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Abstract
We study wall-induced triboelectrification of particles by analyzing a continuum
model for charge transport. We first consider an idealized case of homogeneous distribution of granular materials in a periodic channel and show that the domain-average
charge per particle is inversely proportional to channel size. We then perform threedimensional simulations of fluidized beds in quasi-periodic channels and cylinders by
coupling the charge transport equation with two-fluid model for flow. In both cases, the
domain-average charge per particle varies inversely with a characteristic size, namely
the channel width and the tube diameter, respectively, just as in the idealized case.
The effect of tribocharging at the wall on flow becomes rather weak even for channel
widths and tube diameters of only one hundred particle diameters. This implies that
the effect of tribocharging at the walls in most flow problems will be limited only to a
small boundary layer near the walls.
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Introduction
Contact charging or triboelectrification is an every day phenomenon where solid surfaces
exchange electrostatic charges when undergoing mechanical contact 1 . Even though triboelectrification has been known for a long time, the microscopic mechanism remains under
debate 1–3 and many aspects are poorly understood 4–9 . Triboelectrification takes place in
systems of very different length scales ranging from small triboelectric generators 10,11 to
dust storms 12,13 . Triboelectrification of particles can occur through interactions of particles
of different materials 14,15 , particles of the same material but different sizes
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and particle-

wall interactions. The present study focuses on monodisperse particles of the same material
where particle-wall interaction is the only mechanism for imparting charges to the particles,
which could then be transferred between the particles. Using a recently developed model 17 ,
we analyze the wall-induced tribocharging of particles belonging to Geldart group B in gasparticle flows in vertical channels and cylindrical tubes. In particular, we examine the effect
of system size on the domain-average charge per particle (henceforth, simply referred to as
mean charge) and the impact of tribocharging on the flow behavior.
Sheeting at the walls is known to be a major concern in polyethylene reactors and tribocharging at the walls has been hypothesized as a possible reason for particle adhesion at
the walls 18 ; it is also suspected that this tribocharging could affect the bed dynamics even
in large industrial scale beds 19,20 . Intuitively, one would expect that the importance of wallinduced tribocharging on the bed dynamics would become weaker as the bed becomes larger,
as the surface area to volume ratio decreases with increasing bed dimension. However, how
the mean charge changes with system size and at what system size the wall-induced charging
in monodisperse systems would become too weak to have an effect on bed dynamics are not
known. These are addressed in the present study.
Due to the complex nature of triboelectrification, it comes as no surprise that many different mathematical models have been suggested for triboelectrification that are based on
widely differing ideas. These ideas include polarization based charging 21–24 ; particle electron
3

