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Abstract
In this article, a study of residual based a-posteriori error estimation is presented
for the partition of unity finite element method (PUFEM) for three-dimensional
transient heat diffusion problems. The proposed error estimate is independent of the
heuristically selected enrichment functions and provides a useful and reliable upper
bound for the discretization errors of the PUFEM solutions. Numerical results show
that the presented error estimate efficiently captures the effect of h−refinement and
q−refinement on the performance of PUFEM solutions. It also efficiently reflects the
effect of ill-conditioning of the stiffness matrix that is typically experienced in the
partition of unity based finite element methods. For a problem with a known exact
solution, the error estimate is shown to capture the same solution trends as obtained
by the classical L2 norm error. For problems with no known analytical solutions, the
proposed estimate is shown to be used as a reliable and efficient tool to predict the
numerical errors in the PUFEM solutions of 3D transient heat diffusion problems.
Keywords: PUFEM, GFEM, error estimate, enrichment functions, diffusion
problems
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1. Introduction
Different numerical methods evolved over the years to reduce the computational
cost and memory requirements for complex engineering problems. One of the features of all these numerical methods is that they are subjected to various sources of
numerical errors [1], which can question the reliability of their results. Babuška and
Strouboulis [2] emphasized on the reliability of the FEM computations and mentioned that unreliable finite element results can lead to very serious consequences.
Over the years, numerous researchers devised different methods for the error estimation of h, p and hp−versions of FEM [3–5]. The basic mathematical theory of
FEM and its error estimation can be found in the book of Babuška et al. [6]. A
comprehensive explanation of the error estimation procedures and their theory is
also presented by Ainsworth and Oden [7].
In the past two decades, various enriched finite element methods have been
developed to efficiently solve complex problems in different fields of engineering and
sciences. The core idea of the enriched methods is based on the incorporation of apriori knowledge about the problem to be solved by introducing specially designed
functions into the approximation space. Such techniques include the Partition of
Unity Finite Element Method (PUFEM) [8, 9], the ‘hp clouds’ method [10–12],
the eXtended Finite Element Method (XFEM) [13, 14], the Ultra-Weak Variational
Formulation (UWVF) [15], the Generalised Finite Element Method (GFEM) [16–
18], the Discontinuous Enrichment Method (DEM) [19] and the Variational Theory
of Complex Rays (VTCR) [20], among the others.
The increasing importance of PUFEM and partition of unity (PU) based GFEM/
XFEM makes it necessary to address the reliability of the results of these methods. Partition of Unity methods based on local or global enrichments were introduced in [9]. Particular instances such as PUFEM, GFEM and XFEM differ only
in the nature of the used enrichments and practically have similar formulations [21–
23]. The fact that these methods use coarse mesh grids for approximation and rely
on the proper selection of enrichment functions, the relative errors in the energy
norm may rise to 40% or more as mentioned by Strouboulis et al. [24]. Similar
to the standard FEM, error estimates are also studied for the enriched FEM. In
fact, the error estimation procedures started at the very beginning of the development of these methods, with later works carried out by Strouboulis, Babuška and
co-authors [25, 26]. Melenk and Babuška [8], while introducing PUFEM, provided aposteriori error estimation procedure for the newly developed method. They defined
both upper and lower error bounds for the method by considering a model prob2

lem. Recently, various a-posteriori error estimation procedures have been devised
for XFEM, with special interest in crack propagation problems. The representative
contributions of Bordas and co-authors [27, 28], Duflot and Bordas [29], Prange
et al. [30], Pannachet et al. [31] and Barros et al. [32, 33] are worth to mention here.
The literature reveals that to date the enriched finite element methods are
mainly explored and tested for short wave modelling problems [34, 35] and structural mechanics problems [18, 36] while their use for the simulation of transient
heat transfer problems is relatively recent and still evolving. This present work is
an attempt in this direction with an aim to evaluate the reliability of PUFEM solutions for transient heat diffusion problems in 3D domains. An explicit residual
based a-posteriori error estimate developed in [37] is utilized with coarse mesh grids
using multiple enrichment functions of global nature. We emphasize that this current work performs a comprehensive investigation with a complete set of new results
confirming the efficiency of our proposed error estimate in 3D domains. It is shown
that the error estimate not only captures the effect of h−refinement, q−refinement
and the condition number κ, but also the proposed error estimate is shown to be a
reliable tool for the optimal selection of enrichment functions. We establish that the
error estimate does not depend on the scale of the problem and is equally applicable
for 3D domains similar to the problems in 2D domains. Special emphasis is placed
on providing an efficient and reliable tool to assess the solution accuracy. For standard finite element methods such residual based error estimation procedures are
known to give reliable upper bounds for the numerical errors as the discretization
size is reduced (h → 0) or the degree of polynomial is increased (p → ∞) [38]; for
PUFEM particular interest is in coarse mesh grids. Numerical results indicate that
the proposed error estimate efficiently captures the decrease in numerical error with
increase in the number of enrichment functions (q−refinement), or decrease in the
discretization size (h−refinement). The error estimate is also shown to efficiently
reflect the effect of ill-conditioning of the system matrix when higher number of
enrichment functions or finer mesh grids are used.
The rest of the paper is organized as follows. Section 2 presents the mathematical formulation of the considered boundary value problem along with initial and
boundary conditions. The variational formulation and the PUFEM discretization is
detailed then. Information about the selected enrichment functions is also presented
in Section 2. The residual a-posteriori error estimate is introduced in Section 3,
with its algorithmic considerations in Section 4. The main numerical computations
showing the effectiveness of the proposed error estimate are presented in Section 5.
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Section 6 contains some concluding remarks.

