ𝑒𝑞
𝛼
[

(55)

= 𝜙Γ𝛼 and
𝑒𝛼 .𝑢

)2
(
𝑒𝛼 .𝑢

𝑢.𝑢
−
2𝑐𝑠2

]
.

4. Phase-ﬁeld LB model

Γ𝛼 = 𝜔 𝛼 1 +

All the phase-ﬁeld-based models beneﬁt from two sets of lattice
Boltzmann equation (LBE), one to recover the ﬂow ﬁeld and another

Γ𝛼 is the non-dimensional distribution function. The mobility 𝑀 has the
following relation with the phase-ﬁeld relaxation time
224

𝑐𝑠2

+

2𝑐𝑠4

(56)
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𝑀 = 𝜏𝜙 𝑐𝑠2 𝛿𝑡.

where 𝑔𝛼 is the velocity-based distribution function and the forcing term
deﬁned as

(57)

The value of order parameter or phase-ﬁeld is obtained by the zeroth
moment of phase-ﬁeld distribution function after the streaming step
∑

𝜙=

ℎ𝛼 .

𝛼

𝐹𝛼 (𝒙, 𝑡) = 𝛿𝑡𝜔𝛼

(58)

(59)

(
)
𝑔𝛼𝑒𝑞 = 𝑝∗ 𝜔𝛼 + Γ𝛼 − 𝜔𝛼 ,

𝑝∗ = 𝑝∕𝜌𝑐𝑠2 .

𝑖

𝑭 = 𝑭 𝑠 + 𝑭 𝑏 + 𝑭 𝑝 + 𝑭 𝜇,

𝑭 𝑠 = 𝜇𝜙 𝛁𝜙,

(61)

𝑭𝑠 =

𝑖,𝑒𝑞

(𝒙, 𝑡) −

1 𝜙,𝑖
= ℎ𝑖,𝑒𝑞
𝛼 − 2 𝐹𝛼 ,

ℎ𝛼

𝜏𝜙 + 1∕2

𝑖 = 1, 2,

𝑖 = 1, 2,

(63)

𝜌=

𝑖=1

𝜌𝑖 𝜙𝑖 .

(
)(
)
𝜏 = 𝜏𝐿 + 𝜙 − 𝜙 𝐿 𝜏𝐻 − 𝜏𝐿 ,

(77)

(78)

(79)

where 𝜏𝐿 and 𝜏𝐻 are the relaxation rates for the light and heavy ﬂuids.
In the case of ternary ﬂuid, a smooth approximation of the Heaviside
function is adopted

(65)

(
) (
)
) (
) (
𝜏 = 𝜏1 − 𝜏3 𝐻 𝜙1 − 1∕2 + 𝜏2 − 𝜏3 𝐻 𝜙2 − 1∕2 + 𝜏3 .

(80)

The gradient of density for the binary system can be computed as below
(
)
𝛁𝜌 = 𝜌𝐻 − 𝜌𝐿 𝛁𝜙.

(66)

(81)

For the ternary system the gradient of density is calculated as

4.3. Hydrodynamics LBE

𝛁𝜌 =

3
∑
𝑖=1

The distribution function for recovering ﬂuid ﬂow [(46) and (47)]
can be given by [77]
𝑔𝛼 − 𝑔 𝑒𝑞
(
)
𝛼
𝑔𝛼 𝒙 + 𝒆𝛼 𝛿𝑡, 𝑡 + 𝛿𝑡 = 𝑔𝛼 (𝒙, 𝑡) −
+ 𝐹𝛼 (𝒙, 𝑡) ,
𝜏 + 1∕2

(76)

For the binary system, the relaxation time is calculated by a linear relation with the order parameter

Similar to the binary case, the density proﬁle is calculated through a
linear interpolation
3
∑

(75)

𝜈 = 𝜏𝑐𝑠2 𝛿𝑡.

After the streaming step, the ﬁrst and second-order parameters are
calculated through the zeroth moment of ℎ, whereas the third-order parameter is obtained via (61) through mass conservation 𝜙3 = 1 − 𝜙1 − 𝜙2 ,
ℎ𝑖𝛼 , 𝑖 = 1, 2.

(74)

where 𝜈 is the kinematic viscosity that has the following relation with
the hydrodynamics relaxation time

𝑗≠𝑖

𝛼

𝜇𝜙𝑖 𝛁𝜙𝑖 ,

𝑭 𝑝 = −𝑝∗ 𝑐𝑠2 𝛁𝜌,
[
]
𝑭 𝜇 = 𝜈 𝛁𝒖 + (𝛁𝒖)𝑇 .𝛁𝜌,

where
= 𝜙𝑖 Γ𝛼 and Γ𝛼 is calculated by (56) and the relaxation time
in (62) is computed via (57).
Since the macroscopic interface tracking equations in binary and
ternary cases are diﬀerent, the source term appeared in the recovering
LBE should be diﬀerent. Abadi et al. [78] proposed the following source
term to solve (60) as follows
[
]
∑
1
|𝛁𝜙𝑖 |𝑒𝑞 −
|𝛁𝜙𝑖 |𝑒𝑞 .
2𝒆
(64)
𝑭 𝜙,𝑖
=
.𝒏
𝒆
.𝒏
𝛿𝑡𝜔
𝛼
𝛼
𝑖
𝛼
𝑗
|
|
|
|
𝛼
3

∑

𝑖=1

(73)

In the velocity-based formulation, 𝑭 𝑝 and 𝑭 𝜇 are additional terms
which are given by

(62)

ℎ𝑖,𝑒𝑞
𝛼

𝜙𝑖 =

3
∑

𝑭 𝑏 = 𝜌𝒈.

