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A Design Approach for Compact Wideband
Transformer With Frequency-Dependent Complex
Loads and Its Application to Wilkinson
Power Divider
Liang Liu , Xianling Liang , Senior Member, IEEE, Ronghong Jin , Fellow, IEEE,
Haijun Fan, Member, IEEE, Xudong Bai , Member, IEEE, Han Zhou ,
and Junping Geng , Senior Member, IEEE

Abstract— In this article, a new design approach for the
wideband transformer with frequency-dependent complex loads
is proposed, which is based on the least-square method and the
generalized modified small reflection theory (MSRT) with proper
electrical parameters. Compared with the wideband transformers
based on other approaches such as the generalized MSRT
and transmission line theory, the proposed ones feature easy
design, compact size, and wide bandwidth. For validation, several
wideband transformers with frequency-dependent complex loads
are designed, simulated, and measured. The measured results are
consistent with the calculated and simulated results, and a wideband transformer with a fractional bandwidth of 68.5% (defined
by 15-dB return loss) and an overall size of 0.025λ2g is achieved.
In addition, when applied to the design of wideband Wilkinson
power divider, a fractional bandwidth of 110% ( defined by 25-dB
isolation) and an overall size of 0.069λ2g are attained.
Index
Terms— Frequency-dependent
complex
loads,
least-square method, modified small reflection theory
(MSRT), wideband transformer, wideband Wilkinson power
divider (WPD).

I. I NTRODUCTION

N

OWADAYS, with the rapid development of modern
society, there is an increasing demand for high-date-rate
wireless communication systems. To fulfill this requirement,
much attention has been gained into the research of wideband
transformers, which are widely used in various radio frequency components of wireless communication systems, such
as Wilkinson power dividers (WPDs), couplers, transceivers,
low-noise amplifiers, and power amplifiers [1]–[6].

Manuscript received July 26, 2020; revised October 25, 2020; accepted
December 17, 2020. This work was supported by the National Natural Science
Foundation under Grant 61671416 and Grant 61801447. (Corresponding
author: Xianling Liang.)
Liang Liu, Xianling Liang, Ronghong Jin, Han Zhou, and Junping Geng
are with the Department of Electronic Engineering, Shanghai Jiao Tong
University, Shanghai 200240, China (e-mail: liangxl@sjtu.edu.cn).
Haijun Fan is with the Institute of Sensors Signals and Systems, Heriot-Watt
University, Edinburgh EH14 4AS, U.K.
Xudong Bai is with the China Academy of Aerospace Electronics Technology, Shanghai Aerospace Electronics Company Ltd., Shanghai 201821,
China.
Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TMTT.2020.3048334.
Digital Object Identifier 10.1109/TMTT.2020.3048334

In [7]–[10], the exact and approximate synthesis methods
to realize the wideband transformers by using multisection
quarter-wavelength transmission lines were proposed. However, they are only applicable to the transformers with fixed
and real source and load. In [11], a dual-band transformer
based on the conventional wideband Chebyshev response was
presented. Although the source and load are fixed at real
impedances, the results clearly indicate the feasibility of wideband transformer using the multifrequency transformer. In particular, the wideband transformer with frequency-dependent
complex loads can be easily realized by multifrequency transformer with several adjacent matching frequencies as well as
frequency-dependent complex loads. In [12] and [13], transformers consisting of lumped inductors and capacitors were
proposed, which are based on the multiple low-pass–bandpass
transformation sharing one topology for all operating bands.
These transformers are characterized by wideband filtering
responses, but they are limited to low-frequency applications
due to the parasitic effect of lumped components. In order
to achieve high-frequency applications, various transmissionline transformers were proposed, which are based on the
methods such as the transmission line theory [14]–[17] and
the modified small reflection theory (MSRT) [18]. Nevertheless, when these methods are applied to the wideband
transformer with two adjacent matching frequencies, their
dominated equations become a quartic equation [16], [17]
and a single matrix equation [18]. Therefore, they are not
convenient for practical engineering applications. Furthermore,
their cascaded transmission lines are up to three and four
sections, which results in bulk size. Also, their bandwidth of
the single operating band is narrow since the adopted perfect
matching method has a severe impact on the bandwidth of
transformers.
In this article, a new design approach for the wideband
transformer with frequency-dependent complex loads is presented. Its electrical parameters are no longer arbitrarily but
properly selected, and two complex conjugated impedances
directly constructed by the least-square method are substituted for the actual impedances of transformers. Consequently,

0018-9480 © 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
2

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES

4 (mθ ) =

4


n ·e− j 2n(mθ ) =

n=0

Z ∗L (mθ )−Z
Z ∗L (mθ )+Z

(1c)

where 4 (θ ) and 4 (mθ ) denote the total reflection coefficients
of transformer at f and m f respectively, and the number
of total transmission lines is 4. Meanwhile, the asterisk of
* denotes the complex conjugate operation and Z is an
arbitrarily selected virtual real load. n is the modified small
reflection coefficient represented in terms of the small reflection coefficient n , the characteristic impedance of Z n , and
Z [19]
n−1


0 = 0 , n = n ·
1−l2 , n = 1, 2, 3, 4

(2a)

l=0

Fig. 1.
Structure of wideband transformer realized by dual-frequency
transformer based on (a) generalized MSRT and (b) proposed method.

the dominated equations of transformer are simplified to
closed-form formulas. Meanwhile, the number of transmission
lines for the realization of wideband transformer with dual
adjacent matching frequencies is reduced to two or three sections, which leads to a compact size. Moreover, the bandwidth
of the transformer is enhanced due to the wideband matching
based on the least-square method instead of the conventional
perfect matching. In addition, the proposed approach can be
easily applied to the design of wideband WPDs with a compact
size.
II. T HEORY AND D ESIGN
In order to clearly distinguish the generalized MSRT from
the proposed method, one first considers the wideband transformer based on the former method in [18], which is realized
by a dual-frequency transformer with two adjacent matching
frequencies of f and m f . As shown in Fig. 1(a), the wideband
transformer comprises quad-section transmission lines with the
characteristic impedance of Z n (n = 1, 2, 3, 4) and electrical
length of θ = θn at f (the transmission line number is
four since four unknown characteristic impedances can be
obtained from the four independent equations, namely, the real
and imaginary parts of two arbitrary complex impedances
at dual matching frequencies). The source and load of the
transformer are assumed as a fixed real impedance of Z 0 and a
frequency-dependent complex impedance of Z L (θ ). According
to the perfect matching conditions at f and m f as well as
the restricted condition at the zero frequency, the dominated
equations of the transformer based on the generalized MSRT
are given in [18]–[20]
4 (θ = 0) =
4 (θ ) =

