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Compact Wideband Bandstop Filter With Directly
Controlled Rejection
Liang Liu, Xianling Liang, Senior Member, IEEE, Haijun Fan, Member, IEEE, Ronghong Jin, Fellow, IEEE,
Xudong Bai, and Junping Geng, Senior Member, IEEE

Abstract—This brief presented a wideband bandstop filter (WBBSF) with compact size and five transmission zeros,
which is based on a symmetrical three-layer ring structure
comprising equivalently high-impedance phase-shift section, coupled lines, and short-stubs. The WBBSF based on multi-mode
resonators can be directly synthesized from the desired rejection,
and its transmission zeros and bandwidth are controlled by only
two characteristic impedances. For validation, the calculations,
simulations, and measurements have also been done for wideband bandstop filter. Good agreements among the calculated,
simulated, and measured results are observed.

condition and approximately equal odd- and even-mode input
impedances in the stopband, the proposed structure of WBBSF
is directly synthesized from the desired rejection. Meanwhile,
the TZs and the bandwidth of WBBSF are controlled by the
only two parameters, namely, the characteristic impedances of
short-stub in CSLR and phase-shift section. In addition, for the
realization of the WBBSF with five TZs, an equivalently highimpedance phase-shift section is achieve by a symmetrical
three-layer structure.

Index Terms—Coupled stub-loaded resonator, directly controlled rejection, equivalently high-impedance phase-shift section,
odd- and even-mode analysis, wideband bandstop filter.

II. T HEORY AND D ESIGN

I. I NTRODUCTION

R

ECENTLY, a great deal of attention has been paid to
the research of bandstop filters, which are widely used to
suppress the spurious signals from transmitters, mixers, power
amplifiers, and so on [1], [2].
Over the past few decades, various wideband bandstop
filters (WBBSFs) with more than one Transmission zero (TZ)
have been proposed, which are based on shunt open-stubs with
different electrical lengths [3], shunt stepped-impedance resonator and open-stubs [4], shunt open-stubs and ring structure
using signal interference technique [5], coupled stub-loaded
resonator (CSLR) and shunt coupled-line stub [6], shunt openstubs and cross-coupling between input and output [7]–[9], and
stepped-impedance coupled lines with capacitive loads [10].
However, due to their TZs resulted from more than two
resonators or structures, the designs of above WBBSFs usually
involve more than two parameters, which is inconvenient in a
WBBSF design. In [11], [12], WBBSFs based on the structure of ring comprising coupled lines were proposed, whose
TZs are merely subjected to the two parameters of coupling
coefficient and characteristic-impedance ratio. Nevertheless,
these parameters are derived from the TZs rather than desired
rejection level.
In this brief, a CSLR-based WBBSF with compact size and
five transmission zeros is presented. By using the coupling
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The schematic of WBBSF is depicted in Fig. 1(a), which
comprises a phase-shift section, two coupled lines, and a
short-stub. For analysis, the odd- and even-mode characteristic
impedances of coupled lines (CLs) are assumed to be Z0o
and Z0e , while their electrical lengths are supposed to be θ0 .
Meanwhile, the characteristic impedances of short-stub and
phase-shift section are Z1 and Z2 , while their electrical lengths
are θ1 and 2θ2 , respectively. It is noted that all of the above
electrical lengths are defined by the mid-stopband frequency
of WBBSF.

Fig. 1. (a) Schematic of WBBSF based on T-shape CSLR. (b) Odd-mode
equivalent circuit. (c) Even-mode equivalent circuit.