𝑖,𝑒𝑞

+ 𝑭 𝜙,𝑖
𝛼 (𝒙, 𝑡) ,

(72)

and the body force is given by

)
(
ℎ𝑖𝛼 𝒙 + 𝒆𝛼 𝛿𝑡, 𝑡 + 𝛿𝑡
ℎ𝑖𝛼 (𝒙, 𝑡) − ℎ𝛼 (𝒙, 𝑡)

(71)

where the surface tension force for binary and ternary ﬂuid can respectively be written as

The ternary extension of (51) can be written as [78]

= ℎ𝑖𝛼

(70)

𝑭 in (68) is the summation of all forces imposed on the system deﬁned
as follows

)|
| (
𝑒𝑞
where ||𝛁𝜙𝑖 || = 𝑊4 |𝜙𝑖 1 − 𝜙𝑖 |. In order to solve the above equation,
|
|
(51) must be invoked for two of the order parameters (i.e., 𝜙1 and 𝜙2 )
and the remaining order parameter can be obtained through conservation of mass as follows
𝑖 = 1, 2, 3.

(69)

and the normalized pressure 𝑝∗ is deﬁned as

The Allen-Cahn equation for the ternary system was introduced by
Abadi et al. [78] under the assumption that mobility coeﬃcient of each
component is identical 𝑀1 = 𝑀2 = 𝑀3 = 𝑀
[
]
3
( )
𝜕𝜙𝑖
1∑ |
𝑒𝑞
𝑒𝑞
|
|
|
𝒏 𝛁𝜙
,
(60)
+ 𝛁. 𝒖𝜙𝑖 = 𝑀𝛁. 𝛁𝜙𝑖 − 𝒏𝑖 |𝛁𝜙𝑖 | +
𝜕𝑡
3 𝑖=1 𝑖 | 𝑖 |

𝜙𝑖 = 1, 0 ≤ 𝜙𝑖 ≤ 1;

(68)

where

4.2. Ternary ﬂuid formulation

∑

.

1
𝑒𝑞
𝑔 𝑒𝑞
𝛼 = 𝑔𝛼 − 2 𝐹 𝛼 ,

in which 𝜌𝐿 and 𝜌𝐻 are the corresponding densities of light and heavy
phases respectively.

𝜙=

𝜌𝑐𝑠2

In order to simplify the collision step, half of the forcing term is deducted from the regular equilibrium distribution function (trapezoidal
rule or Crank-Nicholson discretization) to form the modiﬁed equilibrium distribution function given by [77,79]

The density ﬁeld is computed through a linear interpolation given by
(
)(
)
𝜌 = 𝜌𝐿 + 𝜙 − 𝜙𝐿 𝜌𝐻 − 𝜌𝐿 ,

𝒆𝛼 .𝑭

𝜌𝑖 𝛁𝜙𝒊 .

(82)

One of the advantages of LBM is the possibility of local calculation of
the deviatoric stress tensor in terms of the hydrodynamics distribution
function. In other words, there is no need to directly discretize the gradient terms in (77) with a ﬁnite diﬀerence scheme. For the BGK collision

(67)
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operator [80], the viscous force in the 𝑖 direction can be written as
[77,81]
[
]
∑
(
) 𝜕𝜌
𝜈
𝐵𝐺𝐾
𝐹𝜇,𝑖
=−
𝑒𝛼𝑖 𝑒𝛼𝑗 𝑔𝛼 − 𝑔𝛼𝑒𝑞
.
(83)
𝜕𝑥𝑗
(𝜏 + 1∕2) 𝑐𝑠2 𝛿𝑡 𝛼
The normalized pressure is obtained via the zeroth moment of hydrodynamics distribution function below
∑
𝑝∗ =
𝑔𝛼 .
(84)
𝛼

Note that in the velocity-based formulation, the velocity ﬁeld is equal to
the ﬁrst moment of the hydrodynamics distribution function, whereas
in the standard LB (momentum-based formulation) the momentum 𝜌𝒖
is calculated through the ﬁrst moment
∑
𝑭
𝒖=
𝑔𝛼 𝒆𝛼 + 𝛿𝑡.
(85)
2𝜌
𝛼
Given the formulation of both LBEs, the only term which cannot be
calculated locally is the gradient of order parameter 𝛁𝜙 or 𝛁𝜙𝒊 and
is approximated by an isotropic central diﬀerence scheme which is of
second order.

Fig. 5. Comparison of simulation results with the analytical one for contact
angle simulation in the binary system when the surface-energy and geometrical
wetting conditions are applied on ﬂat substrate.

5. Contact angle on ﬂat surface
angles are numerically measured when the droplets are interacting and
form a compound shape. The accuracy of explicit and implicit wetting
conditions is compared in both cases and results are shown in the form
of charts and table.
It is worth mentioning that the local calculation of contact angle
similar to the study of Wen et al. [84] is considered where the conjunction of solid, liquid, and gas contact point and its arrangement with the
neighboring cells is evaluated. The contact point in Fig. 6 is speciﬁed
by 𝑃1 where 𝑃2 will be always a gas node (i.e., 𝜙3 = 1) where the posi(
)
tion of ﬁrst interpolated node 𝑥1 , 𝑦1 denoted in red and is obtained
as follows,