4


Z 0−Z

n =
Z
0 +Z
n=0

4

n=0

n ·e− j 2nθ =

(1a)
Z ∗L (θ )−Z
Z ∗L (θ )+Z

(1b)

⎧
Z n+1−Z
⎪
⎪
, n=0
⎪
⎪
Z
⎪
⎨ Z n+1+Z
n+1−Z n
(2b)
, n = 1, 2, 3
n =
⎪ Z n+1+Z n
⎪
⎪
⎪
Z −Z
⎪
⎩ 0 n,
n = 4.
Z 0+Z n
From (1), it is noted that for a dual-frequency transformer
based on the generalized MSRT, by selecting any virtual
real load of Z and the reference frequency of r f , a total
of five dominated equations are obtained by separating (1b)
and (1c) into real- and imaginary-part equations. Although
these dominated equations can be reduced to a single matrix
equation with 5 × 5 coefficient matrix, its closed-form solution
involves as many as 600 terms according to Cramer’s rule.
A. Proposed Wideband Transformer With Simplified Structure
In order to simplify the computation and structure of
wideband transformer based on the generalized MSRT, one
expects that part of the dominant equations in (1) can be
eliminated by proper selection of the electrical parameters.
Subsequently, the unknown parameters of dominated equations
and the required transmission lines are reduced.
For discussion, the operating frequency range of wideband
transformer is assumed to be ( fl , f h ). Then, the term of
“capacitive and inductive loads” can be defined in the two
subranges of ( fl , fl /2+ f h /2 ) and ( fl /2+ f h /2, fh ), whose
reactance is almost negative across one of the above two
subranges but positive across the other subrange. Fig. 1(b)
shows the proposed wideband transformer with the simplified structure consisting of two parts. The first part, shown
in the black dotted box, is the load transformation stage
comprising only one transmission line with the characteristic
impedance of Z 1 and electrical length of θ1 , which is utilized
to transform an arbitrary frequency-dependent load into the
above-defined capacitive and inductive loads. The second part
shown in the red dashed box is the matching stage. It comprises two-section transmission lines with the characteristic
impedance of Z n (n = 2, 3) and the electrical length of
θn (θ2 = θ3 = θ ), which is used to further transform the
obtained capacitive and inductive loads to the source of Z 0 .
Obviously, the matching and load transformation stages are
equivalent to the two transformers shown in Fig. 2(a) and 2(b),
respectively.
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selected electrical parameter condition of (5). The total terms
of the solution to (6) are reduced from 600 to 18 according to
Cramer’s rule. In particular, by selecting a virtual real load of
Z = (R  2+X  2 )1/2 , the formula of (6a) is equal to 0. The total
terms of the solution of (6) are then further reduced from
18 to 12 according to Cramer’s rule. After some algebraic
computations, one obtains the following closed-form algebraic
solution:
Fig. 2. Equivalent transformers. (a) Matching stage. (b) Load transformation
stage.

R  2 +X  2−Z 0

k0 =
⎧
⎨

(7a)

R  2 +X  2+Z 0

R  2+X  2−R 
, X  = 0

X
⎩
0,
X = 0

B. Matching Stage of Wideband Transformer

k1 =

1) Closed-Form Algebraic Solution by Properly Selecting
Electrical Parameters in Generalized MSRT: For the transformer shown in Fig. 2(a), its dominated equations are

2 = −0.5(k1+k0 cot θ ) csc(2θ )
(7c)



0 = − k0+
1+
2 . (7d)
1 = [k1+k0 cot(2θ )] cot θ, 

2 (θ = 0) =
2 (θ ) =
2 (mθ ) =

2


Z 0−Z

n =
Z
0 +Z
n=0

2

n=0
2


n ·e− j 2nθ =

(3a)
Z L ∗ (θ )−Z
Z L ∗ (θ )+Z

n ·e− j 2n(mθ ) =

n=0

Z L ∗ (mθ )−Z
Z L ∗ (mθ )+Z

(3b)

(3c)

where 2 (θ ) denotes the total reflection coefficient of the
matching stage composed of dual-section transmission lines
and n (n = 0, 1, 2) is redefined by Z , Z 2 , Z 3 , and Z 0 .
Substituting π−θ for θ in (3b), one has
2 (π−θ ) =

2


n ·e− j 2n(π −θ ) = 2∗ (θ ) =

n=0

Z L (θ )−Z
.
Z L (θ )+Z

(4)

Equalizing (3c) and (4), one obtains the following relationship [21]:
π
∗
, Z L (θ ) = Z L (mθ ).
mθ = π−θ ⇔ θ =
(5)
1+m
Thus, by properly selecting the electrical parameters of (5)
in the generalized MSRT, the dominated equations are simplified to (3a) and (3b). In order to further deduce the
closed-form solution to the simplified dominated equations,
substitute Z L (θ ) = R + j X  into (3b), separate it into realand imaginary-part equations, and then combine it with (3a),
one has
2


n ·cos(2nθ ) =

n=0
2


n ·sin(2nθ ) =

n=0
2

n=0


n =

R  2+X  2−Z 2
(R +Z )2 +X  2

(6a)

2X  Z
(R +Z )2 +X  2

(6b)

Z 0−Z
.
Z 0+Z

(6c)

Generally, when Z is an arbitrarily selected virtual load similar
to [18], the formula of (6a) is nonzero. Then, applying the
proposed method to the simplified structure in Fig. 2(a),
the entire dominated equations are reduced to 3 due to the

(7b)

From (7), it is observed that when the source, the complex
conjugated loads, and m (or θ ) are given, the closed-form algebraic solution of 
n can be obtained. Subsequently, the small
reflection coefficient of n can be derived from (2a), and the
characteristic impedances of two transmission lines are given
by the following formulas according to (2b):
Z2 =

