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ABSTRACT
High-dimensional entangled states are of signiﬁcant interest in quantum science as they increase the information content per photon and
can remain entangled in the presence of signiﬁcant noise. The authors develop the analytical theory and show experimentally that the noise
tolerance of high-dimensional entanglement can be signiﬁcantly increased by a modest increase in the size of the Hilbert space. For example,
doubling the size of a Hilbert space with a local dimension of d ¼ 300 leads to a reduction in the threshold detector efﬁciencies required for
entanglement certiﬁcation by two orders of magnitude. This work is developed in the context of spatial entanglement in the few-photon
limit, but it can easily be translated to photonic states entangled in different degrees of freedom. The authors also demonstrate that knowledge of a single parameter, the signal-to-noise ratio, precisely links measures of entanglement to a range of experimental parameters quantifying noise in a quantum communication system, enabling accurate predictions of its performance. This work serves to answer a simple
question: “Is high-dimensional photonic entanglement robust to noise?” Here, the authors show that the answer is more nuanced than a simple “yes” or “no” and involves a complex interplay between the noise characteristics of the state, channel, and detection system.
C 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
V

creativecommons.org/licenses/by/4.0/). https://doi.org/10.1116/5.0033889

I. INTRODUCTION
Entanglement is considered one of the most important features
of quantum information science and plays a central role in many
quantum communication protocols.1–3 The strong, non-classical correlations inherent to entanglement allow one to share information
between two parties that is secure against the most sophisticated eavesdropping attacks, with information security even provided independent of the devices used.4 Entangled photons produced via parametric
non-linear processes are a workhorse for many branches of quantum
information science, ranging from fundamental tests of quantum
mechanics to entanglement-based quantum communication.5–10
However, photonic entanglement is extremely susceptible to common
sources of noise such as channel loss, background counts, multiphoton effects, and imperfect measurement devices, which can make
its detection challenging.
In recent years, high-dimensional entanglement has emerged as a
way to increase the robustness of entanglement and, as a result,
increase the resistance of entanglement-based quantum communication to noise11–15 (see Refs. 16 and 17 for an overview). These studies
follow the work in Ref. 18 that showed that violations of local realism
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are stronger for high-dimensional systems. In addition, encoding
information in photonic high-dimensional degrees of freedom such as
transverse position/momentum and time/frequency offers an
increased information bandwidth over qubit encoding, i.e., greater
than one bit of information per transmitted photon. This allows one
to build efﬁcient quantum networks and quantum cryptography systems that use the full information-carrying capacity of a photon.19–23
See Ref. 24 for a recent review of high-dimensional entanglement and
multi-dimensional entanglement with structured light.
Noise can enter in many forms, e.g., multiple photon pairs in the
state, accidental, or background counts, or cross-talk in the measurement process. Several recent works on photonic high-dimensional
entanglement have demonstrated a qualitative advantage over qubit
entanglement in terms of information capacity and noise robustness.25,26 This recent work has also outlined methods to overcome
noise in entanglement distribution.25 However, a careful analysis outlining the precise noise conditions and Hilbert space dimension where
such an advantage can or cannot be found is still lacking. Here, we formulate these conditions in terms of easily measurable experimental
parameters and establish the exact noise bounds and Hilbert space
dimension where high-dimensional entanglement provides an
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advantage for entanglement certiﬁcation in the presence of noise and
where it does not. We experimentally verify the predictions in the context of spatial entanglement generated in the few-photon limit, but the
results are applicable to degrees of freedom where high-dimensional
entanglement exists, e.g., time-bin entanglement. The results are also
relevant to hyper and hybrid entanglement.27
For high-dimensional photonic entanglement, our results show
that separating the dimension in which one wishes to observe the
entanglement and the dimension of the Hilbert space one is working
in allows one to tolerate signiﬁcantly more noise in an entanglement
distribution system. However, depending on the entanglement certiﬁcation method used, there is an optimum dimension where one ﬁnds
the best possible noise performance. Interestingly, the largest increase
in noise tolerance is obtained for only a modest increase in the Hilbert
space dimension, allowing the use of inefﬁcient detectors or operation
in extremely noisy environments.
II. THEORETICAL MODEL
A. The relationship between Q and p from the isotropic
state
We follow a two-step approach to develop an operational noise
model for photonic high-dimensional entanglement: First, we show
how the seemingly complex relationship between the sources of noise
in the generated state, channel, and detection system can be distilled
into one operational quantity—the signal-to-noise ratio Q, which we
refer to as the quantum contrast. The quantity Q is simply the ratio of
the coincidence counts to the accidental counts and can readily be
established in any experiment. An analysis of the functional form of Q
that we present will allow an experimenter to optimize their source,
channel, and detector speciﬁcations in order to achieve the best noise
performance (highest Q) possible. Second, we test a series of contemporary entanglement measures and analyze their performance in the
presence of noise. In all cases, we ﬁnd that the performance of the system, as quantiﬁed by the ability to certify (high-dimensional) entanglement, can be accurately predicted by knowledge of the system
dimension d and only one experimentally measurable parameter: Q.
An often-used model for describing noise in an entangled state
combines a maximally entangled state j/i with a maximally mixed
state, with I^ denoting white noise,
^ ¼ pj/ih/j þ
q