In this section, in order to validate the improved schemes proposed
in section 2, by using the conservative phase-ﬁeld model [77] for binary and ternary systems along with the surface-energy model [41] and
the geometrical approach [47,52], the ﬂuid-solid contact line on a horizontal ﬂat surface is simulated. Afterwards, the relation between the
prescribed contact angle and the maximum height of droplet is plotted
against the analytical solution derived from the conservation of mass.
5.1. Binary ﬂuid
A semi-circular droplet with the radius of 40 𝑙𝑢 and primary contact
angle of 𝜃𝑠 = 90◦ is placed on the bottom of 300 × 100 𝑙𝑢 computational
domain. The half-way bounce-back [82,83] is imposed on the top and
bottom, while the right and left boundaries are periodic. The prescribed
contact angle varying from 30◦ ≤ 𝜃𝑠 ≤ 150◦ is applied by invoking (19),
(20), and (37) to generate either a hydrophilic 𝜃𝑠 < 90◦ or hydrophobic
𝜃𝑠 > 90◦ surface. When the simulation begins, depending on the value
of 𝜃𝑠 , the droplet either spreads on the solid surface or retract from
it. Since no gravity is imposed, the surface tension force plays a key
role in the droplet’s evolution. The simulation parameters are chosen
as: 𝜌𝐻 ∕𝜌𝐿 = 1000, 𝜈𝐻 ∕𝜈𝐿 = 0.1, 𝜎 = 0.001, 𝑊 = 4.0, and 𝑀 = 0.01. The
conservation of mass implies that the initial area (volume in the 3D
case) of droplet is equal to its area after reaching the steady-state. Based
on the aforementioned argument, Fakhari and Bolster [42] proposed
the following analytical relation to test the accuracy of the wettability
implementation scheme in terms of mass conservation
√
( ))
ℎ𝑚𝑎𝑥 (
𝜋
= 1 − cos 𝜃𝑠
(86)
( ),
𝑅
2𝜃𝑠 − sin 2𝜃𝑠

𝑥1 =

0.5 − 𝜙|𝑃2
𝜙|𝑃1 − 𝜙|𝑃2

+ 𝑥𝑃2 , 𝑦1 = 𝑦𝑃1

(87)

(
)
Furthermore, the position of second interpolated node 𝑥2 , 𝑦2 is determined based on 𝑃3 and 𝑃4 being either a liquid (i.e., 𝜙1 = 1 or 𝜙2 = 1)
or gas node (i.e., 𝜙3 = 1) according to each arrangement in the Fig. 6 as
follows,
⎧ 𝑥 = 𝑥 , 𝑦 = 0.5− 𝜙|𝑃1 + 𝑦 ,
𝑃1 2
𝑃1
𝜙|𝑃 − 𝜙|𝑃
⎪ 2
4
1
0.5− 𝜙|𝑃
⎪
3
⎨ 𝑥2 = 𝜙|𝑃 − 𝜙|𝑃 + 𝑥𝑃2 , 𝑦2 = 𝑦𝑃1 + 1,
4
1
⎪
0.5− 𝜙|𝑃
2
⎪ 𝑥2 = 𝑥𝑃 , 𝑦2 =
+ 𝑦𝑃2 ,
2
𝜙|𝑃 − 𝜙|𝑃
⎩
3
2

(a)
(b)

(88)

(c)

Finally, the local contact angle is obtained via,
(
)
⎧
−1 𝑦2 −𝑦1 ,
⎪ 𝜃𝑠 = tan
( 𝑥2 −𝑥1 )
⎨
−1 𝑦2 −𝑦1 + 𝜋.
⎪ 𝜃𝑠 = tan
𝑥2 −𝑥1
⎩

where ℎ𝑚𝑎𝑥 is the maximum height of drop above the solid wall, 𝑅 is the
initial radius of the droplet, and 𝜃𝑠 is the prescribed contact angle. The
non-dimensional maximum height of droplet obtained from the surfaceenergy and geometrical approaches is plotted in terms of the prescribed
contact angle and compared with the analytical solution in Fig. 5. It is
observable that the result of simulation in both schemes matches the
analytical solution with good accuracy.

𝜃𝑠 ≤
𝜃𝑠 >

𝜋
2
𝜋
2

(89)

5.2.1. Distanced droplets
The spreading of two separate immiscible droplets is considered
where the initial gap between the droplets is large enough so that their
interaction is negligible. Under this circumstance, the equilibrium shape
of droplets is similar to the binary case and (86) is applicable for each
droplet. Fig. 7 depicts the initial set up and boundary condition for this
problem. The left-hand droplet is initialized with 𝜙1 , the right-hand
with 𝜙2 , and the surrounding ﬂuid with 𝜙3 . The half-way bounce back
is imposed on the bottom and top boundaries and the periodic condition
is applied on the side ones. The domain size is chosen as 400 × 100 𝑙𝑢
with the droplets’ diameter of 40 𝑙𝑢. The density ratio between droplets

5.2. Ternary ﬂuid
This section comprises of two parts. First, the contact angles for two
distanced droplets are simulated when explicit and implicit wetting conditions in (33) and (35) are respectively applied. Second, the contact
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Fig. 6. Schematic illustration of three possible arrangements for the conjunction of solid, liquid, and gas for the local calculation of contact angle a) hydrophilic
substrate b) neutral substrate c) hydrophobic substrate.