R  2+X  2·

1+0
,
1−0

Z 3 = Z 2·

1+1
.
1−1

(8)

It should be pointed out that the electrical length at the
center frequency of two matching frequencies f and m f is
π/2 according to (5). Therefore, the center frequency of two
matching frequencies is the reference frequency of r f in the
generalized MSRT, and the condition of (5) is equivalent to
1+m
∗
f, Z L (θ ) = Z L (mθ ).
(9)
2
From (9), the parameter of r = (1+m)/2 can be obtained
from the two given adjacent matching frequencies, f and
m f , which is distinctly different from that in the generalized
MSRT [18]–[20].
2) Realization of Two Complex Conjugated Loads and
Wideband Matching Based on Least-Square Method: In
Section II-B1, although a wideband transformer based on two
adjacent matching frequencies can be realized by two-section
transmission lines, its loads at the two matching frequencies
should be conjugated according to (5) or (9). To fulfill this
requirement, one widely used approach is the introduction
of an additional impedance-transformation transmission line
[16], [17]. However, this may lead to a considerable increase
in size. In addition, it is not applicable to all dual-frequency
transformers with frequency-dependent complex loads [6].
Therefore, it is preferred that the two complex conjugated
loads can be constructed directly.
For analysis, the constructed two complex conjugated loads
are assumed to be R ± j X  at f and m f , and the load of
the matching-stage equivalent transformer is assumed to be
capacitive and inductive load of Z L (θn ) = Rn + j X n . Considering that Z L (θn ) is frequency-dependent and its reactance
across the two half frequency-ranges has opposite signs, one
expands it around the constructed two complex conjugated
rf =
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loads. In addition, the mean impedance R ± j X of loads is
defined by a minimum error of Z min between itself and the
loads at N equal-interval frequencies. Namely
Z L (θn ) = Rn + j X n
⎧
N
⎪
⎪
⎨ R + j X +Rn + j X n , 1 ≤ n ≤
2
=
N
⎪
⎪
⎩ R − j X +Rn + j X n , N+1−
≤n≤N
2
(10a)
⎧ N
[2] 
2  
2
1 ⎨

Z min =  N ·
R −Rn + X −X n
2 2 ⎩ n=1
⎫
N
2 
2 ⎬
 


R −Rn + −X −X n
+
.
⎭
N
n=N +1−[ 2 ]
(10b)
In (10), [N/2] denotes the maximum integer equal or smaller
than N/2, whereas Rn and X n represent the resistance and
reactance difference between the nth actual and constructed
loads, respectively. Obviously, the minimum error of (10b)
can be seen as a least-square equation with two unknowns


of R and X , whose solution is given by the least-square
method [22]–[25]
−1

Aav = Bav T ·Bav ·Bav T ·Y av
(11a)

T



 T
Aav = R X , Y av = y1 y2 · · · yn · · · y4[ N2 ]
(11b)
⎧
N
⎪ R ,
⎪
odd n, 1 ≤ n ≤ 2
n+1
⎪
⎪
2
⎪ 2
⎪
⎪
⎪
⎪
N
⎪

⎪
⎪
even n, 1 ≤ n ≤ 2
⎨ X n2 ,
2
yn =
⎪
N
N
⎪
⎪
+1 ≤ n ≤ 4
R n+1 +mod(N,2) , odd n, 2
⎪
⎪
⎪ 2
2
2
⎪
⎪
⎪
⎪
N
N
⎪
⎪
⎩ X n +mod(N,2) , even n, 2
+1 ≤ n ≤ 4
2
2
2
(11c)

T
1 0 ··· 1 0 1 0 ··· 1 0
B av =
(11d)
0 1 · · · 0 1 0 −1 · · · 0 −1
where the superscript of T denotes the transpose operation of
a matrix and mod (N, 2) is equal to 1 or 0 for the odd or even
numbers N, respectively. After some algebraic computations,


R and X in (11) can be simplified as
⎛ N
⎞
[2]
N


1

R =  N  ·⎝
Rn +
Rn ⎠
(12a)
2 2
N
n=1
n=N +1−[ 2 ]
⎛ N
⎞
[2]
N

1 ⎝

X =  N ·
X n −
X n ⎠.
(12b)
2 2
n=1
n=N +1−[ N2 ]
As the conventional perfect matching condition with zero
reflection at the target frequency usually leads to narrow

matching, in order to achieve a wideband matching, the condition of minimum average power reflection coefficient | p (θ )|
in a given operating frequency range of ( fl , f h ) should be
satisfied, namely
| p (θ )| =

N
N
1 
1 
·
| p,n (θn )| = ·
|v,n (θn )|2
N n=1
N n=1

(13)

where  p,n (θn ) and v,n (θn ) denote the power and voltage
reflection coefficients at the nth frequency, respectively, and
|v,n (θn )| is given by [18], [26]
|v,n (θn )| = |

Z in (θ )−Rn + j X n
Z in (θ )−Z L ∗ (θn )
|
=
|
|. (14)
Z in (θ )+Z L (θn )
Z in (θ )+Rn + j X n

In (14), Z in (θ ) is the input impedance of matching stage,
which is complex conjugated to the optimum loads of Z L (θ ) =
R ± j X  for a well-matched transformer. Then, one has
⎧
N
⎪
⎪
⎨ R  − j X , 1 ≤ n ≤
2
Z in (θ ) =
(15)
N
⎪


⎪
≤
n
≤
N.
R
+
j
X
,
N+1−
⎩
2
Substituting (10a), (14), and (15) into (13), after some algebraic computations, one obtains
| p (θ )|
2 
2 
[ N2 ]   
R −Rn + X −X n
1 
=  N ·

 