2. Boundary value problem and variational formulation
In this section, the transient heat diffusion problem with prescribed initial field and
Robin type boundary conditions is defined.
Let Ω ⊂ R3 be an open, bounded domain with polygonal boundary Γ and a
given time interval ]0, T ]. We numerically solve the transient heat diffusion problem
defined as

∂u
− λ∆u = f (t, x)
∂t

(t, x) ∈ ]0, T ] × Ω,

(1a)

u(t = 0, x) = u0 (x)

(x) ∈ Ω,

(1b)

(t, x) ∈ ]0, T ] × Γ.

(1c)

∂u
+ αu = g(t, x)
∂n

here x = (x, y, z)T are the spatial variables, t is the time variable, ∆ is the Laplace
operator and λ > 0 denotes the heat diffusion coefficient. The effect of internal
heat sources/sinks is represented by f (t, x) and u0 (x) denotes the prescribed initial
field. n is the outward unit normal on the boundary, α ≥ 0 is the convective heat
transfer coefficient on Γ and g(t, x) represents a given boundary function.
2.1. Variational form of the transient heat diffusion equation
To solve equations (1a)-(1c) numerically, the Galerkin finite element formulation is
used. The formulation is obtained by multiplying equation (1a) by a test function
<, and integrating it over Ω
Z
Z

∂u
<
− λ<∆u dΩ =
<f dΩ .
∂t
Ω
Ω

(2)

Applying the divergence theorem to above equation results in
Z
Z
Z

∂u
<
+ λ∇<∇u dΩ − λ<∇u · ndΓ =
<f dΩ .
∂t
Ω
Γ
Ω

(3)

Substitution of the the boundary condition (1c) results in the weak formulation of
the transient heat diffusion problem: Find an approximate solution u on [0, T ] × Ω
with initial condition u0 = u0 and for all test functions < on Ω and all t ∈]0, T ]
such that
Z
Ω


∂u
<
+ λ∇<∇u dΩ +
∂t

Z

Z
<f dΩ +

λ<αu dΓ =
Γ

Z

Ω

λ<g dΓ .

(4)

Γ

In order to discretize above equation in time, an implicit Euler scheme is used. The
time interval [0, T ] is divided into quasi-distributed subintervals [tn , tn+1 ] of size
4

δt = tn+1 − tn for n = 0, 1, ...Nt . The time derivative in (4) is approximated by a
difference quotient.
Z
Z
Z
Z

un+1 − un
<
+λ∇<∇un+1 dΩ+ λ<αun+1 dΓ =
<f n+1 dΩ+ λ<g n+1 dΓ .
δt
Ω
Γ
Ω
Γ
(5)
rearranging equation (5) results in the time-discretized weak formulation: Find an
approximate solution un+1 on Ω with initial condition u0 = u0 and for all test
functions < on Ω and all n ∈ N such that
Z
Z
Z
Z
(∇< · ∇un+1 + <kun+1 )dΩ + <αun+1 dΓ =
<F n+1 dΩ + <g n+1 dΓ . (6)
Ω

Γ

with the definition of F
F n+1

Ω

Γ

n+1

and k given by


= k δtf (tn+1 , x) + un ,

k=

1
.
λδt

The partition of unity based finite element method can now be used to calculate
the approximate solution of the weak form (6). However, discretization errors are
introduced by the approximate numerical solution which are needed to be evaluated
in order to assess the accuracy of the solution. The study presented in this article
aims to evaluate these errors.
2.2. PUFEM discretization
To find an approximate numerical solution to the weak formulation (6) with the
PUFEM formulation, the domain Ω is discretized into ne numbers of non-overlapping
elements K,
Ω = ∪K,

K = 1, ...ne

The solution in each element is then approximated by sum of the combination of
piecewise linear shape functions and enrichment functions, i.e. we look for un+1 (x)
of the form
un+1 (x) =

Q
M X
X

Aqj Nj (x)Ψq (x)

(7)

j=1 q=1

Here Nj (x) are the standard FEM shape functions and M refers to the number
of nodes in the element. Ψq (x) are the PUFEM enrichment functions with Aqj
their amplitudes at nodal points of the mesh and Q denotes the total number of
enrichment functions. There are applications where local enrichment functions are
shown to be beneficial [39, 40], but for the PUFEM formulation proposed in this
current study, multiple enrichment functions of global nature are used, as defined
by
Ψq (x) =

e−

R0
C

q

1−e

− e−
−

Rc
C

Rc
C

q

5

q
,

q = 1, 2, . . . Q

(8)