ð1  pÞ ^
I:
d2
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p, we can relate these two parameters to each other. This is important
as we can establish the link between theory and experiment in a simple
fashion. We can relate p from the isotropic state to Q and dimension d
through
pðd; QÞ ¼

Q1
:
Q1þd

(2)

Details of the derivation of Eq. (2) are given in the supplementary
material.30 Solving this for Q, we see that to maintain a ﬁxed value of p
as d increases, it is necessary to increase Q. For example, to achieve
p ¼ 1/3 in d ¼ 2 requires the signal to noise to be equal to Q ¼ 2,
whereas to achieve p ¼ 1/3 in d ¼ 10 requires that Q ¼ 6. This is illustrated in Fig. 1 where we see the relationship between d, Q, and p.
B. Definition of Q
We introduce a formalism that takes into account the common
sources of noise in photonic systems: photon-pair generation probability in spontaneous parametric downconversion (SPDC) l,31–35 imperfect measurements with dark counts from thermal events in the
detector and background counts from ambient light sources rolled
into a term n,36–38 and a term that accounts for any loss or non-unity
collection efﬁciency g. The system that we consider uses single-photon
detectors without the ability to perform photon-number detection.
Adding photon-number resolving detection would enable the detection of entanglement with more multi-photon pairs, but in this work,
we consider the most widely used case for two-photon entanglement.
We consider the measurement interval to be the time that a
detector is active, and the quantities l and n are then normalized with
respect to this time window. We consider the case that l  1, and so
higher order multi-photon terms do not signiﬁcantly contribute, and
l can be considered as the probability of generating a photon pair per
detection event. The value n is the probability of detecting any noise
event in the time window. In general, n and g can be dimensiondependent; however, in our theoretical formalism, we treat them as
being independent as this represents the best-case scenario for noise
resistance.

(1)

This is often referred to as the isotropic state. Here, p refers to the
28
d refers
probability that the state remains intact,
pﬃﬃﬃto the dimension of
P
the single-particle state, and j/i ¼ di¼1 jiijii= d. One sees here that
the resistance to noise will increase linearly with system dimension
d—the threshold p required to certify any entanglement is equal to
1=ðd þ 1Þ.29 As the system dimension is increased, one can expect to
overcome any amount of noise. For example, the threshold p in d ¼ 2
is 1/3, whereas the threshold p in d ¼ 10 reduces to only 1/11.
However, in any realistic scenario, p turns out to be a dimensiondependent parameter that involves a complex interplay between noise
attributed to the state, the channel, and the detection system.
In order to realistically capture how noise translates in a highdimensional system, here we use an operational deﬁnition of noise in
terms of quantities easily measured in experiment. While our work
focuses on the signal-to-noise ratio Q (deﬁned in Sec. II B) rather than
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FIG. 1. The relationship between Q, d, and p from the isotropic state. The white
lines indicate constant values of p. We see that maintaining a constant value of p
as d increases requires an increase in the signal-to-noise ratio Q.
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l þ 1 m! 1 þ l
j¼1 m¼0
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(3)