surface density limited charging 25 ; high and low energy electrons 26 ; particle temperature
variations as the driving mechanism 27 ; and saturation charge density of the surface limited by dielectric breakdown 28 . However, currently the most commonly used computational
models for triboelectrification are based on the effective work function concept and contact
potential difference between surfaces 29–38 . In these models, the charging tendency of contacting materials are characterized by an effective work function value that dictates the direction
and limit of charging. Most of these prior mentioned models 33,36,37,39 have neglected the role
of electric field on the charging, which has been shown to be important in a number of experimental studies 9,35,40 . It has been accounted in some more recent studies and shown to be
essential for capturing the experimental results 34,41,42 . The triboelectrification model that
we base this study is a variant of the effective work function model 34 that takes the effect of
electric field into account and has been used successfully in a number of previous studies to
predict granular material charging 41–43 .
Much of the prior studies have concentrated on how different particles charge in a given
flow domain varies with operational conditions 44–51 , but charging of the same particles in
different vessels has gained less attention. Hence, in this study we probe the effect of vessel
size on the electrostatics while keeping the particle properties unchanged. Furthermore, many
studies have focused on the saturated charge level and the evolution of the triboelectrification
has received less attention 41,52 . In our earlier work 53 , we showed that accelerating the rate
of charge transfer did not change the total charge of the system significantly, but altered the
charge distribution. Hence, the characteristic time associated with charging plays a role at
least in determining the distribution of charge inside flow domain.
Many prior studies have also shown how electrostatic charges can alter particle dynamics 18,20,42,49,54–61 . Most commonly observed effect is particles adhering to the wall and formation of wall layers 18,55 , but it also can affect bubble interactions in bubbling beds 20,56,57 ,
mixing in bubbling beds 62 , and particle elutriation 49,58–60 . In particular, the electrostatic
effects on particle dynamics have shown to depend on charge distribution for bubble dynam-
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ics 57 and wall fouling 42 . In our previous study 42 , we concluded that the charge distribution
depended on the rate of charge transfer, which affected the wall particle layer thickness.
In another prior study 53 , we showed that the extent of charging was affected by the bed
dynamics. Hence, the particle dynamics, charge distribution, and rate of charge transfer are
all interconnected.
In this article, we aim at studying coupling between fluid-particle dynamics, charging
time-scale, and the size of the flow domain. Understanding effect of the system size is
important as almost all experimental measurements and analyses of tribocharging have been
done in laboratory-scale devices. In practice, tribocharging can occur through (i) contact
between particles and the bounding walls and the internals; and (ii) contact between particles
of different type. In the present study, we examine through model analysis how the extent
of charging driven by particle-wall work function difference changes with sytem size.
We base our analysis on a recently proposed Eulerian-Eulerian (two-fluid) model 17 , which
is derived from the aforementioned microscopic contact charging model of Laurentie et al. 34 .
Very similar charge-transfer model has been also presented by Ray et. al. 63 , where they
used the model to study triboelectrification in a 2D fluidized bed. Eulerian-Eulerian model
allows for a steady-state analysis that is not available in particle-based (Lagrangian) models
as the charges on individual particles are changing all the time. We begin by giving a
brief overview of the Eulerian-Eulerian model. We then analyze the case of homogeneous
distribution of granular materials in a periodic channel that has an analytical solution for
charge distribution and show that the mean charge scales inversely with system size, when
particle-wall interaction is the only source of tribocharging. We also investigate how well
this prediction derived for such a highly simplified system holds for fluidized gas-particle
suspensions in small flow geometries. Specifically we simulate fluidization of 250 µm Geldart
group B particles in quasi-periodic channels and in cylindrical tubes, and find that the mean
charge varies inversely with the characteristic size of flow domain, just as in the idealized
example. For the particles considered in the examples, the effect of tribocharging at the
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wall on the bed hydrodynamic becomes rather weak even for channels and tubes whose
characteristic size is only ∼ 100 times the particle diameter. Based on these results, one can
assert that the effect of tribocharging in large industrial beds will be limited only to a small
boundary layer near the walls.

Mathematical Modeling
Hydrodynamic Model
We present a brief overview of an Eulerian-Eulerian model for monodisperse charged particles. Readers are referred to our recent article 17 for further details. The continuity equation
for solid phase is given by:
∂αp
+ ∇ · (αp up ) = 0,
∂t

(1)

where αp is the solid volume fraction and up is the solid phase velocity.
Gas and solid phase momentum equations are given by



∂ug
ρg (1 − αp )
+ ug · ∇ug = (1 − αp )∇ · Σg + Φd + ρg (1 − αp )g
∂t


αp Qp
∂up
+ up · ∇up = αp ∇ · Σg + ∇ · Σp − Φd + ρp αp g +
E,
ρp αp
∂t
Vp

(2)
(3)

where Φd = β(ug −up ) is the force per unit volume of the mixture exerted on the gas phase by
the solid phase, where β is the drag coefficient modeled by Wen and Yu drag 64 ; Σi (i = g, p)
is the phase total stress; g is the gravitational acceleration; Qp is the local-average charge
per particle, Vp is the volume of a particle; E is the local electric field. The electric field is
computed from the electrical potential φ as E = −∇φ. The electrical potential depends on
the local charge density according to the Gauss law:
ε 0 ∇2 φ = −
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αp Qp
,
Vp

(4)

where ε0 is the vacuum permittivity. It should be noted that the Eq. (4) neglects polarization
effects on the electric field and differs from models that treat the permittivity as a function
of the particle volume fraction 20,56,57 . Hence, Eq. (4) is valid for conducting particles or
mildly polarizing insulators that do not exhibit significant polarization. Gas and solid phase
stresses are decomposed into isotropic and deviatoric parts:


2
T
Σi = −(pi − µb,i (∇ · ui ))I + µs,i ∇ui + ∇ui − (∇ · ui )I
3

where i = p, g.