A. Analysis and Control of TZ
Due to the symmetry of WBBSF along the dashed line, its
odd- and even-mode equivalent circuits are obtained, as shown
in Fig. 1(b) and 1(c), respectively.
1) Odd-Mode Equivalent Circuit: In the odd-mode equivalent circuit shown in Fig. 1(b), as the port 4 is open, the
impedance matrix of remaindering ports can be readily derived
from the odd- and even-mode theory [13]. Then, one has


Z cot θ0 Zs csc θ0 Zd csc θ0
j s
Zs csc θ0 Zs cot θ0 Zd cot θ0  · I
U =−
(1a)
2
Zd csc θ0 Zd cot θ0 Zs cot θ0
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U = U1

U2

U3

T

I = I1

,

I2

I3

T

(1b)

where, Zs = Z0o + Z0e , Zd = Z0e − Z0o , Ui (i = 1, 2, 3) and
Ii are the voltage and current of port i, respectively. Obviously,
the relationship between Ui and Ii is given by
U1 = Zino · I1 , U2 = −jZ2 tan θ2 · I2 , U3 = 0

(2)

Substituting (2) into (1), one gets


Zs cot θ0−j2Zino
Zs csc θ0
Zd csc θ0
Zs csc θ0
Zs cot θ0−2Z2 tan θ2 Zd cot θ0 I=0
Zo I=
Zd csc θ0
Zd cot θ0
Zs cot θ0
(3)
In order to obtain a nonzero solution of I, one has |Zo | = 0.
Then, after some algebraic computations, one obtains
Zino = −

jZs (bc2 sec2 θ0 tan θ2 − 2 tan θ0 − b tan θ2 )
(4)
2 (2 − b tan θ0 tan θ2 )

where, Zm = Z0o Z0e , b = Z2 Zs /Zm , and c = Zd /Zs .
2) Even-Mode Equivalent Circuit: In the even-mode equivalent circuit shown in Fig. 1(c), the relationship between Ui
and Ii is given by
U1 = Zine I1 , U2 = jZ2 cot θ2 I2 , U3 = −j2Z1 tan θ1 I3 (5)
Similar to the analysis of Subsection II-A1, according to (1),
(5), and the nonzero solution condition of I, one has
−jZs
4 cot θ0 tan θ2 +2 (b−a tan θ1 tan θ2 ) − 4d tan θ0 tan θ1



· (a tan θ0 tan θ1 −2)tan θ2 +b 1−c2 sec2 θ0 cot θ0 −2d tan θ1

Zine =

(6)
where, a = 2Z1 Zs /Zm and d = 2Z1 Z2 /Zm .
3) Dominated Equations of TZs: The odd- and even-mode
reflection coefficients of Γo and Γe can be given by
Γo =

Zino − Z0
,
Zino + Z0

Γe =

Zine − Z0
Zine + Z0

(7)

where, Z0 is the terminal impedance. From the odd-even-mode
theory and the formula of (7), the transmission function of S21
can be expressed in terms of Zino and Zine , namely
S21 =

Z0 · (Zine − Zino )
(Zino + Z0 ) · (Zine + Z0 )

(8)

Applying to S21 = 0 in (8) at the bandstop frequencies,
substituting (4) and (6) into (8), one obtains the following
dominated equation of TZs
2(2 cot θ0 −a tan θ1 ) sec2 θ2 +abc2 tan θ0 tan θ1 tan θ2 = 0 (9)
For simplification, letting θ = θ0 = θ1 = θ2 , then, one has
(2n−1)π
(10)
a(bc −2) tan θ+2(2−a) tan θ+4 = 0, θ 6=
2
where, n = 1, 2, · · · . Obviously, the formula of (10) can be
viewed as a quadratic equation with regard to tan2 θ.
In the case of Z2 > 2Zm Zs /Zd2 , it is easily concluded
that 4/[a(bc2 − 2)] > 0 in (10). Therefore, by selecting a
short-stub with small characteristic impedance, there are two
positive roots to the quadratic equation of tan2 θ according
to the Viete’s theorem. In other words, four solutions of θ
symmetrical about π/2 are obtained, which correspond to four
2

4

2

TZs of the proposed WBBSF. For analysis, assuming the two
independent solutions smaller than π/2 as θf z and θsz , and
substituting them into (10), Z1 and Z2 can be found from the
following dominated equations of TZs

Zm
(11a)
1 + cot2 θf z + cot2 θsz
Z1 =
Zs
Z2 =

sec2 θf z · sec2 θsz
2Zm Zs
·
2
Zd
sec2 θf z · sec2 θsz − 1

(11b)