where ^a †m
1;j is the creation operator for m photons in mode j. Details of
the derivation of Eq. (3) are given in the supplementary information.30
We assume that the efﬁciencies and noise levels in each channel are
the same, and so the probability of two-photon coincidences and acciðj;kÞ
dentals per time window is given by pcoi ¼ g2 dj;k lð1 þ lÞ
þðn þ glÞ2 , where j and k are indices for the different modes of the
photons and 1  j; k  d, with d being equal to the dimension of the
Hilbert space. We deﬁne the signal-to-noise ratio or the quantum conðj;jÞ
ðj;k6¼jÞ
trast Q as the ratio of coincidences pcoi to accidentals pcoi ,
Q¼1þ

lð1 þ lÞ
:
ðng þ lÞ2

(4)

The quantum contrast can be optimized by an appropriate choice of
the pair generation rate l based on the noise parameters g and n and
achieves a maximum value of Qmax ¼ 1 þ g2 =½4nðg  nÞ, when the
pair generation rate is set to l ¼ n=ðg  2nÞ (see Fig. 2).
C. Assumptions of the model
There are two important assumptions in our analytical theory:
ﬁrst, the dimension of the state Eq. (3) can be increased without any
penalty; and second, the amplitudes of the mode coefﬁcients are equal,
i.e., the state is maximally entangled. These assumptions greatly simplify the theoretical description and provide an upper bound to noise
resistance. In any physical system, however, there will be an upper
limit to the size of the space, and real sources often require entanglement concentration in order to achieve a maximally entangled state
with equal mode weight coefﬁcients.5 Note that we are working under
the assumption that the state is measured in its Schmidt basis, where it
exhibits diagonal correlations. In situations where the state undergoes

FIG. 2. The signal-to-noise ratio Q as a function of the noise-efﬁciency ratio n=g
and the photon pair generation rate l. Given a noise-efﬁciency ratio, there is an
optimal generation rate that maximizes the signal to noise.
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some form of unitary rotation, for example, in a multi-mode waveguide, these correlations are normally lost. Recent work has shown
how such rotations can be corrected by the use of the transmission
matrix, allowing diagonal correlations to be recovered.23
D. Entanglement verification via two mutually
unbiased bases
Recently, it was shown that measurements in two bases are sufﬁcient to lower bound the ﬁdelity of a state to a chosen target state and
certify high-dimensional entanglement.26 If the chosen target state is
maximally entangled, one can use mutually unbiased bases (MUBs) to
lower bound the ﬁdelity. If it makes more sense to choose a nonmaximally entangled target state (for example, when the state Schmidt
coefﬁcients are not equal), the tightest bound to the ﬁdelity can be found
by using so-called MUB-like “tilted” bases.26 Regardless of the measured
state, one can always use two MUBs to bound the ﬁdelity to a maximally
entangled state, as we do in this work. We make this choice as it greatly
simpliﬁes the analysis without changing the overall conclusions.
If the ﬁdelity Fðq; UÞ of the state q with respect to a d-dimensional
target state U is greater than ðk  1Þ=d, q is entangled in at least k
dimensions, i.e., it has the Schmidt rank of at least k. As we consider a
state with a uniform modal distribution, the quantum contrast is basis
independent. The two-MUB witness can then be used to lower bound the
achievable ﬁdelity F~ of a d-dimensional state with quantum contrast Q,
Qdþ1
:
F~ ðq; UÞ 
Qþd1

(5)

Consequently, in order to certify k-dimensional entanglement, the
quantum contrast must satisfy
Q>