(5)

The bulk viscosity of gas phase µb,g is set to zero and the shear viscosity of gas phase µs,g
is taken to be air viscosity at ambient conditions. The effect of sub-grid scale gas turbulence
is not taken into consideration, as its effect is expected to be minimal because of the high
particle Stokes number (see Table 1) and the fine grid resolution used in the simulations.
The solid phase pressure is modelled by 65 :

pp = ρp αp Θp (1 + 2(1 + ep )g0 (αp )αp ) ,

(6)

where ep is the coefficient of restitution, g0 (αp ) is the radial distribution function at contact 65 ,
Θp is the granular temperature. Shear and bulk viscosities are computed according to 66 :

µs,p

4
= αp2 ρp dp g0 (1 + ep )
5

r

√
p 
2
5 π
Θp 2 96 ρs ds Θp
4
1 + g0 αp (1 + ep )
+
π
(1 + ep )g0
5

(7)

and
µb,p

4
= αp2 ρs ds g0 (1 + ep )
3

r

Θp
.
π

(8)

The granular temperature is determined by solving a transport equation 65 :


βdp kug − up k2
3 ∂
√
[ (αp ρp Θp ) + ∇ · (αp ρp Θp up ] = Σp : ∇up + ∇ · (κp ∇Θp ) −γp −β 3Θp −
2 ∂t
4αp ρp πΘp
(9)
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where thermal diffusivity κp is given by:
r

2
p
2
Θp
6
75
2
κp =
1 + (1 + ep )g0 αp
ρp dp πΘp + 2αp ρp dp g0 (1 + ep )
(1 + ep )g0
5
384
π

(10)

and thermal dissipation γp is modelled according to Lun et al. 65 :
γp = 12(1 − e2p )

αp2 ρp g0 3/2
√ Θ .
dp π p

(11)

Although the electrostatic forces could influence the fluctuating motion of the particles,
the granular temperature transport equation and the constitutive model for the particle
phase stress do not account for them. A general fluctuation energy balance that includes the
effect of electrostatics is not available, to the best of our knowledge. The effect of electrostatic
forces for monodisperse particles is likely to be more important in the momentum balance
(where it is indeed included, see Eq. 3) than in the granular temperature balance 67 . The
charge transport equation evolves the distribution of charges, which is needed to compute
the electrostatic force; as a result, it is more important than the effect of electrostatic forces
on the granular temperature balance.
Charge transfer is modelled by a transport equation derived in a recent article 17 :
∂
∂t






αp
αp
Qp + ∇ ·
up Qp = −∇ · (σq E) + ∇ · (κq ∇Qp ) ,
Vp
Vp

(12)

where σq is the triboelectric conductivity and κq is the triboelectric diffusivity, both which
are function of particle volume fraction and granular temperature1 :
 2   
2/5
√
15m∗p
αp
12 ∗
5π
π
3
14/5
√
r
ε0 g0 (αp )dp
Γ
σq = γq 2
Θ9/10
p
21
Vp
5
16Y ∗ r ∗
1

(13)

The original expressions given in article 17 had an error in the constant coefficients, which have been
corrected in this work.
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and
p
2/5
 2   
√
15m∗p
d p Θp
αp
12 ∗
2
14/5 5 π
√
κq = √
Θ9/10
,
r
g0 (αp )dp
Γ
+ γq 2
p
∗
∗
21
Vp
5
9 πg0 (αp )Vp
16Y r

(14)

where γq is a phenomenological parameter quantifying the rate of charge transfer and ∗ refers
to effective quantities; Y ∗ is the effective Young’s modulus; m∗p is the effective particle mass
and r ∗ is the effective radius. These quantities are defined as:
Y∗ =