On the other hand, for the special case of θ = (2n − 1)π/2,
it is readily shown that Yino = 1/Zino = Yine = 1/Zine .
Therefore, θ = (2n − 1)π/2 corresponds to one TZ of the
proposed WBBSF, and a total of five TZs can be achieved.
In the case of Z2 < 2Zm Zs /Zd2 , it is readily verified that
4/[a(bc2 − 2)] < 0 and ∆ = 4(2 − a)2 − 16a(bc2 − 2) > 0
in (10). Thus, there is only one positive root to the quadratic
equation with regard to tan2 θ, which corresponds to two TZs
of WBBSF. Taking the special case of θ = (2n − 1)π/2 into
account, a total of three TZs can be achieved for the proposed
WBBSF with low-impedance phase-shift section.
In the case of Z2 = 2Zm Zs /Zd2 and Z1 < Zm /ZS , there is
no solution to quadratic equation with regard to tan2 θ. Then,
only one TZ can be achieved for the proposed WBBSF.
In summary, the number of TZs can be controlled by the
only two parameters of Z1 and Z2 . Particularly, the WBBSF
with five TZs can be easily achieved by selecting Z1 and Z2
in (11) when given the TZs and characteristic impedances of
coupled-lines,
B. Design of WBBSF With Directly Controlled Rejection
In Subsection II-A3, the only two parameters Z1 and Z2
of the WBBSF are deduced from the given TZs. However, in
a practical WBBSF design, the most concern is the desired
rejection in the stopband, and the given initial parameter
usually is the rejection rather than the TZs. To fulfill this
goal, the derivation of |S21 | in (8) should be obtained to relate
the rejection and electrical parameters of WBBSF, which is a
rather boring task involving as many as 1599 terms. Thus, it
is desired to simplify the transmission function (i. e., rejection
level) of (8) in the stopband.
1) Simplified Rejection Level: As the rejection of WBBSF
in the stopband usually is high, the approximately equal oddand even-mode input impedance condition of Zino ≈ Zine can
be used to simplify the formula of (8), then
(Zine + Z0 ) · (Zino + Z0 ) ≈ (Zino + Z0 )2

(12)

On the other hand, according to the coupling condition of
c2  1 and θ  0 due to the high rejection in the stopband,
one obtains the following formulas from (11b)
bc2 ≈ 2, b  2, b−2 ≈ b, b tan2 θ −2 ≈ b tan2 θ (13a)


4Zm
aZ 2 a
2Z1 2Zm Zs
·
= a 1+ 2 = 2s = 2 (13b)
a+2d ≈ a+2
2
Zm
Zd
Zd
Zd
c
Letting Zs =2Z0 , and substituting (12) and (13) into (8), one
has the following simplified rejection level
N (θ) = a(bc2 − 2) tan4 θ − 2(a − 2) tan2 θ + 4

(14a)
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2 |a tan2 θ − 2| · (c4 sec2 θ + 1 − 2c2 )

5 0 0

(14b)

bc2 − 2 > 0

a − 2 > 0,

Z

2

Z
&
1

2
1

3 0 0
2 0 0

Z

In (14b), a tan2 θ−2 should be either positive or negative in
the entire stopband, otherwise the condition of a tan2 θ−2 = 0
leads to a poor rejection of zero. Notice that θ = π/2 is a
TZ included in the stopband and a tan2 (π/2) − 2 > 0, one
has |a tan2 θ − 2| = a tan2 θ − 2 in the stopband. Also, the
discussion can be limited to the stopband of 0 < θ ≤ π/2
due to |S21 (θ)| = |S21 (π − θ)|. Then, one has | cot θ| = cot θ.
Finally, for analysis, the minimum rejection level of WBBSF
in the entire stopband is assumed to be A dB, and the electrical
lengths corresponding to the minimum rejection are supposed
to be θf and θs (0 < θf z < θf < θsz < θs < π/2). Then,
according to (11), one has the following inequality

Z

4 0 0

( Ω)

|S21 (θ)| =

c2 1 − c2 · |cot θ| · |N (θ)|

1 0 0

0 .4 5

0 .5 0

0 .5 5

0 .6 0

0 .6 5

C o u p lin g c o e ffic ie n t o f c

0 .7 0

Fig. 2. Z1 and Z2 versus the coupling coefficient of c.