2 2 n=1 R +Rn 2+ X −X n 2

2 
2 
N

R −Rn + X +X n
1
+  N ·

2 
2
2 2
R +Rn + X +X n
n=N +1−[ N2 ]
⎧ ⎡
⎤
N
  

 
⎪
[
2 ]
⎨
 2
 2
1
⎢ R −Rn + X −X n ⎥
≈  N ·
⎣
2  
2 ⎦

2 2 ⎪
⎩ n=1
R +Rn + X −X n
⎡
⎤⎫
2  
2 ⎪
 
N


 ⎢ R −Rn + X +X n ⎥⎬
+
⎣
2  
2 ⎦⎪

⎭


N
R
+R
+
X
+X
n=N +1−[ 2 ]
n
n
⎧ N
[ 2 ]#

2 
2 $
1 ⎨
=  N ·
bn R −bn Rn + bn X −bn X n
2 2 ⎩
n=1

+

N

n=N +1−[ N2 ]

(16a)

⎫
$⎬
#



2
2
bn R −bn Rn + bn X +bn X n
⎭

bn

⎧
1
N
⎪
⎪
,
for 1 ≤ n ≤
⎪ %



⎪
2
2
2
⎪


⎪
⎪
R +Rn + X −X n
⎪
⎪
⎪
⎨
1
= %#
$
$2
# 
2
⎪
⎪

⎪ R +R 
+ X +X n+mod(N,2)
⎪
n+mod(N,2)
⎪
⎪
⎪
⎪
 
⎪
N
⎪
⎩
for N2 +1 ≤ n ≤ 2
2
(16b)
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C. Load Transformation Stage of Wideband Transformer

Fig. 3.

Relationship among f , m f , fl , and f h .




where, due to the relationship of |R −R |  R +Rn ,
the expressions of (R +Rn )2+(X −X n )2 and (R +Rn )2+(X +

X n )2 in the denominator are well approximated to (R +



 2
 2
 2
 2
Rn ) +(X −X n ) and (R +Rn ) +(X +X n ) , respectively. Similar to (10b), the two unknowns of R  and X  in (16b) can also
be obtained by the least-square method

−1
A = B T ·B ·B T ·Y
(17a)
T


 
T
A = R X  , Y = y1 y2 · · · yn · · · y4[ N2 ]
(17b)
⎧
N
⎪
⎪
b n+1
R n+1 ,
odd n, 1 ≤ n ≤ 2
⎪
⎪
2
2
2
⎪
⎪
⎪
⎪
⎪
⎪
N
⎪

⎪
n
even n, 1 ≤ n ≤ 2
⎪
⎨b 2 X n2 ,
2
yn =
⎪
N
N
⎪
⎪
+1 ≤ n ≤ 4
R n+1 +mod(N,2) , odd n, 2
⎪b n+1
⎪
2
⎪
2
2
2
⎪
⎪
⎪
⎪
⎪
N
N
⎪
⎪
⎩−b n2 X n +mod(N,2) , even n, 2
+1 ≤ n ≤ 4
2
2
2
(17c)
'T
&
· · · b2[ N2 ]
0
b1 0 · · · bn 0 bn+1 0
.
B=
0
b2[ N2 ]
0 b1 · · · 0 bn 0 bn+1 · · ·
(17d)
In summary, when the capacitive and inductive loads of
Z L (θn ) = Rn + j X n in the matching stage are given in an operating frequency range of ( fl , f h ), the two complex conjugated
loads, R ± j X , can be directly obtained from (17d). On the
other hand, when a wideband transformer in the operating
frequency range of ( fl , f h ) is realized by a dual-frequency
transformer with the matching frequencies of f and m f , it is
usually well-matched for the frequencies adjacent to f and
m f due to their accurate input impedances of Z in (θ ) = R ∓
j X  . Therefore, in order to obtain the small power reflection
coefficient covering the entire operating frequency range of
( fl , f h ), the entire operating frequency range is divided into
the two subranges of ( fl , fl /2+ f h /2) and ( fl /2+ f h /2, f h ),
as shown in Fig. 3. Meanwhile, f and m f are usually selected
to be the center frequencies of the above subranges. Thus,
one has f = (3 fl + f h )/4 and m f = ( fl +3 f h )/4, and the
frequency ratio of m in (5) is then given by
m=

fl +3 f h
.
3 fl + f h

(18)

In Section II-B, two complex conjugated loads are directly
constructed based on the least-square method. According to
this, wideband transformer with two well-matched frequencies
is realized by only two transmission lines. However, the load
of matching-stage equivalent transformer should be capacitive
and inductive. Therefore, similar to [27], the load transformation stage shown in Fig. 2(b) should be introduced to obtain
the desired capacitive and inductive loads of matching stage.
According to the reactance of loads, the discussion is classified
into the following three cases.
1) Wideband Transformer With Capacitive and Inductive
Loads: In this case, there is no need for load transformation stage. In other words, the electrical length of the load
transformation stage and the load of matching stage are given
by
θ1 = 0,

Z L ( f ) = Z L (θ ).

(19)

2) Wideband Transformer With Capacitive Loads: In this
case, the reactance of the loads is almost negative in the operating frequency range of ( f l , fh ). For analysis, the load of transformer is assumed to be Z L (θ ) = Rn − j X n (X n > 0). Then,
the transformed impedance of Z L ( f ), shown in Fig. 2(b),
is given by


Z L (θ )+ j Z 1 tan ff0 θ1


(20)
Z L ( f ) = Z 1·
Z 1+ j Z L (θ ) tan ff0 θ1
where f 0 is the lower matching frequency of wideband
transformer with two matching frequencies and θ1 is the
electrical length at f0 . When the characteristic impedance of
Z 1 is sufficiently large, one obtains the inequality of Z 1
|Z L (θ ) tan(θ1 f/ f0 )|. Then, the input impedance of Z L ( f ) can
be well approximated to


f θ1
Z L ( f ) ≈ Z L (θ )+ j Z 1 tan
f0


f θ1
= Rn + j Z 1 tan
−X n .
(21)
f0
From (21), it is seen that Z L ( f ) is obtained by adding a positive reactance to Z L (θ ). Ideally, one expects Im[Z L ( f )] = 0 in
the entire operating frequency range. Note that the frequency
number is often much larger than the only variable of θ1 , so the
relationship of Im[Z L ( f )] = 0 generally is not valid at all
frequencies. However, the solution of θ1 can be obtained with
the least-square method.
Considering that the expression of f θ1 / f 0 is definitely
positive, one expands tan( f θ1 / f 0 ) around 0.5 rather than
the normal value of 0 to obtain an approximate expression
applicable to a wider frequency range