Here R0 := |x − xc | is the distance of a point x from the centre of enrichment
function xc . The parameters Rc and C are constants which control the shape of
Ψq (x). Similar global enrichments have been shown to lead to efficient approximations in 2D and 3D heat transfer problems [41–46]. The resulting numerical scheme
with global enrichments has been shown in these works to efficiently approximate
the solution for localized heat sources to engineering accuracy. In (7) the standard
polynomial shape functions Nj (x) with j = 1, ...M is the set of global nodal basis
functions characterized by the property Ni (xj ) = δij with δij denoting the Kronecker delta [44].
Taking < = Pr results in the PUFEM discretization of the weak form (6) such that:
Find un+1 (x) defined by (7) such that initial temperature u0 = u0 and for all
r = 1, ..., M Q
Z
Z
Z
Z
(∇Pr · ∇un+1 + Pr kun+1 )dΩ + Pr αun+1 dΓ =
Pr F n+1 dΩ + Pr g n+1 dΓ .
Ω

Γ

Ω

Γ

(9)
It is worth mentioning that the functions Pr are defined in the global co-ordinates
but modulated locally by multiplying with local shape functions Nj . The choice of
enrichment functions is driven by the physical behaviour of the solution. However an
optimized enrichment function can be selected for a specific problem by accurately
assessing the discretization error, which is the main motivation for presenting this
current study.

3. A residual a-posteriori error estimate for transient heat diffusion
problems
From the approximate numerical solution un+1 at time instant tn+1 , we define
by piecewise constant, respectively, piecewise linear interpolation, the numerical
solution u(t, x) for all positive t:
u(t, x) =

t − tn
tn+1 − t n
un+1 (x) +
u (x) ,
tn+1 − tn
tn+1 − tn

for all t ∈]tn , tn+1 ]
û(t, x) =u(tn+1 , x),
fˆ(t, x) =f (tn+1 , x),
ĝ(t, x) =g(tn+1 , x).
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provided the definitions of û(t, x), fˆ(t, x) and ĝ(t, x), the time discretized version
(5) can be written as
Z
Z
Z
Z
ˆ
(Pr ∂t u + λ∇Pr ∇û) dΩ + λPr αû dΓ =
Pr f dΩ + λPr ĝ dΓ .
Ω

Γ

Ω

(10)

Γ

In the above notation, a classical residual based a-posteriori error estimate, similar
to the widely used estimates for adaptive h− and hp−versions of FEM is obtained
for the PUFEM solution.
As per Theorem 1 of [37], if U is the exact solution of the weak form (4) and
u denotes the approximate solution of the PUFEM discretization (9), then there
exists a constant c > 0 such that:
Z
Z
|U (T, x) − u(T, x)|2 dΩ + λ

T

Z

|∇(U − û)|2 dΩ dt

Ω

0

Ω

≤ c{η12 + η22 + η32 + η42 + η52 + η62 },

(11)

where
η12 = kU0 − u0 k2L2 (Ω)
XZ T
2
η2 =
fˆ − ∂t u + λ∆û
η32

0
K
Z T

f − fˆ

=
0

η42 = λ

Z

H −1 (Ω)

E∩Γ=∅

Z

T

0

T

ĝ −
0

T

dt + λ
0



∂ û
∂n



dt

(13)
2

kĝ − gkH −1/2 (Γ) dt

2

X Z

η62 = λ

H −1 (K)

k∇(u − û)kL2 (Ω) dt

0

η52 =

2

2

T

Z

(12)

(14)
(15)

2

dt

(16)

L2 (E)

∂ û
− αû
∂n

2

dt

(17)

H −1/2 (Γ)

The left hand side (LHS) of expression (11) measures the magnitude of actual
errors introduced by the PUFEM solution. The first term calculates the error in
the PUFEM solution while the second term measures the time-integrated error in
the derivatives of the solution. The right hand side (RHS) presents the computable
error indicators η12 , η22 , ...η62 . The indicator η1 measures the error introduced by the
approximation of the initial condition (1b), and η6 measures the violation of the
boundary condition (1c). The indicator η2 measures the violation of the original
governing equation (1a), while the error in the approximation of the source term
is described by η3 . The errors involved in the time discretization are calculated by
η4 and η5 measures the jump of the numerical solution across the boundaries E
of adjoining elements. The RHS of expression (11) never underestimates the actual
7

error measured by the LHS. For further details and proof of Theorem 1, readers are
referred to [37].

4. Algorithmic consideration
This section describes the procedure for implementation of the indicators (12)–
(17) in the numerical computations. The procedure relies on certain numerical
approximations rather than calculating the indicators exactly. For example approxPNt P 2
imation to η22 is calculated as η22 = n=0
K η2 (n, K), with

η22 (n, K) =

Z

tn+1

fˆ − ∂t u + λ∆û

tn
tn+1

Z
≤

dt

Z 

2
H −1 (K)

fˆ − ∂t u + λ∆û

2

dΩ

K

tn

 2 n+1
2
Z 
un+1 − un
∂ u
∂ 2 un+1
∂ 2 un+1
f n+1 −
+λ
+
+
dΩ
δt
∂x2
∂y 2
∂z 2
K
 2 n
2
Z 
δt
un+1 − un
∂ u
∂ 2 un
∂ 2 un
n
+
f −
+λ
+
+
dΩ.
2 K
δt
∂x2
∂y 2
∂z 2
=