ðd  1Þðd þ k  1Þ
:
dkþ1

(6)

See the supplementary material for further details.30 We see that to
certify k-dimensional entanglement, the required signal-to-noise
decreases as d increases. Importantly, as shown in Fig. 3(a), we see that
in order to certify k-dimensional
aﬃ minimum quantum
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃpentanglement,
contrast of Qopt ¼ 3k þ 2 2 ðk  2Þðk  1Þ  4 is necessary,
which is obtained when thepdimension
of the Hilbert space we are
ﬃﬃﬃpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
working in is set to dopt ¼ ½ 2 k2  3k þ 2 þ k  1. dopt is found
by taking the derivative of Eq. (6) with respect to d and setting this
equal to zero. Qopt is then found by substitution.

pﬃﬃﬃ
We see that dopt is approximately 1 þ 2 k  2:41k, at which
we have signiﬁcantly increased our system’s ability to tolerate noise.
The gain can be quantiﬁed as the ratio of Q when
pﬃﬃﬃ d ¼ k and when
d ¼ dopt . This ratio is approximately ð2= 3 þ 2 2 Þk  0:343k, and
so if k ¼ 1000, increasing d by 2.41 times reduces Q by 343. From an
experimental perspective, this decrease in Q permits the use of a detector with a signiﬁcantly lower detection efﬁciency/channel loss or a
higher dark/background count rate.
The above results assume that d can be increased with no penalty
to Q. In any experiment situation, the advantage that one achieves
from increasing the size of the Hilbert space has to be considered along
with any impact on the signal-to-noise ratio. In realistic situations,
there will be an upper limit to how much d can be increased. The exact
relationship between Q and d in realistic experimental scenarios
depends on many factors and will be the subject of future work.
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F~ ðq; UÞ 

Q þ d1  1
:
Qþd1

(7)

Then, for a d-dimensional system with quantum contrast Q, one can
certify an entanglement dimensionality of
k<

ðd þ 1ÞQ
:
dþQ1

(8)

See the supplementary material for further details.30 We see here that
knowledge of Q provides an upper limit to the number of entangled
dimensions. In any experiment, an estimate of Q can be established
easily, and therefore, k can be predicted in a fast and accurate manner.
As in the two-MUB case, entanglement certiﬁcation in increasing
k ¼ d dimensions necessitates an accompanying increase in the
required quantum contrast [Fig. 3(b)]. However, signiﬁcant reductions
in the required quantum contrast are achieved when we allow the
dimension of the Hilbert space to increase with respect to the dimension of the entanglement, i.e., if k < d. In the limit that d ! 1, we see
that the number of entangled dimensions k ! Q. It follows that if we
measure a system with a contrast of Q, it can have at most bQc dimensions of entanglement. Consequently, the minimum contrast required
for veriﬁcation of k dimensions of entanglement is equal to k.
III. NUMERICAL AND EXPERIMENTAL RESULTS
A. Analysis of data from prior work
FIG. 3. (a) The required quantum contrast Q vs dimension d for the two-MUB witness.
The dotted line represents the necessary Q for k ¼ d dimensional entanglement. The
dashed line represents the optimal dimension for measuring kdimensional entanglement. (b). Required quantum contrast Q vs dimension d for various values of k for the
d þ 1-MUB witness. The contrast necessary for d-dimensional entanglement in a ddimensional space is indicated by the dotted line and is equal to d 2  d; the contrast
necessary for k-dimensional entanglement in an inﬁnite space is equal to k, indicated
on the bottom right-hand side of the ﬁgure.