 

f θ1
f θ1
tan
≈
−0.0793 ·sec2 0.5.
(22)
f0
f0
Substituting (22) into (21) and solving for θ1 based on the
condition of Im[Z L ( f )] = 0 and the least-square method, one
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has
θ1 = ( N

1

n=1



N

Xn
f 0 f n 0.0793+0.7702
.
·
Z1
f n2 n=1

(23)

In (23), the imaginary part of loads −X n , the frequency of f n ,
and the lower matching frequency f 0 are known for a given
transformer. Meanwhile, Z 1 is selected as a sufficiently large
characteristic impedance such as 130 or 140  according to
the used substrate. Therefore, the parameter of θ1 can be easily
obtained. Based on it, the matching-stage loads of Z L (θ ) are
transformed into capacitive and inductive impedances, which
can be derived by substituting θ1 and Z 1 into (20). Subsequently, the remaining electrical parameters of the wideband
transformer can be solved according to Section II-B.
3) Wideband Transformer With Inductive Loads: In this
case, the reactance of the loads is almost positive in the
operating frequency range of ( fl , fh ). For analysis, the load of
transformer at the nth frequency is assumed to be Z L (θn ) =
Rn + j X n = |Z L (θn )|e j θn (X n > 0, θn > 0). Then, the discussion is classified into the following two cases according to
whether the condition of θn  1 is valid.
In the case of θn  1, the transformation at a single
frequency from Z L (θn ) = Rn + j X n to Z 0 is first considered. In the Smith chart with the normalized characteristic
impedance of (Z 0 |Z L (θn )|)1/2 , the reflection coefficients of the
source and load are
√
√
Z 0− Z 0 |Z L (θn )|
|Z L (θn )|− Z 0 |Z L (θn )|
|
√
|=|
√
|
Z 0+ Z 0 |Z L (θn )|
|Z L (θn )|+ Z 0 |Z L (θn )|
√
|Z L (θn )|e j θn − Z 0 |Z L (θn )|
√
|
≈|
|Z L (θn )|e j θn + Z 0 |Z L (θn )|
√
Z L (θn )− Z 0 |Z L (θn )|
=|
|
(24)
√
Z L (θn )+ Z 0 |Z L (θn )|
where e j θn ≈ 1+ j θn ≈ 1 is used due to the condition of
θn  1. From (24), it is seen that the source and load are on
a circle of almost equal reflection coefficient. Thus, the load
of Rn + j X n can be well matched to Z 0 by load-transformation
stage with the characteristic impedance Z 1 = (Z 0 |Z L (θn )|)1/2 .
Now, one considers the frequency-dependent complex load
Z L (θ ) in the frequency range of ( fl , f h ), which can be well
represented by its mean impedance of Z L (θ ). Similarly, Z L (θ )
also can be well matched to Z 0 by the load transformation
stage with the characteristic impedance of Z 1 = Z 1 , where
Z 1 is given by
*
+
)
N
+
1 
Z 1 = Z 0·|Z L (θ )| = , Z 0·|
(25)
(Rn + j X n )|.
N n=1
In order to obtain θ1 of the load transformation stage, substituting Rn + j X n and Z 1 for Z L (θ ) and Z 1 in (20) and separating
it into the real and imaginary parts, one obtains
Z L ( f )

 
2
Z 1 Rn sec2 ffθ01
=
  #
 $2
Rn2 tan2 ffθ0c + Z 1−X n tan ffθ01

#
  
 $
 2
j Z 1 Z 1 X n+ Z 1−X n2−Rn2 tan ffθ01 −Z 1 X n tan2 ffθ01
+
.
  #
 $2
Rn2 tan2 ffθ01 + Z 1−X n tan ffθ01
(26)
For the optimum parameter of θ1 , it is expected Im[Z L ( f )] =
0 across ( fl , f h ). Thus, the least-square solution to θ1 is
%
⎧
2
2
2
⎪
2
2
2 −R 2 +4Z 2 X 2
⎪
Z
−R
−X
+
Z
−X
⎪
1
1
1 n
n
n
n
n
⎪
⎪
⎪
, Z < Z0
⎨
%2Z 1 X n
kn =
2
⎪
2
2
2
⎪
⎪
Z 1−Rn2−X n2 − Z 1−X n2 −Rn2 +4Z 1 X n2
⎪
⎪
⎪
⎩
, Z > Z0
2Z 1 X n
(27a)
⎧ (N
⎪
n=1 f 0 f n ·arctan(k n )
⎪
⎪
,
Z < Z0
(N
⎨
2
f
n
n=0
θ1 = ( N
(27b)
⎪
⎪
n=1 f 0 f n ·[π+arctan(k n )]
⎪
,
Z
>
Z
.
(N
⎩
0
2
n=0 f n
In the case that θn  1 is not valid, the approximate error
in (24) will be introduced. However, Z 1 can be expanded
around Z 1 of (25) and then is deduced from the condition
of minimum average power reflection coefficient  p (θ ) over
( fl , f h ). After some algebraic computations,  p (θ ) is approximated to
 p (θ )



⎧
N ⎨ Z 1 tan f n θ1

f0
1
= ·
·Z 12
√
⎩
N n=1
cn

# 2

$ ⎫2

Z 1 Z 02 tan fnf0θ1 −X n Z 1+Z 02 tan2 fnf0θ1 ⎬
−
√
⎭
cn


# 2

$ ⎫2
⎧
2
2 f n θ1
N
Rn Z 1+Z 02 tan2 fnf0θ1 ⎬
1 ⎨ Z 0 Z 1 sec
f0
+
−
√
√
⎩
⎭
N
cn
cn
n=1

(28)
where, cn is



 .2
f θ1
f θ1
2
2
+Rn Z 1+Z 02 tan2
cn = Z 0 Z sec2
f0
f0


 .2

- 

f θ1
f θ1
2
2
+X n Z 1+Z 02 tan2
+ Z Z −Z 02 tan
.
f0
f0
Similarly, the formula of (28) can be treated as a least-square
equation with the only unknown of Z 12 . Then, the optimum
characteristic impedance of Z 1 corresponding to the minimum
 p (θ ) is given by




Z 0 sec2 fnf0θ1
Z 1 tan fnf0θ1
, b2n =
(29a)
b1n =
√
√
cn
cn

# 2

$

Z 1 Z 02 tan fnf0θ1 −X n Z 1 +Z 02 tan2 f nf0θ1
y1n =
(29b)
√
cn
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Design flowchart of wideband transformer.