δt
2

Here the final expression only slightly overestimates (13) and is easily computable.
At each integration point, the source term f , the solution u and its derivatives are
calculated and then accumulated over Ω. Values from previous and present time
steps are used in the computations and are updated at every time step.
PNt P 2
The indicator η42 is approximated as η42 = n=0
K η4 (n, K), with

η42 (n, K) = λ

Z

tn+1

tn

2

k∇(u − û)kL2 (K)

2 Z " n+1
2  n+1
2  n+1
2 #
∂u
∂un
∂u
∂un
∂u
∂un
tn+1 − t
−
+
−
+
−
dt
dΩ
=λ
tn+1 − tn
∂x
∂x
∂y
∂y
∂z
∂z
K
tn
Z  n+1
2
2
Z  n+1
λδT
∂u
∂un
∂u
∂un
=
−
dΩ +
−
dΩ
3
∂x
∂x
∂y
∂y
K
K
2 
Z  n+1
∂u
∂un
+
−
dΩ .
∂z
∂z
K
Z

tn+1



here the definition of u(t, x) − û(t, x) is used as


tn+1 − t
u(t, x) − û(t, x) = −
un+1 (x) − un (x) .
tn+1 − tn
In η42 , the change in the derivatives of the solution w.r.t. x, y and z is calculated in
every time step. At previous and present time steps, the derivatives of the solution
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are calculated at each integration point and the values are then accumulated for
the whole domain Ω.
PNt P

The indicator η52 =

n=0

E

η52 (n, E) calculates the jump of the solution

across element edges E. At each integration point, the value of this jump is evaluated at the common edges of adjacent elements. The values are then accumulated
for the whole domain.
η52 (n, E) =

Z

tn+1



tn

Z

∂ û
∂n



2

dt
L2 (E)

tn+1

 n+1 
∇u
·n

=
tn
Z tn+1

Z

=
tn
Z tn+1

E

Z

=
tn

E

2
L2 (E)

dt

n+1
∇un+1
E1 n1 + ∇uE2 n2

2

dE dt

n+1
∇un+1
E1 n1 − ∇uE2 n1

2

dE dt


∂un+1
∂un+1
∂un+1
= δt
n1x +
n1y +
n1z
∂x
∂y
∂z
E
E1
! !2
∂un+1
∂un+1
∂un+1
−
n1x +
n1y +
n1z
dE .
∂x
∂y
∂z
Z



E2

here E1 denotes the jump value on the edge taken from element 1, while E2 denotes
the value on the same edge but taken from element 2, while n1 = (n1x , n1y , n1z ) and
n2 = (n2x , n2y , n2z ) are the unit normals for, respectively, element 1 and element 2.
The indicators η1 and η3 which measure the errors in the approximation of
initial condition and the source term, are neglected in the computations. This is
because the initial condition u0 is taken to be zero in the selected problems and the
source term f is calculated exactly. Similarly η6 which measures the violation of
the boundary condition is also ignored because of its negligibility small value.

5. Numerical experiments
In this section, the performance of the presented a-posteriori error estimate is
investigated for three-dimensional transient heat diffusion problems. To show the
effectiveness of error estimate, two different numerical examples are considered. The
first example considers a problem with a known exact solution. The exact solution
can be used to calculate the LHS of expression (11). It can also be used in the
calculation of relative L2 norm error. The second example considers a transient
heat transfer problem with a single heat source in the centre of the domain. This
example is considered to show the usefulness of the proposed error estimate for a
general case where the exact analytical solution is not known.
9

The numerical solution for both the experiments is computed using hexahedral
elements with 8 nodes and piecewise linear shape functions. All integrations are
performed numerically using Gauss–Legendre quadrature procedure. In order to
avoid the errors from the integration points, 20 integration points in each spatial
direction are used for the computations. The centre of the enrichment functions is
set at xc = (1, 1, 1), and the parameters C and Rc in Ψq (x) are set as C = 0.9
√
and Rc = 14C, unless otherwise specified. All the physical quantities used in the
numerical experiments are measured in consistent system of units. For simplification
in the discussion, all the quantities are mentioned without units.
To compare the results of numerical experiments, we calculate the relative error
(rel ) between the PUFEM approximation u, and the exact solution U , as defined
below
R
rel =

Ω

!1/2
RT R
|U − u|2 dΩ + λ 0 Ω |∇(U − û)|2 dΩ dt
R
RT R
|U |2 dΩ + λ 0 Ω |∇U |2 dΩ dt
Ω

(18)

The corresponding relative error estimate (ηrel ) is calculated as

ηrel =

η22 + η42 + η52
R
RT R
|U |2 dΩ + λ 0 Ω |∇U |2 dΩ dt
Ω

!1/2
(19)

For first numerical experiment, both quantities (18) and (19) are computed and
their values are compared. For the second example, where exact solution is not
known, only (19) is calculated and the exact solution U is replaced by a reference
FEM solution calculated on a fine mesh.
5.1. Test problem 1
To show the relevance of the presented error estimate, a problem with known
analytical solution in 3D spatial domain Ω = [0, 2]3 is taken as our first test problem.
For the considered problem, the the initial condition u0 (x), the effect of internal
source/sink f (t, x), and the boundary function g(t, x) are explicitly selected such
that the exact solution of (1a)-(1c) is given by
U (x, t) = x20 (2 − x)20 y 20 (2 − y)20 z 20 (2 − z)20 (1 − e−λt )