E. Example for an EMCCD camera
As an example of the gains that increasing d provides, consider a
multi-outcome detector, such as a single-photon detector array or electron multiplying charge coupled device (EMCCD) camera.39,40 These
detectors are commonly used for measurements of spatial entanglement as they allow multi-outcome measurements in two MUBs, i.e.,
the position and momentum bases. Certifying k ¼ 1000 entanglement
in a d ¼ 1000 space using two MUBs requires a signal-to-noise of
approximately 2  106 . Achieving this signal-to-noise requires, for
example, a noise per detection event of n ¼ 1  107 and an efﬁciency of g ¼ 80%. Increasing the dimension of the space by a factor
2.41 (e.g., moving from a 32 by 32 array of pixels to a 49 by 49 grid)
reduces the necessary Q for certifying an entanglement dimensionality
of k ¼ 1000 by  343 times and, for example, the allowable detector
noise can increase two orders of magnitude to n ¼ 1  105 , while
the efﬁciency simultaneously drops to 23%.
F. Entanglement verification via all mutually unbiased
bases
Measurements in all d þ 1 MUBs allow one to calculate the exact
ﬁdelity while also providing better noise performance.26 In this case,
the ﬁdelity is given by
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In order to verify that knowledge of the signal-to-noise ratio provides an accurate estimate of system performance when using two
MUBs, we re-analyzed the data presented in Ref. 26 to calculate Q exp
for the measurements in each of the MUBs and used this to predict
the system performance (see Table I). In each dimension (d ¼ 3, 5, 7,
and 11), we see that knowledge of Q exp gives an estimate of (kpred ¼ 3,
5, 6, and 9), respectively, which are the exact values of the dimension
obtained. This conﬁrms that knowledge of a single, easily obtainable,
experimentally measured parameter Q exp provides a very accurate prediction of system performance.
B. Experimental verification
To investigate the predictions of our theory, we perform measurements on the high-dimensional entangled state produced by
SPDC [see Fig. 4(a)]. The measurements are performed using the
TABLE I. Comparison of the results from Ref. 26 against the predictions of this work.
The data from Ref. 26 were evaluated to calculate an average signal-to-noise ratio
for the two MUBs in each of the dimensions. These Q exp values are then used to
predict the ﬁdelity F~ pred and dimension kpred of the entanglement. For every dimension d, the experimentally observed k exp and the predicted kpred are equal to each
other, thus conﬁrming that the system performance can accurately be predicted with
knowledge of Q.

Measured data from Ref. 26

Predictions based on Q exp

d

F~ exp

k exp

Q exp

F~ pred

kpred

3
5
7
11

91.5% 6 0:4%
89.9% 6 0:4%
84.2% 6 0:5%
74.8% 6 0:4%

3
5
6
9

71 6 1
70 6 5
68 6 4
81 6 2

94.5% 6 0.1%
89.2% 6 0.7%
83.9% 6 0.9%
78.1% 6 0.5%

3
5
6
9
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FIG. 4. (a) Schematic of experiment to generate and measure high-dimensional
entanglement in the pixel basis. BBO ¼ type I beta barium borate; IF ¼ interference ﬁlter; SLM ¼ spatial light modulator; SMF ¼ single-mode ﬁber. The distance
from the crystal to the f ¼ 100 mm lens is 100 mm; the distance from the lens to the
SLM is 300 mm. (b) Illustration of the modes on the SLM used to detect highdimensional entanglement. The left half of the SLM is used to detect the signal (s);
the right half is used to detect the idler (i). Each small box represents a mode in the
computational MUB of the pixel basis. (c) Representative coincidence matrices. In
seven dimensions, there are eight MUBs, and MUB 0 is the computational basis.
The signal-to-noise ratio Q is assumed to be constant across all MUBs in the theory, and we calculate the average Q across the MUBs in the experiment.