(15)
(a)

From (15), it is readily concluded that N (θ) is positive when
θ approaches to 0 and π/2. Thus, one obtains |N (θf )| =
−N (θf ) and |N (θs )| = N (θs ) in the stopband.
2) Dominated Equation Based on Simplified Rejection
Level: According to the rejection level condition of A dB
for |S21 (θf )| and |S21 (θs )|, one has

− 1−c2 c2 · cot θf · N (θf )
−A/20
(16a)
10
=|S21 (θf )|=
2
4
2
2
2(a tan θf −2) · (c sec θf +1−2c )

(b)



10

1−c2 c2 · cot θs · N (θs )

−A/20

=|S21 (θs )|=

2 (a tan2 θs −2)·(c4 sec2 θs +1−2c2 )

(16b)

Solving (16) for a and b, one obtains

(c)

Fig. 3. (a) Symmetrical WBBSF for the realization of equivalently highimpedance phase-shift section. (b) Top layer of structure. (c) Bottom layer of
structure.

tan2 θs − tan2 θf

3) Implementation and Design Flowchart of WBBSF With
Equivalently High-Impedance Phase-Shift Section: In order
to implement a WBBSF with five TZs and 20 dB rejection

 2
2
in the stopband (θ = θ0 = θ1 = θ2 = 90◦ , Zs = 200 Ω),
2 C(θf ) − 2 sec θf cot θf
(17b)
a=
Fig. 2 shows the impact of coupling coefficient on Z1 and Z2
C(θf ) + bc2 tan2 θf − 2 sec2 θf
based on the dominated equation of (18). It is seen that both
Z1 and Z2 decrease with coupling coefficient of c, and Z2 is
where
larger than 140 Ω even for the case of c = 0.7. Therefore, it is

2 · 10−A/20 · 1 − 2c2 + c4 sec2 θ · tan θ
difficult to obtain a feasible Z2 in microstrip. To overcome the
C(θ) =
c2 (1 − c2 )
above problem, a symmetrical WBBSF as shown in Fig. 3(a)
is proposed, which can be realized by a three-layer structure.
As a minimum rejection is achieved for |S21 (θf )| and The medium layer is the ground, while the top and bottom
|S21 (θs )|, their derivations should be equal to zero. Taking the layers are shown in Fig. 3(b) and 3(c), respectively. Due to the
derivation of (16), this gives the following dominated equation symmetry along the dashed line and the excitation in phase,
of θ (θ = θf , θs )
it is equivalent to the circuit shown in Fig. 1(a), and both
the terminals and the characteristic impedance of stub along
8
6
4
2
(18)
A8 tan θ+A6 tan θ+A4 tan θ+A2 tan θ+A0 = 0
the dashed line in Fig. 3(a) are half of those in Fig. 1(a).
Therefore, an equivalently high-impedance phase-shift section
where
can be easily achieved.
A8 = −2a2 c4 +a2 bc6 , A6 = 2a2 e+8ac4 −6a2 c4 −a2 bc2 e+2abc6 In order to clearly demonstrate the design process of a
WBBSF, Fig. 4 shows its design flowchart.
A4 = −8ae − 2a2 e + 24ac4 + 6abc2 e − 8c4
b=

c2

h

tan4 θf
C(θf )−2 sec2 θf

A2 = 8ae + 8e − 24c4 ,

+

tan4 θs
C(θs )+2 sec2 θs

A0 = −8e,

i

(17a)

e = (1 − c2 )2

Solving (17) and (18) for θf and θs , then substituting them
into (17), the two parameters of Z1 and Z2 can be obtained.