(20)

where x = (x, y, z)T represents spatial coordinates, t is the time variable and λ > 0
is the heat diffusion coefficient. The relative error rel in the PUFEM solution
and the relative error estimate ηrel are compared for the considered problem. The
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Figure 1: Variation of rel , ηrel and ε% for ∆t = 0.01 (top row) and ∆t = 0.001 (bottom row).

relative L2 norm error (ε) as defined below, is also calculated for the first test
problem.
ε (%) =

||u − U ||L2 (Ω)
× 100
||U ||L2 (Ω)

(21)

where U is the exact solution and u denotes the approximate numerical solution.
For numerical computations, the parameters α and λ are taken to be 1 and 0.1, respectively. Two different time step values ∆t are considered with a total solution
time of t = 1.0. A range of different numerical studies are performed to show the
working of the proposed error estimate under different conditions.
5.1.1. Study 1: Effect of q−refinement
The first study evaluates the effect of the number of enrichment functions on
the variation of error estimate and the actual error in the PUFEM solution. For
computations, a fixed coarse mesh of 5×5×5 elements is selected with different
number of enrichment functions Q = 2, 3, . . . 6. The relative error rel defined by
(18) and the relative error estimate ηrel defined by (19) are computed and their
values are compared with varying number of enrichment functions. The relative
L2 norm error ε% is also calculated to show that the proposed error estimate gives
similar trends as produced by the L2 norm error.
Figure 1 compares the values of rel and ηrel of the PUFEM solution for increasing Q. The results are presented for three different simulation times, t = 0.1,
0.5 and 1.0 with two values of time steps, i.e., ∆t = 0.01 and ∆t = 0.001. In the
graph, the number of enrichment functions Q is presented on the abscissa while
11

(a) t = 0.5

(b) t = 1.0

Figure 2: Variation of η22 , η42 and η52 with increasing Q.

Figure 3: Temperature distributions obtained with the exact solution (top row) and PUFEM
solution with Q = 6 (bottom row) at times t = 0.1, 0.5 and 1.0 from left to right. The distributions
are obtained with ∆t = 0.01.

the values of rel and ηrel along with ε% are plotted on the ordinate. The results
show that in all cases, the magnitude of rel is less than ηrel . The actual error reduces with increase in the enrichment functions. A similar decrease is observed in
the error estimate which effectively bounds the actual error. The ratio of ηrel and
rel is close to 10 in all the cases. This is emphasized that the proposed estimate
show similar trends as those captured by the relative L2 norm error. For problems
with no known analytical solutions, where the the relative L2 norm error cannot
be calculated, the proposed error estimate can serve the purpose of evaluating the
solution accuracy.
In the computations of the indicators η22 , η42 and η52 , it is observed that the over-

12

Figure 4: First derivatives in x-direction for the exact solution (top row) and PUFEM solution
with Q = 6 (bottom row) at times t = 0.1, 0.5 and 1.0 from left to right. The distributions are
obtained with ∆t = 0.01.

all value of the error estimate is dominated by indicator η22 . This is attributed to the
very large values of second derivatives of the solution. The values of the solution as
well as its first derivatives are very low as compared to the second derivatives. Figure 2 compares the values of η22 , η42 and η52 for increasing number of enrichment
functions at the two selected simulation times. With every increase in Q, a decreasing trend is observed in the values of all the three indicators, with the magnitude
of η22 consistently higher than η42 and η52 . To show the temperature profiles, Figure
3 depicts the solution captured by PUFEM and exact solutions at different simulation times. Both solutions present very similar temperature profiles. The same
is observed for the first derivatives of the solution in the x-direction as shown in
Figure 4. It is clear that PUFEM closely approximates the first derivatives of the
solution. Due to the symmetry of the problem and the enrichment functions, similar profiles of the derivatives are observed in the y and z directions as well. From
Figure 3 and Figure 4, it is evident that the maximum solution value at t = 1.0 is
0.07 while that of the first derivative is 0.3 in the positive direction and -0.3 in the
negative direction. At the same simulation time, comparatively higher values of the
second derivatives are observed as shown in Figure 5. Here the second derivatives
of the solution in the x-direction captured by both PUFEM and exact solutions
are presented at different simulation times. It can be seen from Figure 5 that the
values of the second derivatives at t = 1.0 are +1.5 and -3.5 which explains the high
value of η22 . Although very similar profiles of the solution and its first derivatives
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Figure 5: Second derivatives in x-direction for the exact solution (top row) and PUFEM solution
with Q = 6 (bottom row) at times t = 0.1, 0.5 and 1.0 from left to right. The distributions are
obtained with ∆t = 0.01.