spatial degree of freedom in all MUBs in three, ﬁve, and seven dimensions with average quantum contrasts ranging from Q ¼ 5 to 40. Q is
varied by adjusting the laser pump power and ambient lighting conditions in the lab and is calculated as the average of the signal-to-noise
ratios of each of the MUBs.
All the measurements are conducted in the “pixel” bases,41 where
the computational basis uses the standard anticorrelations in photon
momenta that are observed in the far-ﬁeld of SPDC. Figure 4(b) shows
the intensity distribution of the far ﬁeld of the SPDC together with the
areas integrated for the measurement modes. We use one spatial light
modulator (SLM), where the left half is used for the signal photon and
the right half is used for the idler photon. For the computational basis
measurements (MUB 0), a single area of the signal and idler is active
at any one time; for all the other MUB measurements, all elements are
active all times with the phase of each area appropriately controlled.
The coincidence matrices for all the MUBs, and thus the joint probabilities, are measured by scanning through the appropriate signal and
idler modes on the SLM. Figure 4(c) shows presentative coincidence
matrices for each of the eight MUBs in seven dimensions.
The data are analyzed to calculate the lower bound to the ﬁdelity
and, thus, a value of k as in Ref. 26. Figure 5(a) shows experimental
evidence of two of the results of this work: ﬁrst, that knowledge of Q
and d provides an accurate prediction of system performance with
respect to entanglement measures, and second, that increasing the
operational dimension allows one to tolerate larger amounts of noise
for the same (or larger) certiﬁed entanglement dimensionality. The
determined values of k plotted in Fig. 5 are observed to be very close
to, but not above, the upper bound predictions of Eq. (8). We observe
that entanglement in larger dimensions (k increases) can be achieved
by increasing d while tolerating a lower signal-to-noise (Q drops).
The signal-to-noise values for each MUB are calculated from the
appropriate coincidence probability matrix, Fig. 5(b). For one MUB, Q
is calculated as the average of the diagonal elements of the matrix
divided by the average of the off-diagonal elements of the matrix. We

AVS Quantum Sci. 3, 011401 (2021); doi: 10.1116/5.0033889
C Author(s) 2021
V

FIG. 5. (a) Experimental certiﬁcation of k-dimensional entanglement for signal-tonoise ratios ranging from Q ¼ 5 to 40 for d ¼ 3; 5; and 7. The dotted lines are the
analytical theory, and the solid points are the measured values of k. The two gray
arrows represent the lowering of Q from 32 to 12 for ﬁve-dimensional entanglement
and 23 to 6 for three-dimensional entanglement. In both cases, provided that d is
increased, high-dimensional entanglement remains even if the signal to noise falls.
(b) The coincidence matrices showing the joint measurement probabilities for three
sample datasets. The values of d and the measured Q and k values are shown.

chose this approach to measure the most accurate value of Q; however,
a very fast estimate of Q can be obtained by measuring the coincidence
rates for only one diagonal and one off-diagonal element of any of the
coincidence matrices. The predicted system performance when using
this fast method will depend on any error between the estimated Q
and the true value. If the Q values differ signiﬁcantly across the MUBs,
it may be necessary to estimate an average value across several measurements. This estimate across different MUBs can typically be performed with very few measurements, and therefore, an accurate
prediction of Q can be obtained easily.
Figure 6 shows the variation of the measured signal to noise
ratios for different MUBs in different dimensions. We see that the Q
value for the computational MUB (MUB 0) is consistently higher than
the values for the other MUBs, which are observed to be very close to
each other. We believe that this is a systematic error introduced by the
SLM-based measurement method, rather than anything inherently in
the generated state. This effect was also observed in previous work.26,41
Despite this systematic error, the predicted performance of the system
with regard to all entanglement metrics still performs exceptionally
well when using the average value of Q across all the different MUBs.
The error in the Q value for an individual MUB is calculated by
looking at the variation of the measured on-diagonal and off-diagonal
elements, and the error on the average Q is the standard deviation of
the set of Q values for all MUBs in a particular dimension. Note that
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SPDC process in a non-linear crystal, where a width parameter r can
be used to characterize the distribution of Schmidt modes in the highdimensional state. The state representation in the two bases (computational basis and the MUB) is related by a Fourier transform, and so
the unequal diagonal counts in the computational basis have the direct
consequence that the MUB basis measurements must exhibit crosstalk. This type of cross-talk is unavoidable in such a scenario.
IV. ADDITIONAL ENTANGLEMENT MEASURES
A. Conditional entropy

FIG. 6. The measured signal-to-noise ratios for different MUBs in different dimensions. This is a selection of the data used that is typical of the observed trends.
This shows that MUB 0 has a higher Q value than the other MUBs, which are all
measured to be close to each other. The MUB average is the value that is used for
the predictions of system performance.