Fig. 7. Initial setup and boundary condition for the separate droplets’ contact line in the ternary system.
Table 2
Comparison of explicit and implicit wetting conditions in terms of deviation from the prescribed contact angle and magnitude of maximum spurious velocity for the
case of separated droplets on the ﬂat surface.
Prescribed
contact angle ◦

Explicit
scheme

Discrepancy with the
prescribed contact angle %

Implicit
scheme

Discrepancy with the
prescribed contact angle %

Maximum
spurious
velocity for explicit
scheme

Maximum
spurious
velocity for implicit
scheme

Diﬀerence in spurious
velocity between explicit
and implicit schemes %

30
40
50
70
90
110
130
140
150

39.57
46.96
52.40
69.25
90.00
109.69
127.40
133.59
139.48

31.90
17.40
4.80
1.07
0.00
0.28
2.00
4.58
7.01

27.00
38.54
48.14
68.37
90.00
110.12
131.24
141.9
152.62

10.00
3.54
3.72
2.33
0.00
0.11
0.95
1.35
1.74

1.25 × 10−5
1.23 × 10−5
8.70 × 10−6
2.47 × 10−6
1.02 × 10−6
2.57 × 10−6
7.92 × 10−6
1.15 × 10−5
1.30 × 10−5

6.06 × 10−6
7.22 × 10−6
3.98 × 10−6
1.07 × 10−6
1.02 × 10−6
1.02 × 10−6
1.02 × 10−6
1.51 × 10−6
1.78 × 10−6

51.34
41.30
54.29
56.72
0.00
60.37
87.13
86.87
86.35

range of contact angle and due to the constraint in (30), 𝜃23 is kept unchanged with the value of 90◦ and the contact line between ﬂuid 1 and
3 varies in the range of 30◦ ≤ 𝜃13 ≤ 150◦ . It is worth mentioning that
for any value of contact angle below 𝜃13 < 30◦ , droplet does not reach
to the equilibrium and for any value above 𝜃13 > 150◦ , it detaches from
the solid substrate.
The maximum height of each droplet obtained from explicit and implicit wettability implementation methods [(33) and (35)] is checked
against the analytical solution of (86), as shown in Fig. 8. As can be
seen, both methods showcase a similar outcome and agree with the
analytical solution when the wettability is not strong (the prescribed
contact angle is close to 90◦ ). However, a slight deviation is observed
when 𝜃13 < 50◦ and 𝜃13 > 130◦ especially when the explicit condition
is employed. If only results of Fig. 8 are considered, the diﬀerence between the maximum height obtained from explicit and implicit schemes
is not large enough so as it is assumed the implicit wetting condition is
superior.
Therefore, to further examine the performance of wetting conditions
and reveal the diﬀerence, the apparent contact angles along with the
maximum spurious velocities are compared in Table 2. Unlike the maximum height, the discrepancy between explicit and implicit schemes
in the apparent contact angle is more signiﬁcant especially when the
prescribed contact angle approaches to extrema. This matter can be
conﬁrmed in Fig. 9 where the equilibrium shape of left-hand droplet is
compared for explicit and implicit wetting conditions when 𝜃13 = 40◦
and 𝜃13 = 150◦ . Compared to the implicit scheme, adopting the explicit

Fig. 8. Maximum non-dimensional height of left-hand droplet initialized with
𝜙1 in the ternary system as a function of the prescribed contact for explicit and
implicit wetting conditions.

and ambient ﬂuid are chosen as 𝜌1 ∕𝜌3 = 1000 and 𝜌2 ∕𝜌3 = 500. In addition, the surface tensions between each component are selected the
same at the value of 𝜎12 = 𝜎13 = 𝜎23 = 0.1 and relaxation times for each
component are 𝜏1 = 𝜏2 = 𝜏3 = 0.8. In order to be able to impose a wide
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Fig. 9. Comparison of equilibrium shape of left-hand droplet initialized with 𝜙1 for explicit (red solid line) and implicit (blue solid line) wetting conditions at a)
𝜃13 = 40◦ b) 𝜃13 = 150◦ .

the maximum value of 87.13% occurring at 𝜃13 = 130◦ . This matter can
be comprehended from Fig. 12 where the achieved maximum velocities
are compared for both wetting conditions. From the above-presented
data, it can be concluded that the implicit wetting condition is more accurate when the wettability of solid substrate is strong. Furthermore, it
generates smaller spurious velocities when the gradient of order parameters (in this case 𝜙3 ) is high near the solid boundary.