are obtained by the exact and PUFEM solutions; there are still some dissimilarities
in the profiles of their second derivatives. One can tune the enrichment functions to
give a very smooth approximation to the second derivative as well, but this would
be very specific to the problem under consideration, unlike the general nature of
the enrichment function. In the current study, they are kept in the general form,
as used in [41, 46].
5.1.2. Study 2: Effect of h−refinement
The second study is performed to determine the effect of h−refinement on the
proposed error estimate. Three different mesh grids as shown in Figure 6 are considered for the computations. The use of multiple enrichment functions greatly reduces
the dependency of the PUFEM solution on FEM meshes. As suggested in [46], It is
always practical and more beneficial to increase the number of enrichment functions
rather than refine the mesh grids. To start with, we use a very coarse mesh of 64
elements in the 3D cube and enrich the solution space with different numbers of enrichment functions, Q = 2,3,...6. The mesh is then refined to a total of 125 elements
in the whole domain, with 5 elements in each direction. Again we consider the same
enrichment functions, Q = 2,3,...6. A third refinement of 216 elements with Q =
2,3,...6 is also considered to improve the results further. In the coming discussion,
the numerical computations with 64 elements will be referred as PUFEM1, and with
125 and 216 elements as PUFEM2 and PUFEM3, respectively. For the considered
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64 elements, 125 nodes

125 elements, 216 nodes

216 elements, 343 nodes

Figure 6: Different meshes used for the computations od Study 2.
Table 1: q-bands used for Study 3.

Case

q−bands

1

q = 1, 2, 3

2

q = 2, 3, 4

3

q = 3, 4, 5

4

q = 4, 5, 6

mesh grids, computations are performed to evaluate the values of rel , ηrel and ε%.
Figure 7 compares the results of PUFEM1, PUFEM2 and PUFEM3 computations at three different simulation times. The values of rel , ηrel and relative L2
norm error are presented against the number of degrees of freedom (DOFs). For
all the computations, the error estimate consistently bounds the actual error in the
solution. As in the previous study, the values of rel and ηrel decrease as the number
of enrichment functions is increased, with similar trends as shown by the relative
L2 norm error. As expected, PUFEM3 having the finest mesh grid of all the three
meshes produces lower errors, which are efficiently captured by the presented error
estimate.
5.1.3. Study 3: q−bands analysis
This study investigates the possible use of a-posteriori error estimate for the
optimal selection of the combination of enrichment functions. The computations are
performed with a coarse mesh of 64 elements and three enrichment functions. With
Q = 3 and q varied between 1, 2, ...6; out of the different possible q−combinations,
four combination as shown in Table 1 are used in this present study.
Figure 8 depicts the time–integrated values of rel and ηrel over Ω for different
choices of enrichment functions and different time intervals t = 0.1, 0.5 and 1.0. The
variation of ε% is also computed with the selected combinations. It is observed from
15

PUFEM1

PUFEM2

PUFEM3

PUFEM1

PUFEM2

PUFEM3

PUFEM1

PUFEM2

PUFEM3

Figure 7: Variation of rel , ηrel and and ε% for PUFEM1, PUFEM2 and PUFEM3 at times
t = 0.1, 0.5 and 1.0.

Figure 8 that the second combination of q = 2, 3, 4 (Case-2) produces the lowest
errors at all time intervals, followed by Case-1. The enrichment functions with low
gradients such as q = 4, 5, 6 (Case-4) yield the worst numerical approximation. For
the considered thermal conditions where the heat does not flow to distant areas of
the domain and is accumulated near the core, the q−combination with steep gradients produces better results, while the Case-4 which uses combination of relatively
flatter enrichment functions gives poor results. As in the previous studies, very
similar patterns of results are obtained for ηrel and ε%. The presented study can
be useful for the adaptive selection of the enrichment functions for q−refinement
when little or no information are known about the approximation properties of the
enrichment functions. Although only four combinations as stated in Table 1 are
used in this study to show the working of the presented error estimate, a thorough
study with different q−bands can be performed to select the optimal q−combination
16

(a) t = 0.1

(b) t = 0.5

(c) t = 1.0

Figure 8: Variation of rel , ηrel and ε% for different q−bands.
Table 2: Different combinations of C and Rc used for Study 4.

Case
1
2
3
4
5
6

C
√
3
√
2
√
1
√
1
√
1
√
1

Rc
√
10
√
10
√
10
√
5
√
2
√
1

for minimum error.
5.1.4. Study 4: Enrichment function optimization
The effectiveness of PUFEM depends on the proper selection of enrichment
functions [47]. A suitably chosen enrichment function provide better approximation
than the standard polynomial shape functions used in the classical finite element
method. This current study is designed to exploit the use of error estimate for the
proper selection of enrichment functions. While the presented formulation can be
used to test and compare different enrichment functions for optimal solution, in
the current study the selected enrichment function (8) is optimized for minimum
error. As stated earlier, the constants C and Rc in (8) control the shape of the
enrichment functions; different values of C and Rc as shown in Table 2 are considered in this study to get the optimum shape of the enrichment functions that best
approximate the solution of the considered problem. Figure 9 depicts the results of
rel and ηrel along with ε% for the selected cases at three stated simulation times.
√
√
For Case-1 with C = 3 and Rc = 10, the errors are noted to be the maximum
of all the presented six cases. For all the simulation times, Case-3 with values of
√
√
C = 1 and Rc = 10 produces the minimum errors. Although further combinations of C and Rc can be tested for best possible solution; the purpose here is only
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(a) t = 0.1

(b) t = 0.5

(c) t = 1.0

Figure 9: Variation of rel , ηrel and ε% for different values of parameters C and Rc .