We also analyze the noise dependence of conditional entropies
commonly used in the conﬁrmation of EPR steering.3,42–44 EPR steering
can be conﬁrmed if the measurements in two MUBs violate the inequality H1 ðXjYÞ þ H2 ðXjYÞ  log2 d, where H1 ðXjYÞ and H2 ðXjYÞ are
the conditional entropies in each of the bases.45 After we consider the
sum of the conditional entropies in two bases, we ﬁnd that
log2 ðQ þ d  1Þ 

knowledge of Q in a particular dimension does not mean that one has
knowledge of Q in another dimension. Increasing the dimension will
typically reduce Q as measurement errors are introduced. Our theory
gives information on how a system will perform given knowledge of Q
and d, and it does not state how Q changes as a function of d.
Knowledge of Q and d is sufﬁcient to estimate p, which is a critical
parameter in the isotropic state, commonly used for modeling entanglement in high dimensions [see Eq. (2)].
C. Numerical verification
Our theory considers maximally entangled states as this assumption considerably
pﬃﬃﬃsimpliﬁes the theory, i.e., all the mode coefﬁcients of
the state are 1= d . To take into account the effects of a realistic state,
we perform numerical simulations where the coefﬁcients of the state
are assumed to have a Gaussian distribution in the computational
basis. We use r ¼ 2; 4; 10, and 100 000. A necessary consequence of
this Gaussian distribution is that the coincidence matrices of all
MUBs other than the computational basis exhibit crosstalk, i.e., the
coincidence elements next to the diagonal will be non-zero. These
simulations, therefore, enable us to investigate realistic quantum sources that exhibit common artifacts in the coincidence matrices. We
introduce noise into the simulated data and then calculate an average
Q value over all the MUBs.
Figure 7 shows the results for numerical simulations of k-dimensional entanglement certiﬁcation for a state with a ﬁnite number of
entangled modes. Despite the ﬁnite widths, the two main results of our
work are still observed: the average Q is a very good indicator of system performance, and increasing the size of the space (d) enables the
certiﬁcation of entanglement in larger dimensions with lower signalto-noise. The difference from the analytical theory is that the size of
the space cannot be increased indeﬁnitely. One ﬁnds that there is an
upper limit to the advantage of increasing d. The r ¼ 100 000 result,
which represents a state with a very large bandwidth, is a very close
match to the analytical theory.
It should be noted that the non-zero off-diagonal counts in the
MUB measurements [see Figs. 7(b), 7(d), 7(f), and 7(h)] are a direct
consequence of the non-maximally entangled nature of the state. This
non-maximal nature is a natural consequence of the high-dimensional
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Q
1
log2 Q  log2 d < 0:
Qþd1
2

(9)

See the supplementary material for further details.30 There is no analytical solution to this, but numerical solutions show that the necessary
quantum contrast Q required to demonstrate EPR steering increases linearly as a function of Hilbert space dimension d (see dotted line in Fig.
8). Experimental data for a range of dimensions showing whether the
steering criterion is violated (red) or not (black) are also plotted as a
function of quantum contrast. Clear agreement is seen with the predictions of Eq. (9), which demonstrates that knowledge of the signal-tonoise ratio Q accurately predicts whether the EPR steering criterion will
be violated.
B. High-dimensional non-locality based on the CGLMP
inequality
Finally, we consider the CGLMP (Collins, Gisin, Linden, Massar,
and Popescu) inequality5,11 that can be used for establishing nonlocality. Local hidden variable theories are consistent with Sd  2,
whereas quantum mechanics permits a violation of this inequality. In
their work, CGLMP showed that maximally entangled quantum systems in high dimensions can achieve a theoretical value of Sd ðQMÞ,
which would lead to a violation of the inequality.11 However, in any
experimental veriﬁcation, the achievable Sd is modiﬁed by imperfections in the system. Under the fair-sampling assumption, the maximum value of Sd is given by
~S d ¼