Y
,
2(1 − ν 2 )

m∗p =

mp
,
2

r∗ =

dp
4

(15)

where ν is the Poisson’s ratio. The first term in the triboelectric diffusivity accounts for the
diffusive motion of the charged particles, while the second term is due to the charge transfer
between particles during particle-particle contact.
Earlier work 53,68 has used the parameter γq to adjust the rate of charge transfer. Laurentie
et al 34 obtained good agreement between their vibrated bed data and numerical simulations
using γq = 1 (this adjustable parameter was not introduced in their study and hence the
default value of unity). However, in our recent both vibrated bed 41 and fluidized bed 42
studies, this charging model was found to overestimate the rate of charge transfer. By
comparing the experimental and simulation results, it was found that γq ≈ 1/60 matched
the results better than unity. It should be noted that Laurentie et al. 34 studied polycarbonate
and polyamide particles as opposed to studies 41,42 , which used polyethylene particles in glass
containers. Hence, γq appears to be affected by the system of interest. With this in mind,
in the present study we have treated γq as a model parameter and probed how changing it
affected our findings.
The material properties and simulation parameters used in this study are summarized in
Table 1.
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Table 1: Material properties and simulation parameters. Superscripts refer to a specific case
where variables are used; ∗: isothermal homogenous granular medium, †: fluidized particles
in a channel, ‡: fluidized gas-particle mixtures in cylindrical tubes.
Material properties and simulation parameters
Particle diameter; dp [µm]
Particle density; ρp [kg/m3 ]
Young’s modulus; Y [Pa]
Poisson’s ratio; ν
Particle-particle restitution coefficient; ep
Particle-wall restitution coefficient; ew
Gas density; ρg [kg/m3 ]
Gas viscosity; µg [P a · s]
Gravitational acceleration; |g| [m/s2 ]
Terminal velocity based on Wen and Yu drag law 64 ; vt [m/s]
Particle Reynolds number; Rep = ρg µvgt dp
1 ρp
Particle Stokes number; Stp = 18
Rep
ρg

Value
250
910
7 × 1010
0.42
∗
1 , 0.9†,‡
1∗ , 0.9†,‡
1.3†,‡
1.8×10−5†,‡
9.81†,‡
0.91†,‡
16.5†,‡
690†,‡

Boundary Conditions
Following our earlier work 17 , charge at a conducting boundary satisfies the following boundary condition:

σq,w



2Qp
∆ϕ
−
δc e
πε0 d2p



+ κq nw · ∇Qp − (σq − σq,w ) E · nw = 0,

(16)

where ∆ϕ is an effective work function difference between particles and the wall; e > 0 is
the elementary charge; δc is the electron tunneling distance; nw is the inward normal of the
wall (pointing from the wall to the interior domain). Triboelectric conductivity at the wall
(σq,w ) is given by:

σq,w

 

 25
15 mp
9
√
6
)
Γ(
10  9/10
 16Y ∗ r
√
= γq ε0 αp (1 + 2(1 + ew )αp g0 )  10
Θ ,
2(1 + ew )d2p

(17)

where ew is the restitution coefficient of wall-particle collisions.
In the simulations of gas-particle suspension, no-slip boundary condition is applied to
both phase velocities at the bounding walls; granular temperature and pressure follow a zero
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normal gradient boundary condition. Gas velocity is specified at the inlet and it satisfies a
zero gradient boundary condition at the outlet.

Isothermal Homogenous Granular Medium
Periodic Channel
Here we consider an idealized problem that allows for an analytical solution so that the effect
of scale-up can be exposed easily. Specifically, we neglect the gravitational acceleration and
analyze only the granular medium; particle-particle and particle-wall restitution coefficients
are set to unity and the effect of the electrostatic force on the particles is taken to be negligible
so that the particles are distributed homogeneously in the channel and they maintain a
constant granular temperature. In this limiting case, one can obtain an analytical solution for
the charge distribution, as outlined below. Under these assumptions, the Eulerian-Eulerian
model simplifies to:

−



σq
ε0



Q̃p +



Vp κq
αp L2



d2 Q̃p
= 0,
dx̃2
d2 φ̃
= −αp Q̃p
dx̃2

(18)
(19)

where x̃ = x/L refers to the dimensionless channel coordinate (normal to the walls), and the
channel walls are placed at positions x = −L/2 and x = L/2. The dimensionless variables
are given by
Qp
,
qeq


ε 0 Vp
φ̃ =
φ.
L2 qeq

Q̃p =

11

(20)
(21)