wetting condition results in diﬀerent interface shape near the solid surface for both values of the prescribed contact angle, while the diﬀerence
in the maximum height is not signiﬁcant. Consequently, it can be inferred that measuring the height as well as the length of droplet does
not reﬂect the inferior accuracy of explicit scheme as opposed to the
implicit scheme on the solid, liquid, and gas conjunction. To further illustrate this, the results of explicit scheme when the contact angle is
calculated based on the length and height of droplet versus the local
measurement [(89)] are outlined in Table 3. The calculation based on
(
)
the height and length of droplet follows 𝜃𝑛 = 2 tan−1 2ℎ𝑚𝑎𝑥 ∕𝑙𝑚𝑎𝑥 [45]
where ℎ𝑚𝑎𝑥 and 𝑙𝑚𝑎𝑥 are the maximum height and length of droplet respectively. It can be observed that when the contact angle is measured
based on the height and length, less error is generated. This conﬁrms
that the shape of interface nearby the solid substrate cannot be captured
when the height and length of droplet is used. On the contrary, the local calculation by considering the contact points can properly reﬂect
the diﬀerence in the shape of interface around the solid substrate.
Moreover, considering Table 2 and 3, it can be seen that the explicit scheme, mostly overestimates the apparent contact angle when
the solid substrate is hydrophilic and underestimates it when the surface is hydrophobic. To explain this, it should be noted that the wetting
condition is imposed by creating a gradient of order parameter on the
solid, liquid, and gas contact point which varies by the prescribed contact angle. Fig. 10 outlines this matter where the gradient of 𝜙1 in two
prescribed contact angles of 𝜃𝑠 = 40◦ and 𝜃𝑠 = 140◦ for the explicit and
implicit schemes is plotted. It can be argued that comparing the 𝒏.𝛁𝜙1
obtained from each scheme with that of analytical solution can justify
the above-mentioned trend. However, to the best of our knowledge, no
analytical solution can be derived for the left-hand side of (29). On the
other hand, it was proven that the implicit scheme is more accurate, and
the generated results are closer to the analytical solution. As a result,
comparing 𝒏.𝛁𝜙1 in the explicit scheme with that of implicit (acting as
the base line) can serve as a reasonable case for justifying the explicit
scheme’s behavior. Although since the analytical solution is not available, the implicit scheme’s behavior might not be justiﬁed this way. In
terms of comparing 𝒏.𝛁𝜙1 , it should be noted the larger the ||𝒏.𝛁𝜙1 || is,
the more the simulated contact angle moves toward the extremes (e.g.,
𝜃𝑠 = 30 and 𝜃𝑠 = 150) and vice versa. Furthermore, observing the results
of Table 4 reveals that the ||𝒏.𝛁𝜙1 || in the explicit scheme is smaller than
those of implicit for the shown range of prescribed contact leading to
underestimation of the hydrophilic substrate and overestimation in the
case of hydrophobic.
Additionally, to showcase the better accuracy of implicit scheme,
the diﬀerence between the achieved contact angle and prescribed one
-Δ𝜃13 - is outlined in Fig. 11. It can clearly be seen that the deviation
from the prescribed contact angle is smaller for the implicit scheme.
Moreover, according to Table 2, employing the implicit wetting condition has reduced the spurious velocity in all range of contact angles by

5.2.2. Compound droplet
Unlike the previous case, the droplets are tangentially initialized and
interact with each other in this subsection. Fig. 13 illustrates the initial
conﬁguration and boundary conditions where two quarter-circles with
a radius of 40 𝑙𝑢 are placed on the solid substrate. The domain size is
chosen as 300 × 100 for this problem. The range of contact angles is the
same as the previous case where 𝜃23 = 90◦ and 𝜃13 changes in the range
of 30◦ ≤ 𝜃13 ≤ 150◦ .
The equilibrium shape of droplets after adopting the implicit wetting
condition [(35)] is outlined in Fig. 14 at diﬀerent values of 𝜃13 . Note
that since 𝜃23 is kept unchanged at 90◦ and surface tensions are the
same, given (30), the contact angle between the interface, shaped at
the intersection of droplets and solid substrate will be equal to that of
shaped by ﬂuid1 and 3, meaning 𝜃12 = 𝜃13 . It can be perceived from this
ﬁgure that the ﬁnal shape of system highly depends on 𝜃13 . Speciﬁcally,
an interesting pattern occurs at 𝜃13 = 150◦ when the repulsion force
between the solid substrate and ﬂuid 1 is large enough so it detaches
from the surface and slides over the other drop. The same pattern also
happens when 𝜃13 = 140◦ which is not shown in Fig. 14. Fig. 15 depicts
the deviation of achieved 𝜃13 and 𝜃12 from the prescribed one, when
the explicit and implicit wetting conditions are applied. A similar trend
with the case of distanced droplets is observed and the implicit scheme
is proven to be more accurate. Note that when the solid substrate is
strongly hydrophilic, not only does the achieved contact angles for the
explicit scheme show a larger deviation, but also the deviation between
𝜃13 and 𝜃12 is larger than those obtained by the implicit scheme. Note
that the comparison in the maximum spurious velocity between the two
wetting conditions is avoided here as both give the same outcome. The
reason is that when the droplets are interacting, the maximum spurious
velocity takes place at the intersection of three components far from the
solid substrate where wetting conditions have no inﬂuence.
6. Contact angle on circular surface
In this section, the introduced boundary treatments in section 3,
namely, round-oﬀ and interpolation, are tested to simulate contact angle on a circular substrate as a benchmark for evaluating the accuracy
of the proposed schemes. For the binary system, this problem is evaluated for both wetting implementation methods that are surface-energy
model and geometric approach. For the ternary system, the problem is
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Table 3
Comparison of achieved contact angle based on the height and length of droplet versus the local calculation.
Prescribed
angle ◦
30
40
50
130
140
150

contact

Contact angle based
on height and length

Discrepancy with the
prescribed contact angle %

Local contact angle

Discrepancy with the
prescribed contact angle %

33.60
42.62
52.01
133.46
145.42
154.39

12.00
6.55
4.02
2.66
3.87
2.93

39.57
46.96
51.81
127.40
133.59
139.48

31.9
17.40
3.62
2.00
4.58
7.01

Fig. 10. Comparison of the 𝒏.𝛁𝜙1 proﬁle along the solid substrate in implicit and explicit schemes for a) 𝜃𝑠 = 40◦ and b) 𝜃𝑠 = 140◦ .
Table 4
Comparison of 𝒏.𝛁𝜙1 on the solid, liquid, and gas conjunction in explicit and
implicit schemes.
Prescribed contact angle ◦

𝒏.𝛁𝜙1
Explicit

𝒏.𝛁𝜙1
Implicit

30
40
50
130
140
150

−0.207
−0.182
−0.158
0.140
0.156
0.179

−0.212
−0.190
−0.160
0.148
0.176
0.183

Fig. 12. Maximum spurious velocity at diﬀerent values of 𝜃13 for explicit and
implicit wetting conditions.