Q1
Sd ðQMÞ:
Q1þd

(10)

Therefore, in order to violate the local hidden variable inequality, the
number of dimensions must satisfy
d<

ðQ  1ÞðSd ðQMÞ  2Þ
:
2

(11)

See the supplementary material for further details.30 For large values of
d, Sd ðQMÞ  3, and the upper bound for d can be approximated by
d < ðQ  1Þ=2. Solving for Q, we see that to violate the CGLMP
inequality in d dimensions, we must have a signal-to-noise ratio
greater than 2d þ 1, e.g., violating the inequality in 10 dimensions
requires that Q exceed  21.

3, 011401-6

AVS Quantum Science

ARTICLE

scitation.org/journal/aqs

FIG. 7. Numerical simulation of average quantum contrast vs entangled dimensions for a range of ﬁnite-width states. Each point represents one numerical simulation, and the dotted
lines are the analytical theory. Increasing the size of the space d continues to provide noise resistance, but only up to a certain point governed by the width of the state. These numerical simulations were performed by setting the width of the probability amplitude of the single photon to have a Gaussian envelope of width r for a wide range of signal to noise values.
(a), (c), (e), and (g) all show the average Q vs k for r ¼ 2, 4, 10, and 100 000, respectively. (b), (d), (f), and (h) show samples of the coincidence matrices for r ¼ 2, 4, 10, and
100 000, respectively, showing the ﬁnite width of the state and the inﬂuence this has on cross-talk measurements in the MUBs. The r ¼ 100 000 case is a close approximation to the
state that we consider in the analytical theory, and we recover the same results for this case.
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demonstrations to the realm of practical, real-world implementations
under extreme conditions of noise.
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FIG. 8. Certiﬁcation of EPR steering in high dimensions for a range of signal-tonoise ratios. Measurements in two MUBs for a range of signal-to-noise ratios were
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As in the case of the ﬁdelity witness, the separation of k and d
may provide a noise advantage in the form of a decreased signal-tonoise threshold. It will also be interesting to consider the implications
of this work for other Bell-like inequalities, such as the one developed
for maximally entangled states.45
V. DISCUSSION AND CONCLUSION
This work serves to answer a simple question: “Are photonic
high-dimensional entangled states robust to noise?” In reality, the
answer to this question is more nuanced than a simple yes or no, and
our results provide a clear demonstration of the advantages and disadvantages. When we consider the maximally entangled state, we ﬁnd
that the total amount of white noise that the state can tolerate increases
as the dimension of the state increases, and therefore, it is obvious to
claim that such states are robust to noise. However, a counter argument can be put forward when we recognize that noise in an experimental scenario may depend on many parameters including the state
dimension, and is better encapsulated by an operational parameter Q
related to the experimental signal-to-noise.
Signiﬁcant beneﬁts for entanglement certiﬁcation emerge when
we see that the entanglement dimensionality k of the state that we
wish to certify and the dimension of the operational Hilbert space d
are not required to be the same. The signal-to-noise requirements for
k-dimensional entanglement decrease as both d and the total number
of mutually unbiased bases used in the measurement increase. Thus,
by modest increases to the dimensionality of a system or through the
use of judiciously chosen additional measurements, one can signiﬁcantly increase the tolerance of high-dimensional entanglement to
common sources of noise, such as loss and background counts.
By distilling the information about the performance of a photonic
high-dimensional entanglement system into a single operational
parameter, we provide a powerful tool that links theory and experiment,
allowing us to accurately predict system performance and choose an
optimum entanglement measurement strategy. This work demonstrates
that high-dimensional entanglement has the potential to push the
boundaries of entanglement-based quantum communication systems,
bringing them from the conﬁnes of laboratory proof-of-principle
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