# 2

$
Rn Z 1+Z 02 tan2 fnf0θ1
y2n =
√
cn
*
+ (N
+
(b1n y1n +b2n y2n )
Z 1 = , n=1
 .
(N  2
2
n=1 b1n +b2n

(29c)

When Z 1 and θ1 of load transformation stage with inductive
loads are derived, the capacitive and inductive loads of Z L (θ )
in the matching stage can be obtained by (20). Subsequently,
the electrical parameters of the matching stage can be attained
according to Section II-B.
In summary, the load transformation stage can be absent for
the wideband transformer with capacitive and inductive loads,
while it can be realized by one-section transmission line for
the transformer with capacitive or inductive loads. Considering
that the matching stage comprises two-section transmission
lines, the entire wideband transformer can be realized by only
two- or three-section transmission lines.
D. Design Flowchart of Wideband Transformer
In order to clearly demonstrate the design process of a
wideband transformer, Fig. 4 shows the design flowchart based
on the proposed method, which includes eight steps in general.
Alternately, in order to obtain a simple but less exact solution,
a computer-aided design or optimization procedure with regard
to the only two parameters of Z 2 and Z 3 can be used instead
of those between steps 4 and 7.
E. Wideband Transformer in WPD Application
In Sections II-A–II-D, a generalized approach for the wideband transformer with frequency-dependent complex loads
has been proposed. Based on it, a wideband WPD shown
in Fig. 5(a) is developed, which comprises two stages. The first
stage named “matching element” is composed of two-section
coupled lines (CLs), whereas the second stage named “isolation element” comprises a one-section normal transmission
line and an isolation resistor. Due to the symmetry of the
WPD, its odd- and even-mode equivalent circuits are obtained
and shown in Fig. 5(b) and (c), respectively. Obviously,
the odd- and even-mode equivalent circuits of matching element act as the matching stage of a transformer discussed
in Section II-B, while those of the isolation element work

Fig. 5. Wideband WPD. (a) Structure. (b) Odd-mode equivalent circuit.
(c) Even-mode equivalent circuit.

as the load transformation stage of a transformer. Therefore,
the isolation element is used to obtain capacitive and inductive
loads, which are desired for the matching element. Besides,
it is also aimed to fulfill the isolation and load conditions
of Z moL (θm ) ≈ Z meL (θm ) = 2Z 0 , and then, small and
feasible coupling coefficients of matching-element CLs in
practical applications can be obtained. The reason for this
is that under the above condition, the odd- and even-mode
equivalent circuits of WPD shown in Fig. 5(b) and (c) can be
treated as two transformers with identical source of Z 0 and
approximately equal loads of Z moL (θm ) or Z meL (θm ). Hence,
the odd- and even-mode characteristic impedances of matching
element are approximately equal. For analysis, the electrical
length of isolation-element transmission line is set to θi at
the center frequency of wideband WPD, and the characteristic
impedance is assumed to be Z i . Meanwhile, the electrical
length of matching-element CLs defined as θm at the center
frequency of wideband WPD, and the odd- and even-mode
characteristic impedances are assumed to be Z mon and Z men
(n = 1, 2), respectively.
1) Design of Isolation Element: Due to the additional
isolation resistor R0 and the zero termination impedance of
odd-mode equivalent circuit in the isolation element, the oddmode equivalent circuit of the isolation element is different
from the load transformation stage in a wideband transformer.
Thus, the parameters of the isolation element in WPD are not
determined by (19), (23), (27), or (29) but can be derived from
the load condition of Z moL (θm ) ≈ Z meL (θm ) = 2Z 0 .
In the even-mode equivalent circuit as shown in Fig. 5(c),
in order to fulfill the load condition of Z meL (θm ) = 2Z 0 ,
the termination impedance of 2Z 0 should be transformed to
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2Z 0 by the transmission line of isolation element. Obviously,
the characteristic impedance of isolation-element transmission
line can be selected to be
Z i = 2Z 0 .

(30)

In the odd-mode equivalent circuit as shown in Fig. 5(b),
the load of Z moL (θm ) is given by
Z ino (θi ) = j Z i tan θi
R0
Z ino (θi )R0
2
Z moL (θm ) =
=
.
R0
2Z ino (θi )+R0
1+ 2Z ino
(θi )

(31a)
(31b)

From (31b), it is readily concluded that Z moL (θm ) ≈ R0 /2
under the condition of |Z ino (θi )|
R0 /2. Therefore, in order
to fulfill the load condition of Z moL (θm ) ≈ 2Z 0 , Z ino (θi )
should be chosen as large as possible, whereas R0 should be
approximate to 4Z 0 . Moreover, to obtain large |Z ino (θi ) =
j Z i tan θi | in the entire operating bandwidth of WPD, the frequency with maximum |Z ino (θi )| should be selected to be the
center frequency. Obviously, |Z ino (θi )| increases with θi in the
range of (0, π/2) but decreases in the range of (π/2, π).
Thus, θi should be selected as π/2 at the center frequency of
wideband WPD. Namely
π
θi = .
(32)
2
Now, let us consider the parameter of R0 . As pointed out
above, in the case of large |Z ino (θi )| in the entire operating
frequency range of ( fl , f h ), R0 should be approximate to 4Z 0
to fulfill the load condition of Z moL (θm ) ≈ 2Z 0 . In the case
of other |Z ino (θi )|, although Z moL (θm ) is also approximate to
the constant R0 /2 by selecting R0 /2  |Z ino (θi )|, it results
in Z moL (θm ) ≈ 0. Therefore, R0 should be sufficiently large
to fulfill the load condition of Z moL (θm ) ≈ 2Z 0 , and a
compromise is made by selecting R0 as R0 = min[|Z ino (θi )|]
for this case. Then, for any Z ino (θi ), R0 can be given by
R0 = min[|Z ino (θi )|, 4Z 0 ].