to present the possible use of the proposed error estimate for the optimal selection
of the enrichment functions. From Figure 9 it is clear that the proposed error estimate captures the same solution trends as obtained by the relative L2 error. While
for problems where the exact solution is known, the L2 norm error can be used to
select the optimal enrichment function; for problems with no known exact solutions,
the proposed error estimate can serve this purpose.
5.1.5. Study 5: Effect of the Condition Number (κ)
A well known disadvantage of the enrichment based methods is the ill-conditioning
of the system matrix [48]. Although the method has shown remarkable accuracy
with lesser DOFs as compared to the standard FEM; the ill-conditioning of the system matrix is an inherent property of the PUFEM and PU based GFEM/XFEM
when finer meshes or higher number of enrichment functions are used. Babuška
and Banerjee [22] investigated the conditioning issue of the GFEM while proposing a modified GFEM, called Stable GFEM (SGFEM). They showed that in case
of GFEM, the conditioning number of the system matrix grows very quickly as
compared to the standard FEM.

(a) t = 0.5

(b) t = 1.0

Figure 10: Variation of rel , ηrel and ε% for PUFEM4 with increasing Q.
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Figure 11: Variation of Condition Number (κ) with increasing Q for PUFEM4.

This present study is designed to show that the proposed error estimate can be
used as a tool to detect the deterioration of the numerical results when condition
number grows very high. An 8×8×8 mesh with uniform elements is selected with
Q = 4, ...7 to perform the numerical computations, referred as PUFEM4 in the
discussion. Figure 10 shows the log values of rel , ηrel and ε% against the number
of enrichment functions Q. An important observation made from Figure 10 is that
upto Q = 5 both ηrel and ε% show a decreasing trend. A small decrease is observed
in the relative L2 norm error for Q = 6, but ηrel starts increasing. The proposed
error estimate is more sensitive to the condition number than the relative L2 norm
error. This is attributed to the presence of derivative terms in the error estimate.
In comparison to the relative L2 norm error, the proposed error estimate gives an
early indication about the ill-conditioning of the system matrix and consequently
the deterioration of the numerical results. Figure 11 shows the variation of the
conditioning number κ for increasing Q. For Q = 7, the condition number increases
to a value as high as 5.5E+21, which deteriorates the numerical results.
5.2. Test problem 2
The second example considers a transient heat diffusion problem in a 3D domain Ω = [0, 2]3 with a heat source in the central part that dissipates heat symmetrically. For numerical computations, a 5×5×5 mesh is used with different number
of enrichment functions Q. A cross section through the middle of the domain is
shown in Figure 12. For the central part x ∈ [0.8, 1.2]3 , the source dissipates heat at
a constant rate f =200 and is zero in the rest of the domain. The total simulation
time is taken to be t = 0.2 with a time step value of ∆t = 0.001. The source
dissipates heat for half of the simulation time, i.e., from t = 0 to t = 0.1, and then
it is switched off and the medium is allowed to cool down for the remaining half
of the simulation. The convection heat transfer coefficient α and the heat diffusion
19

Figure 12: x-section of the 3D domain for Test problem 2 with a heat source () in the centre.

(a) FEM mesh

(b) PUFEM mesh

Figure 13: Meshes used for the reference FEM and PUFEM solutions.

coefficient λ are taken to be 1 and 0.1, respectively.
Test Problem 2 assesses the effectiveness of the proposed error estimate for a
more general problem where one can expect high thermal gradients. As the exact
solution is not known in this case, only ηrel defined by (19) is computed. The
quantities U and ∇U in the denominator of expression (19) are computed from a
reference FEM solution on a very fine mesh of 125000 elements. For the PUFEM
solution, a coarse mesh of 125 elements is considered. The meshes used for the
reference FEM and PUFEM solutions are shown in Figure 13. Although a fine
meshed reference FEM solution is obtained in this current work, this is often not
practical for real-world problems. Calculating the denominator of (18) and (19)
is not essentially required, as one often is only interested in absolute, not relative
values of the error indicators to decide between different enrichments. In this current
study the fine meshed FEM solution is calculated mainly to compare the accuracy of
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Figure 14: Temperature distribution for the reference FEM solution (top row) and PUFEM solution with Q = 6 (bottom row) at times t = 0.05, 0.1 and 0.2 from left to right. The distributions
are obtained with ∆t = 0.001.

PUFEM solution against the reference solution for verification purposes. As shown
in Figure 14, both the coarse meshed PUFEM and fine meshed FEM solutions show
similar temperature profiles, validating the accuracy of the PUFEM computations.
As the reference solution is computed, it is also used to estimate the values in the
denominator of (19) merely to keep consistency with the presentation of results with
Test problem 1.
To investigate the possible use of the presented error estimate for a problem
with no known analytical solution, three different studies are performed. The first
study is performed to show the effect of q−refinement on the solution obtained
with PUFEM, and the other investigates the the q−band analysis as performed in
the previous test problem. The third study investigates the effect of conditioning
number (κ) on the proposed error estimate.
5.2.1. Effect of q−refinement
To evaluate the effect of q−refinement for Test problem 2, PUFEM solutions are
calculated with Q = 2,3,...6. Figure 15 shows the variation of ηrel as a function of
Q at times t = 0.05, 0.1, 0.15 and 0.2. In each of these cases, two different values of
the time step are considered: ∆t = 0.001 and 0.0001. As in the previous example,
the value of ηrel decreases as the number of enrichment functions is increased. This
shows that the error estimate captures the behaviour of the solution efficiently and
improves with every additional enrichment function. Similar trends are achieved for
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(a) t = 0.05

(b) t = 0.1

(c) t = 0.15

(d) t = 0.2

Figure 15: Variation of ηrel with q−refinement for Test problem 2.