investigated in two parts. First, the droplets are placed separately and
the contact line between each droplet, ambient ﬂuid, and solid substrate
is measured. In the second part, the droplets are in contact with each
other and the contact angle between the interface formed by them and
solid surface (𝜃12 ) is also measured.
6.1. Binary ﬂuid
In this subsection, the eﬀect of boundary treatments is investigated
in the zero-gravity condition for a binary system. The contact angle
for the surface-energy model varies in the range of 35◦ ≤ 𝜃𝑠 ≤ 150◦ ,
whereas unlike the ﬂat surface, the geometrical approach is stable in
the narrower range of 45◦ ≤ 𝜃𝑠 ≤ 130◦ . The inability of the geometrical

Fig. 11. The discrepancy with the prescribed contact angle of the left-hand
droplet 𝜃13 for explicit and implicit wetting conditions.
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Fig. 13. Schematic illustration of initial setup and boundary conditions for simulating compound droplet on a ﬂat solid substrate.

Fig. 14. The ﬁnal shape of compound droplet when implicit wetting condition is adopted, while 𝜃23 = 90◦ is unchanged and 𝜃13 is equal to a) 𝜃13 = 30◦ b) 𝜃13 = 50◦
c) 𝜃13 = 130◦ d) 𝜃13 = 150◦ .

(
𝜋𝑟 − 𝑟 cos
2

2

−1

𝑘2 + 𝑟2 − 𝑅2𝑠

(

)
− 𝑅2𝑠 cos−1

𝑘2 − 𝑟2 + 𝑅2𝑠

2𝑘𝑟
2𝑘𝑅𝑠
√
√
(
)2 (
√ )
√
√
𝑘2 − 𝑟2 + 𝑅2𝑠
3
𝜋
−
+
𝑅2𝑠 = 0.
+ 𝑘√𝑅2𝑠 −
2𝑘
3
2

)

(90)

In the above equation, 𝑟 is the droplet’s radius, 𝑅𝑠 is the radius of surface, and 𝑘 is a function of 𝑟 and 𝜃𝑠 through the following [42]
√
𝑘 = 𝑟2 + 𝑅2𝑠 − 2𝑟𝑅𝑠 cos 𝜃𝑠 .
(91)
Substituting (91) in (90) leads to an implicit relation between 𝑟 and 𝜃𝑠
which requires to be solved iteratively for each value of 𝜃𝑠 by the Secant
method. After calculating the value of 𝑟 for each 𝜃𝑠 , the distance from
the top of the droplet to the center of the circular surface is denoted by
√
𝐻𝑚𝑎𝑥 = 𝑟2 + 𝑅2𝑠 − 2𝑟𝑅𝑠 cos 𝜃𝑠 + 𝑟.
(92)
In order to be able to compare the results of staircase approximation
with those of Fakhari and Bolster’s [42] study, the simulation parameters including density ratio 𝜌𝐻 ∕𝜌𝐿 = 1000, viscosity ratio 𝜈𝐻 ∕𝜈𝐿 = 1∕10.
The domain size 128 × 128 which is similar to their study and the
droplet’s and solid substrate’s radius are 𝑅 = 𝑅𝑠 = 40 𝑙𝑢.

Fig. 15. Comparison of explicit and implicit wetting conditions for the compound droplet on the ﬂat substrate in terms of the discrepancy of achieved
contact angles 𝜃13 and 𝜃23 with the prescribed ones when 𝜃23 = 90◦ is ﬁxed.

approach to simulate a wider range of contact angle on a curved surface
has also been conﬁrmed in the study of Li et al. [50] where the range
of contact angle did not exceed 120◦ for the hydrophobic surface and
did not go below 60◦ for that of hydrophilic. Based on the fact that the
area (mass per unit density) of droplet must remain unchanged from
the initial condition to when it reaches to equilibrium, Fakhari and Bolster [42] proposed the following relation which was derived when the
droplet’s radius is equal to that of the circular surface and the distance
between the center of droplet and surface is equal to their radius

6.1.1. Results of surface-energy model
In this subsection, the results of static contact angle simulation using surface-energy model for applying wettability has been compared
with the analytical solution and Fakhari and Bolster’s staircase approximation [42] when round-oﬀ and interpolation methods are adopted. A
semi-circular droplet is placed tangentially where its radius and that of
solid surface are chosen equally. The half-way bounce back is applied
to the boundary nodes and the periodic boundary condition on all directions. While Fig. 16 illustrates the equilibrium shape of droplet for
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Fig. 16. Equilibrium conﬁguration of the droplet on the circular substrate in the binary system when interpolation treatment is applied for a) 𝜃𝑠 = 35◦ b) 𝜃𝑠 = 90◦ c)
𝜃𝑠 = 150◦ .

Fig. 17. Comparison of the maximum non-dimensional height of droplet on the
circular substrate in the binary system for interpolation and round-oﬀ treatments when surface-energy model was adopted as the wetting condition.