(33)

2) Design of Matching Element: In the odd-mode equivalent
circuit, from (31b), it is easily concluded that the imaginary
parts of Z moL (θm ) in the ranges of (0, π/2) and (π/2, π)
are positive and negative, respectively. Thus, Z moL (θm ) is a
capacitive and inductive load in the operating frequency range
of WPD. Subsequently, the design of the odd-mode equivalent
circuit is reduced to a wideband real-to-complex transformer
with capacitive and inductive loads discussed in Section II-B,
whose source of Z S and load of Z L (θ ) are given by
j Z i R0 tan θi
. (34)
j 2Z i tan θi +R0
Thus, the electrical length of the matching element and two
optimum complex conjugated loads of R ± j X  are derived
from (5) and (17d), respectively. Then, the odd-mode characteristic impedances of matching-element CLs are easily
obtained by (2a), (7), and (8).
In the even-mode equivalent circuit, obviously, the design
is reduced to a real-to-real transformer, whose source of Z S
and load of Z L (θ ) are given by
Z S = Z0,

Z L (θ ) = Z moL (θm ) =

Z S = Z 0,

Z L (θ ) = R  = 2Z 0 .

(35)

Fig. 6.

Design flowchart of wideband WPD.

Fig. 7. Capacitive and inductive loads of wideband transformer and its
equivalent circuit.

Based on (2a), (7), and (8), all the even-mode characteristic
impedances of matching-element CLs can be easily obtained.
3) Design Flowchart of Wideband WPD: In order to clearly
demonstrate the design process of a wideband WPD, Fig. 6
shows its design flowchart. Similarly, in order to obtain a
simple but less exact solution, a computer-aided design or
optimization procedure with regard to the only two parameters
of Z mo1 and Z mo2 can be used instead of those between
steps 5 and 6.
III. S IMULATION , C OMPARISONS , AND D ISCUSSION
To validate the proposed method, several wideband transformers with various loads and a wideband WPD are taken as
examples.
A. Wideband Transformers With Various Loads
1) Capacitive and Inductive Loads: The first example is
a transformer with source impedance of Z 0 = 50  and a
frequency-dependent complex load of Z L (θ ), whose equivalent circuit consists of an inductor of L = 25 nH, a capacitor
of C = 3 pF, and a resistor of R = 180 , as shown
in Fig 7. Based on the exact method [16], [17], the generalized MSRT [18], and the proposed method, their electrical
parameters listed in Table I can be readily obtained, where all
electrical lengths are referred to 0.71 GHz [for the generalized MSRT, the structure and parameter definition are shown
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TABLE I
E LECTRICAL PARAMETERS OF W IDEBAND T RANSFORMER W ITH
C APACITIVE AND I NDUCTIVE L OADS

Fig. 9.

Inductive loads of wideband transformer and its equivalent circuit.
TABLE II
E LECTRICAL PARAMETERS OF W IDEBAND T RANSFORMERS
W ITH I NDUCTIVE L OADS

Fig. 8. Frequency responses of wideband transformer with capacitive and
inductive loads.

in Fig. 1(a), whereas for the exact and proposed methods,
they are shown in Fig. 1(b)]. From Table I, the transformer
based on the proposed method comprises only two-section
transmission lines, while those based on the exact method
and the generalized MSRT comprise three- and four-section
transmission lines, respectively. Accordingly, the size increase
of the latter compared to the former is up to 50.8% and 36.7%.
Fig. 8 shows the frequency responses of transformers based
on various methods. On the one hand, the return loss of transformer based on the exact method and generalized MSRT at
two aimed frequencies is larger than 35 dB due to their adopted
perfect matching method, while that based on the proposed
method is limited to 15–20 dB in the entire operating band.
On the other hand, as shown in Table I, the bandwidth (defined
by 15-dB return loss) of transformer based on the proposed
method is larger than those based on the exact method and
generalized MSRT as the least-square method attributes to the
wideband matching.
2) Inductive Loads: The equivalent circuit in [13], with
electrical parameters of L = 12 nH, C = 0.5 pF, and R =
200 , is used to mimic the inductive frequency-dependent
loads in the frequency range of 1.6–2.6 GHz, which covers
the applications of digital cellular system (DCS), personal
communications service (PCS), long-term evolution (LTE),
as well as wireless local area network (WLAN). It is easily
validated that there is no exact solution for the dual-frequency
transformer with loads of Z L (θ1 ) = 89.97 + j 33.20  at
1.76 GHz and Z L (θ2 ) = 65.53 + j 78.04  at 2.28 GHz.
The reason for this is that the two frequency-dependent loads
cannot be transformed into any complex conjugated loads
through a transmission line. However, the capacitive and

.

Fig. 10.
Frequency responses of wideband transformer with inductive
frequency-dependent complex loads.

inductive loads of Z L (θ ) as shown in Fig. 9 can be achieved by
introducing a load transformation stage. Following the design
flowchart shown in Fig. 4, all electrical parameters of the
transformer can be obtained and listed in Table II (θ1 , θ , and
θtotal are electrical lengths at 1.76 GHz).
Fig. 10 shows the frequency responses of wideband transformer with inductive loads. It is noted that the transformer
is well-matched between 1.8 and 2.4 GHz, which corresponds
to a fractional bandwidth of 30%.
3) Capacitive Loads: In the case of capacitive loads,
the transformer in [13] is taken as an example, whose source
and load are Z 0 = 50  and Z L (θ ) with the equivalent circuit
parameters of L = 2 nH, C = 2 pF, and R = 200  shown
in Fig. 11. On the one hand, based on the exact method [16],
[17] and generalized MSRT [18], the electrical parameters
of wideband transformers are readily obtained and listed in
the second and third rows of Table III, respectively (θ1 , θ ,
and θtotal are electrical lengths at 0.6 GHz). On the other
hand, considering the capacitive load of transformer in the
frequency range of 0.3–1.2 GHz, an additional transmission
line with the characteristic impedance of Z 1 = 140  is
introduced for the transformer based on the proposed method.
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Fig. 11. Capacitive loads of wideband transformer and its equivalent circuit.
TABLE III
E LECTRICAL PARAMETERS OF W IDEBAND T RANSFORMERS
W ITH C APACITIVE L OADS

Fig. 13.
Frequency-dependent loads of fabricated transformer and its
equivalent circuit.
TABLE IV
E LECTRICAL PARAMETERS OF F REQUENCY-D EPENDENT L OADS
AND P HYSICAL D IMENSIONAL PARAMETERS
OF FABRICATED T RANSFORMER

Fig. 12. Frequency responses of wideband transformer with capacitive loads.