Figure 16: First derivatives of the PUFEM solution in x-direction at times t = 0.1, 0.5 and 1.0
from left to right. The distributions are obtained with ∆t = 0.001.

Figure 17: Second derivatives of the PUFEM solution in x-direction at times t = 0.1, 0.5 and 1.0
from left to right. The distributions are obtained with ∆t = 0.001.
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(a) t = 0.05

(b) t = 0.1

(c) t = 0.2

Figure 18: Variation of ηrel with different q−bands for Test problem 2.

both values of ∆t with slightly better results with ∆t = 0.0001. In Figure 16 and
Figure 17 are shown the first and second derivatives with respect to x, respectively,
of the PUFEM solution. Again, the overall error estimate is dominated by the η22
and very high values of the second derivatives are observed as compared to the value
of the solution and its first derivatives.
5.2.2. Effect of q−bands
To ascertain the effect of different combinations of q−bands, computations are
performed with three enrichment functions. With Q = 3, the same q−bands as
shown in Table 1 are considered again for Test problem 2. Figure 18 depicts the
values of ηrel over the whole domain Ω for different combinations of enrichment
functions at three different simulation times, t = 0.05, 0.1 and 0.2 with ∆t = 0.001.
For the selected q−combinations, the Case-2 with combination q = 2, 3, 4 produces
the lowest errors at all the simulation times, followed by Case-1 with combination
q = 1, 2, 3. The last combination q = 4, 5, 6 (Case-4) having enrichment functions
with comparatively flatter gradients results in higher errors. Further enrichment
functions with more possible combinations can also be used for the optimal selection
of q−bands for any considered problem. A suitably selected combination can improve the accuracy considerably. For problems with unknown analytical solutions,
the presented error estimate can be used to select the optimal q−combination.
5.2.3. Effect of the Condition Number (κ)
To use the proposed error estimate as a tool to capture the effect of the condition
number (κ) on the PUFEM solution, this study is performed with different number
of enrichment functions, Q = 5, 6, ...9. Higher number of enrichment functions are
used because the PUFEM solution becomes ill-conditioned with higher number of
enrichment functions which is shown to be efficiently captured by the presented
error estimate. Figure 19 shows the log values of ηrel against the increasing num23

(a) t = 0.05

(b) t = 0.1

(c) t = 0.2

Figure 19: Effect of condition number (κ) on ηrel with increasing Q.

(b)

(a)

Figure 20: Temperature distribution at t = 0.1 for (a) Q = 8 and (b) Q = 9.

ber of enrichment functions. The value of ηrel decreases for Q = 5, 6, ...8 with
minimum value observed for Q = 8. With Q = 9, the results deteriorate which is
efficiently captured by the error estimate. Besides the main graph for Q = 5, 6, ...9,
the variation of κ for Q = 5, 6, ...8 is also shown separately in the figure for clear
visualization. Figure 20 also confirms the deterioration of the results with Q = 9,
where temperature distribution is shown at t = 0.1. It is clear from Figure 20 that
with Q = 9 we do not obtain any reliable results which is accurately reflected by
the proposed error estimate. Figure 21 shows the variation of condition number
(κ) with increasing Q. The condition number increases almost linearly upto Q = 8
and with Q = 9, it grows to a value as high as 1.41E+19 which deteriorates the
numerical results.

6. Conclusions
We investigated the effectiveness of a residual based a-posteriori error estimate
for PUFEM solutions of time–dependent heat diffusion problems in 3D domains.
The proposed error estimate is tested for two example problems. In the first example,
with a known analytical solution, the error estimate is compared to the computed
24

Figure 21: Variation of Condition Number (κ) with increasing Q for Test problem 2.

relative errors obtained from the PUFEM results and the analytical solution. It is
concluded that the proposed error estimate efficiently bounds the actual errors of
the PUFEM solution and the ratio of the error estimator to the actual error is about
10, in all cases. The presented error estimate is also compared with the L2 norm
error and it is shown that both follow similar trends at all the simulation times.
To show the possible use of the proposed error estimate for the optimal selection
of enrichment functions and subsequently better accuracy of the approximate solution, different numerical studies are performed. For all the studies, it is shown
that the error estimate effectively captures the solution trends and can be used as
an alternative tool for the L2 norm error for problems with no known analytical
solutions. The second example considers a problem where the exact solution is not
known. Again, a similar behaviour as in the previous test example is observed where
the error estimate is shown to decrease with the increase in number of enrichment
functions. Also a comparatively better q−combination is evaluated for Test problem
2 with the help of the proposed error estimate. Although the proposed approach is
studied for one type of enrichment functions, the same approach can be followed
with any other type of enrichment functions. The ill-conditioning of the system
matrix, that is typically experienced in the PUFEM solutions, is also shown to be
efficiently captured by the proposed error estimate.
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