Fig. 18. Comparison of the maximum non-dimensional height of droplet on the
circular substrate in the binary system for interpolation and round-oﬀ treatments when the geometric approach was adopted as the wetting condition.

three contact angles when interpolation method is adopted, the normalized maximum height of droplet as a function of the prescribed contact
angle is compared for interpolation and round-oﬀ methods Fig. 17. It
reveals that implementing the interpolation scheme ﬁts the results to
the analytical solution, whereas once the prescribed contact angle is
less or greater than 𝜃𝑠 = 90◦ , a large deviation in the results of round-oﬀ
method as well as Fakhari and Bolster’s stair case approximation [42]
is observed. It is noteworthy to mention, the discrepancy between the
staircase approximation and analytical solution was resolved in Fakhari
and Bolster’s study [42] by introducing a curved boundary treatment.
Their introduced treatment is far more complex than the interpolation
method and involves modiﬁcation of unknown distribution functions
on the boundary nodes after the streaming step which makes it diﬃcult
to implement when simulating two-phase ﬂow in porous media with a
realistic geometry. On the contrary, the adopted interpolation scheme
beneﬁts the simplicity of staircase approximation while maintains similar accuracy as the curved boundary treatment in their study.

tact angle deviates from 𝜃𝑠 = 90◦ , while the interpolation method agrees
well.
6.2. Ternary ﬂuid
In this subsection, the implicit scheme [(35)] as a more accurate
wetting condition is chosen and imposed on a ternary system interacting with a circular substrate. Subsequently, the result of applying
round-oﬀ and interpolation methods on the achieved contact angle and
analytical solution for the maximum height of droplets (only for the
separate droplets) are compared and analyzed in detail.
6.2.1. Ternary distanced droplets
In order to be able to compare the outcome of each boundary treatment with the analytical solution, semi-circle droplets are placed on the
top and bottom of a solid substrate so as the droplets’ interaction is
negligible and the analytical solution of the binary system is applicable for each droplet in the ternary system. The domain size is 256 × 256
with the solid substrate at the center and radius of 𝑅𝑠 = 40 𝑙𝑢 where
the size of droplets is chosen equal to that of the solid substrate so
that (92) is valid. The physical parameters are as follows: 𝜌1 ∕𝜌3 = 1000,
𝜌2 ∕𝜌3 = 500, 𝜎12 = 𝜎13 = 𝜎23 = 0.1, and 𝜏1 = 𝜏2 = 𝜏3 = 0.8. The contact
angle between the bottom droplet and the solid substrate is kept unchanged at 𝜃23 = 90◦ , while the contact angle of the droplet on the top
varies in the range of 30◦ ≤ 𝜃13 ≤ 150◦ . The equilibrium shape of droplets

6.1.2. Results of geometrical approach
In order to further evaluate the performance of adopted boundary
treatments, the same case is considered when the geometrical approach
for wetting condition is utilized. It can be inferred from Fig. 18 that
similar trend to that of the surface-energy model is observable when
adopting round-oﬀ and interpolation methods. The round-oﬀ method
exhibits discrepancy with the analytical solution as the prescribed con231
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Fig. 19. Comparison of round-oﬀ and interpolation treatments at equilibrium for the case of distanced droplets in the ternary system when 𝜃23 = 90◦ is ﬁxed and 𝜃13
is equal to a) 𝜃13 = 50◦ b) 𝜃13 = 110◦ c) 𝜃13 = 70◦ d) 𝜃13 = 130◦ .
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Fig. 20. Comparison of the maximum non-dimensional height of droplet on the top of the circular substrate (initialized with 𝜙1 ) in the ternary system obtained from
interpolation and round-oﬀ treatments when the contact angle of the droplet on the bottom is ﬁxed at 𝜃23 = 90◦ and Eq. (35) was adopted as the wetting condition.

Fig. 21. Discrepancy percentage between the achieved contact angle and prescribed one for the droplet on the top of the circular substrate (initialized with 𝜙1 )
obtained from interpolation and round-oﬀ treatments when the contact angle of the droplet on the bottom is ﬁxed at 𝜃23 = 90◦ and Eq. (35) was adopted as the
wetting condition.

Fig. 22. Initial setup and boundary condition for the compound droplet on the circular substrate in the ternary system.
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Fig. 23. Equilibrium shape of the compound droplet on the circular substrate obtained from (a) interpolation and (b) round-oﬀ methods for three values of 𝜃13 and
𝜃12 ranging from 50◦ to 130◦ , while 𝜃23 is kept unchanged at 90◦ .
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Fig. 24. Equilibrium shape of compound droplet obtained from interpolation (shown with navy blue solid line) and round-oﬀ (shown with red solid line) for
𝜃13 = 150◦ and 𝜃23 = 90◦ .

obtained from interpolation and round-oﬀ treatments at four values of
𝜃13 are compared in Fig. 19. As can be seen, employing each boundary treatment leads to diﬀerent interface shapes for the droplet on the
top. In order to quantify this diﬀerence, the dimensionless height of the
droplet on the top is plotted against the prescribed contact and compared with the analytical solution for both round-oﬀ and interpolation
treatments in Fig. 20. As expected, a similar trend to the binary case
can be observed with the interpolation scheme being in a better agreement with the analytical solution. It was proven in the previous section
that only analyzing the maximum height of droplet for the ﬂat surface
might not be a suﬃcient criterion for comparing the boundary treatments. Thereby, to further check the performance of each boundary
treatment, the discrepancy percentage of achieved contact angles and
the prescribed one is compared for the droplet on the top in Fig. 21. As
can be observed, the generated error in the result of the interpolation
method is less than round-oﬀ for all range of contact angles proving the
better accuracy and superiority of the interpolation method.