Then, following the design flowchart shown in Fig. 4, its
electrical parameters are obtained and listed in the fourth row
of Table III. Although it comprises three-section transmission
lines, its size is still smaller than those based on the exact
method and the generalized MSRT.
Fig. 12 shows the frequency responses of transformers based
on various design methods. It is observed that the bandwidths
of transformers based on the exact method [16], [17] and the
generalized MSRT [18] are smaller than the one based on the
proposed method. The reason for this is that the latter is based
on the wideband-matching method.
Another example with capacitive loads is the transformer
with source of Z 0 = 50  and frequency-dependent load
in [18], which mimics the load of a power amplifier. The
transformer operates in the frequency range of 0.9–3.0 GHz,
which covers various applications such as global positioning
system (GPS), DCS, PCS, LTE, as well as WLAN. In order
to realize the frequency-dependent loads shown in Fig. 13,

Fig. 14. (a) Dimension of wideband transformer. (b) Photograph of fabricated
transformer. (c) Photograph of TRL fixture for calibration.

its equivalent circuit parameters are selected as the ones
listed in Table IV. Following the design flowchart shown
in Fig. 4, the electrical parameters of wideband transformer
based on the proposed method are easily obtained and listed
in Table IV (all electrical lengths are referred to 1.627 GHz).
Then, the transformer is simulated and fabricated on a
Rogers 4350B substrate with the relative dielectric constant
of 3.48 and the thickness of 0.508 mm, whose structure and
physical dimensions are shown in Fig. 14(a) and Table IV,
respectively. Fig. 14(b) and (c) further shows the photographs
of fabricated transformer with an overall size of 0.025λ2g and
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Fig. 17.

Photograph of fabricated wideband WPD.

Fig. 15.
Frequency responses of fabricated wideband transformer with
frequency-dependent complex loads.
TABLE V
C OMPARISONS OF F REQUENCY-D EPENDENT T RANSFORMERS
BASED ON VARIOUS M ETHODS

Fig. 16.

Physical dimension of wideband WPD.
TABLE VI

E LECTRICAL AND D IMENSION PARAMETERS OF W IDEBAND WPD

its thru-reflect-line (TRL) calibration fixture, respectively (λg
is the guided wavelength at 1.627 GHz).
Fig. 15 shows the calculated (MATLAB 2016a), simulated
(HFSS 15.0), and measured (Agilent E8361C) frequency
responses of the fabricated transformer, which are obtained
on the basis of postprocessing similar to [18]. It is noted that
the transformer is well-matched between 1.2 and 2.45 GHz
with a return loss larger than 15 dB, which corresponds to a
fractional bandwidth of 68.5%. Meanwhile, the insertion loss
is smaller than 0.3 dB. In addition, good agreements among the

Fig. 18. Frequency responses of wideband WPD. (a) |S11 | and |S21 |. (b) |S22 |.
(c) |S32 |.

calculated, simulated, and measured results are observed, and
the slight differences are mainly attributed to the meandering
transmission lines and the manufacture tolerance.
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TABLE VII
C OMPARISONS OF VARIOUS W IDEBAND P OWER D IVIDERS

size, excluding the connectors, is 0.069 λ2g (λg is the guided
wavelength at the center frequency of 4 GHz).
Fig. 18 shows the frequency responses of the wideband
WPD. It is noted that the measured results are almost consistent with the calculated and simulated results, and the
slight disagreements are mainly attributed to the meandering
transmission lines, manufacture tolerance, impact of soldering,
and parasitic effect of isolation resistor. Furthermore, in the
entire operating frequency range of 1.94–6.68 GHz, the input
and output return losses are better than 13 dB, and the
insertion loss is less than 3.6 dB. In addition, a fractional
bandwidth of 110% defined by 25-dB isolation is achieved
due to the proposed wideband-matching method in the design
of odd-mode equivalent circuit.
Fig. 19 shows the imbalances of simulated and measured
WPD. It is observed that the amplitude and phase imbalances
between the two output ports are less than 0.05 dB and 0.7◦ ,
respectively.
Table VII compares various reported wideband WPDs.
It is noted that the proposed WPD based on the design of
wideband transformer is characterized by only one lumped
element, compact size, wide bandwidth, high isolation, and
small amplitude imbalance.
IV. C ONCLUSION
Fig. 19.

Imbalance of wideband WPD. (a) Amplitude. (b) Phase.

Table V summarizes various wideband transformers realized
by dual-frequency transformers. It is noted that the wideband
transformer based on the proposed method features easy
design as well as compact size.
B. Wideband Transformer in WPD Application
For validation, a wideband WPD with a center frequency
of 4 GHz is designed, simulated, and fabricated on a
Rogers 4350B substrate with the relative dielectric constant
of 3.48 and the thickness of 0.508 mm. Following the
wideband-WPD design flowchart shown in Fig. 6, its electrical
and physical dimension parameters in the structure in Fig. 16
are easily obtained and listed in Table VI (R0 = 72  is realized by two Yageo’s shunt resistors with resistances of 75 and
1800 , and their part numbers are RE0402DRE0775RL
and RE0402DRE071K8L, respectively). Fig. 17 shows the
photograph of the fabricated WPD. It is seen that its overall

In this article, a design approach for the wideband transformer with frequency-dependent complex loads is presented.
By properly selecting the electrical parameters in the generalized MSRT and directly constructing two complex conjugated loads instead of the actual impedances of transformer, closed-form design formulas of wideband transformer
are deduced. Also, the wideband transformer is realized
by only two- or three-section cascaded transmission lines.
Furthermore, the bandwidth is enhanced by introducing the
least-square method instead of the conventional perfect matching. In addition, a wideband transformer is readily applied to
the design of WPD with compact size and wide bandwidth.
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