III. S IMULATIONS , E XPERIMENTS , AND D ISCUSSIONS
Three WBBSFs with Z0e = 160 Ω, Z0o = 40 Ω, and
θ = 90◦ at 1.5 GHz are taken as examples, whose frequency
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-4 0
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3 .0

Fig. 6. Frequency responses of WBBSFs With different rejections.

the bandwidth and the high rejection according to the practical
applications. Conversely, the requirements of bandwidth and
rejection may be simultaneously fulfilled by properly selecting
the TZ number, as demonstrated in Fig.5(b).

Rejection
(dB)
30
20

F iv e T Z s
T h re e T Z s
O n e T Z

1 0 0

0 .7 7 G H z

TABLE I
E LECTRICAL PARAMETERS OF WBBSF S WITH D IFFERENT R EJECTIONS

3 .0

(a)
1 2 0

2 .1 0 G H z 2 .4 1 G H z

-3 0
-4 0

Fig. 4. Design flowchart of WBBSF with directly controlled rejection.

0 .9 0 G H z 1 .5 0 G H z

0 .5 9 G H z

5 0

(b)
Fig. 5. (a) Frequency responses of WBBSFs with different Z1 and Z2 . (b)
FBW of WBBSF versus the rejection level and number of TZs.

responses are shown in Fig. 5(a). It is noted that in the
cases of low-impedance phase-shift section (Z1 = 32.0 Ω,
Z2 = 177.8 Ω and Z1 = 62.0 Ω, Z2 = 177.8 Ω), only one
and three TZs can be achieved, respectively. Moreover, their
fractional bandwidths (FBWs) defined by the 20 dB rejection
are limited to 64.0% and 102.7%, respectively. However, in the
case of high-impedance phase-shift section (Z1 = 113.3 Ω,
Z2 = 230.5 Ω), two additional TZs are introduced, and its
FBW is up to 125.3%. Therefore, in order to realize a WBBSF
with wide stopband, Z2 should be sufficiently large, and the
WBBSF shown in Fig. 3(a) should be substituted for the one
shown in Fig. 1(a) to obtain the high-impedance phase-shift
section. On the other hand, as shown in Fig.5(b), different
bandwidths with the specified rejection can be fulfilled by
properly selecting one, three, or five TZs.
Fig. 6 shows the frequency responses of WBBSFs with
five TZs and the rejections of 20 or 30 dB, whose electrical
parameters listed in Table I are obtained by following the
design flowchart in Fig. 4. It is seen that directly controlled
rejection is readily achieved. Meanwhile, both the TZs and
the bandwidth of WBBSF can be controlled by the only two
parameters of Z1 and Z2 . When the number of TZs is given,
the improvement of rejection level is realized by sacrificing the
bandwidth. Namely, a compromise should be made between

Z0e
(Ω)
160
160

Z0o
(Ω)
40
40

θ
(Degree)
90
90

θf
(Degree)
52.0
41.0

θs
(Degree)
76.5
72.5

Z1
(Ω)
70.4
113.3

Z2
(Ω)
198.3
230.5

The final two examples are the WBBSFs with the midstopband frequency of 1.5 GHz and the structure shown in
Fig. 3. To implement the two WBBSFs, An Arlon AD1000
substrate with a relative permittivity of 10.2 and a thickness
of 1.27 mm was used between the medium (the ground layer)
and top layers, and the Roggers 4350B substrate with a
relative permittivity of 3.48 and a thickness of 0.508 mm was
used between the medium and bottom layers. In addition, the
coupled lines with Z0o =30 Ω and Z0e =105 Ω are selected,
which correspond to a feasible coupling coefficient of 0.56.
Then, following the design flowchart shown in Fig. 4, one can
easily obtain θ = 90◦ , θf = 46.8◦ , θs = 72.0◦ , Z1 = 68.0 Ω,
Z2 = 180.5 Ω for the WBBSF with rejection of 23 dB (case
1) and θ = 90◦ , θf = 54.0◦ , θs = 74.4◦ , Z1 = 48.5 Ω,
Z2 = 166.5 Ω for the WBBSF with rejection of 30 dB (case
2). Based on them, the physical parameters of the above two
WBBSFs can be readily obtained and listed in Table II in
addition to W2 and W3 .
TABLE II
P HYSICAL PARAMETERS OF FABRICATED WBBSF (U NIT:
L1
9.18
L10
4.08