ments are illustrated in Fig. 24. As expected, the right-hand droplet
has detached from the surface for both cases; however, the compound
droplet has moved to the right from its initial location when round-oﬀ
method is adopted whereas, the left-hand droplet remains pinned on
the substrate in the interpolation method. In fact, since the round-oﬀ
method overestimates the hydrophobic prescribed contact angle, the
created repulsion force between the right-hand droplet and the solid
substrate is strong enough to move the whole system to right and then
remain stationary when all forces reach to balance at equilibrium.
As illustrated above, the interpolation method can predict the static
contact angle with good accuracy. In the following, the distribution of
spurious velocities for two sets of contact angles at two density ratios is
depicted in Fig. 25. Given this ﬁgure, the maximum spurious velocity in
all cases is of order 10−5 . In the rest of domain, the spurious velocities
are of order 10−6 or lower. Those are at least one order smaller than that
of obtained from the explicit boundary condition, which are of the order
10−4 in the conjunction of three phases and 10−5 in the rest of domain
at unity-density ratios [46]. Thereby, Fig. 25 clearly showcases that employing the implicit wetting condition in combination with solving the
Allen-Cahn equation generates smaller spurious velocities. This order
of spurious velocities guarantees the numerical stability at high density
ratios and does not interfere with real ﬂuid’s velocity when solving a
dynamic problem.

6.2.2. Ternary compound droplet
In this subsection, the accuracy of boundary treatments is further
evaluated when two immiscible droplets in contact on the top of a circular solid substrate as shown in Fig. 22. The size of the computational
domain is 256 × 256 and the size of droplets and solid substrates are chosen equally as 𝑅 = 𝑅𝑠 = 50 𝑙𝑢. All physical parameters are chosen similar
to previous cases.
Fig. 23 showcases the equilibrium shape of the droplet at three sets
of contact angles with 𝜃13 varying from 50◦ to 130◦ for both interpolation and round-oﬀ methods with the measured contact angles speciﬁed
on each. Similar to the ﬂat case, it can be seen from this ﬁgure that the
ﬁnal shape of compound droplet is drastically inﬂuenced by 𝜃13 . In addition, it is observable that the interpolation method predicts the contact
angle more accurately where the round-oﬀ error exhibits deviation even
for the neutral case. Moreover, examining Fig. 23 at 𝜃13 = 130◦ , roundoﬀ method overestimates the prescribed contact angle to the extent that
the left-hand droplet moves over the right-hand one and completely detaches from the surface causing the compound droplet to move to the
right with respect to its initial position. To investigate this matter, the
ﬁnal shape of compound droplet at 𝜃13 = 150◦ for both boundary treat-

7. Conclusion
The wettability implementation methods for binary and ternary ﬂuids were investigated via the conservative phase-ﬁeld LB model at a
high-density ratio. Regarding the ternary case, it was proven that using
the implicit wetting condition enhances the accuracy of the predicted
contact angle and reduces the spurious velocity when tested on a ﬂat
surface for separated droplets. The same trend was observed for the
case of compound droplet except for the spurious velocity where no difference was achieved. This is due to the maximum spurious velocity
occurring at the intersection of three phases far from the solid surface where the magnitude of spurious velocity could not be aﬀected by
diﬀerent wetting conditions. Regarding the modeling of contact angle
on the circular substrate, two methods for identifying normal vectors
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Fig. 25. Distribution of spurious velocities in the case of compound droplet on the circular substrate for two sets of contact angles a) 𝜃13 = 90◦ and 𝜃23 = 50◦ b)
𝜃13 = 90◦ and 𝜃23 = 130◦ , where the density ratios for the top row are 𝜌1 ∕𝜌3 = 1000, 𝜌2 ∕𝜌3 = 500 and for the bottom row are 𝜌1 ∕𝜌3 = 1, 𝜌2 ∕𝜌3 = 1.

and subsequently using the neighboring nodes for achieving the proper
wetting condition were discussed. It was demonstrated, by calculating the gradient of ﬂuid-solid ﬁeld with the 8th-order isotropy central
diﬀerence scheme, the direction of normal vectors on the three types
of arrangement based on the staircase approximation can systematically be obtained without the need of handling any case separately.
Moreover, results revealed that applying a linear interpolation for the
neighboring nodes on which the normal vector of a given boundary
node lies in between, predicts the contact angle more accurately. This
matter was conﬁrmed by measuring the maximum height of droplet
and comparing it with the analytical solution derived from mass conservation as well as measuring the achieved contact angle numerically
after reaching the equilibrium. This study aimed to provide a simple
and yet accurate method for applying wetting conditions on complex
geometry. Thereby, although curved boundary treatments and interpolation schemes on the unknown populations [42,55–59] seem to be
advantageous in the simulated cases, the half-way bounce-back was
imposed on the boundary nodes since it is simpler and less computationally expensive to be applied, especially when it comes to the modeling
of multiphase ﬂow in a realistic porous media. It is shown that applying the half-way bounce-back in conjunction with the interpolation
method for handling normal vectors can ﬁt the results to the analytical
solution and removes the need of applying complex curved boundary
treatments. Moreover, since the implemented LB model beneﬁts from
solving the Allen-Cahn equation, a stable simulation at high-density ratio was achieved. It is noteworthy to mention, to the best of authors’

knowledge, the presented result for the ternary case on the circular surface at the density ratio of 1000 has been successfully achieved for the
ﬁrst time. The density ratio for the previous studies was limited to 100
for the ﬂat surface [45] and 1 for the circular one [46]. Finally, the
discussed methods in this study can be further extended to simulate
three-phase ﬂow in the porous media with complex geometry which
will be the subject of our subsequent study where the proposed wetting
condition and boundary treatment is applied in a dynamic problem.
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