L2
3.33
L11
9.05

L3
1.54
L12
0.77

L4
10.29
W
1.14

L5
3.32
W1
0.47

L6
1.05
g
0.11

L7
6.87
g1
0.76

L8
5.18

MM )

L9
12.30

In order to study the relationship between the rejection and
the physical parameters in a manner similar to [14], Fig. 7
shows the simulated frequency responses of the WBBSFs with
different W2 and W3 (the remainder of physical parameters
is listed in Table II). It is seen that various rejection levels of
WBBSF are easily realized by only adjusting W2 and W3 .
Fig. 9 shows the frequency responses of the fabricated
WBBSF (case 1). It is seen that its bandstop frequency range
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TABLE III
C OMPARISONS OF VARIOUS WBBSF S
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-4 0
-5 0
0

1

2
F re q u e n c y (G H z )

3

Fig. 7. Frequency responses of WBBSFs versus with W2 and W3 .

with 20-dB rejection level is from 0.57 to 2.37 GHz, and the
measured five TZs are 0.6, 1.05, 1.31, 1.92, and 2.34 GHz.
Meanwhile, the simulated (HFSS 15.0) and measured (Agilent
E8361C) return losses of the upper and lower passbands are
almost consistent, but they are worse than the calculated one
(Matlab R2016a). Their difference is mainly attributed to
the imperfectness of physical vias connecting the phase-shift
section on the bottom layer and the CLs on the top layer. It
is noted that the return losses of passbands can be controlled
and improved by introducing stubs at the input and output.

(a)

(b)

Fig. 8. Photographs of fabricated WBBSF. (a) Top layer. (b) Bottom layer.
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F re q u e n c y (G H z )
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3 .0

Fig. 9. Calculated, simulated, and measured frequency responses of WBBSF.

A comparison between the proposed and reported WBBSFs
is made in Table III. It is seen that the proposed WBBSF
features the widest bandwidth, the most measured TZs, and
directly controlled rejection in the stopband. It should be
pointed out that the attenuation slope in this work is defined
by the frequency with 3-dB insertion loss and its adjacent TZ.
IV. C ONCLUSION
In this brief, a compact WBBSF with five TZs is proposed.
Directly controlled rejection of WBBSF based on multimode resonators is easily achieved by utilizing the coupling
condition and approximately equal odd- and even-mode input
impedances in the stopband. Moreover, the TZs and bandwidth
can be controlled by the only two characteristic impedances

Refs
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
This
Work

CF
(GHz)
1.5
1.5
1.0
6.0
4.0
2.0
4.2
2.0
1.5
1.5

r /tan δ
of PCB
4.30/0.022
4.30/0.022
3.66/0.004
3.38/0.003
3.05/0.006
3.66/0.004
3.55/0.003
5.93/0.003
4.30/0.022
10.2/0.002
3.48/0.004

Area (λ2g )
/Height (mm)
0.093/1.6
0.201/1.6
0.208/0.8
0.05/0.5
0.540/0.5
0.180/0.8
0.027/0.8
0.109/1.6
0.016/–

FBW
(%)
122.5
98.5
< 64
94.8
50.4
88.5
110.0
100.0
72.5

IL Measured
AS
(dB)
TZs
(dB/GHz) DRC
2.0
3
83.6
No
1.5
3
132.1
No
1.0
4
485.7
No
0.6
3
40.3
No
1.5
3
67.6
No
1.8
4
107.3
No
2.0
4
22.6
No
1.8
4
83.7
No
1.5
4
99.5
No

0.062/1.8

122.5

1.8

5

230.8

Yes

Note: CF-Center Frequency; IL-Insertion Loss; AS-Attenuation Slope; DRCDirect Rejection Control; PCB-Printed Circuit Board;

of short-stub in CSLR and phase-shift section. In addition,
by adding the length parameters of CLs, short-stub, and
phase-shift section, the independent control of TZs in the
multifrequency applications can be achieved.
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