Here, qeq is the equilibrium charge that is the largest charge attainable by the particles due
to work function difference ∆ϕ and it is computed by:

qeq =

∆ϕπǫ0 d2p
.
2δc e

(22)

The nature of the solution to this problem is determined by the ratio of two time scales, one
associated with tribocharging, τe , and the other representative of charge diffusion, τd :
ε0
,
σq
αp L2
=
.
Vp κq

τe =

(23)

τd

(24)

With introduction of these two time scales, the charge transport equation in the channel
becomes:
−Q̃p +

τe d2 Q̃p
= 0.
τd dx̃2

(25)

The boundary condition for the electric potential at the wall is simply φ̃ = 0 while for
charge it becomes:

−(1 − Q̃p ) − 3αp



L
dp



τe,w
τd



dQ̃p
+3
dx̃



L
dp




τe,w
− 1 Ẽw,x = 0.
τe

(26)

The variation of scaled charge Q̃p in the channel is found by solving the above system of
equations, and the mean charge readily follows. Our goal is to find how this mean charge
changes with the ratio of the system width to the particle diameter, L/dp . Before describing
the results obtained by numerical integration of the above equations using the finite difference
method, it is useful to consider first the two limiting cases: (i) τe << τd and (ii) τd << τe .
If τe is much smaller than τd , the diffusion term can be neglected as it will be much smaller
than the charge conduction due to the electric field. In this limit, the charge transport
equation simplifies to Q̃p = 0 and hence the electrical potential will be φ̃ = 0. With a

12

constant electrical potential, the electric field at the wall vanishes and the boundary condition
simplifies to Q̃p,w = 1. Hence, in the limit of zero diffusion, particles obtain the equilibrium
charge at the wall and particle charge is zero everywhere else. For 0 < τe << τd , this
discontinuous change will be replaced by a thin boundary layer where the scaled charge
changes from one at the wall to zero outside the boundary layer. When the boundary layer
thickness is very small compared to the system width, the boundary layer at each of the
two bounding walls can be analyzed separately and then patched together to get the leading
order solution for the average scaled charge on the particles. Such an analysis leads to the
following estimate:
2
hQ̃p i =

q

τe
τd

1 + 3αp

q

τe
τd



dp
L



(27)

.

Thus, we find that the mean charge varies inversely with L/dp in this limit.
(a)

10

τd ≪ τe
τd ∼ τe

ω = 10
ω=1
ω = 0.1
ω = 0.01
−1 slope

0

10

hQ̃p i

Q̃p

0.3

(b)

1

0.4

0.2

−1

10
0.1

0
−0.5

−2

10
0

0.5

1

2

10

x̃

10

L/dp

Figure 1: (a) Scaled charge variation in the periodic channel configuration; blue solid line
shows the solution for the case where τd ∼ τe and red dashed line shows the solution for
the case τd ≪ τe . In both cases, L = 32dp , and αp = 0.15. (b) Domain-average charge per
particle in the periodic channel configuration for various ratios of time-scales (ω = τd /τe )
plotted against the system width L. Time scales were adjusted by changing the parameter
γq to keep the ratio the same when system size was changed. Black dashed line shows the
−1 slope for reference.
In order to analyze the other extreme where ω = τd /τe << 1, we can invoke the transport
equation (see Eq. (25)) and the Gauss law applied to a whole channel to connect the electric
13

field and the charge gradient at the wall:

Ẽw,x = αp

τe dQ̃p
.
τd dx̃

(28)

Inserting Eq. (28) to Eq. (26), we obtain simpler form of the boundary condition involving
only the particle charge:

1 − Q̃p ± 3αp



L
dp



τe
τd



dQ̃p
= 0.
dx̃

(29)

Then, we invoke a perturbation expansion for the charge

Q̃p ≡

∞
X

ω n Q̃(n)
p ,

(30)

n=0

(n)

where functions Q̃p do not depend on the ω. Inserting Eq. (30) into Eq. (25) and solving
the order n = 0 problem (which also requires analysis of order n = 1), we find that
Q̃(0)
p (x̃) =

1
1 + 23 αp

 .
L
dp

(31)

(0)

For any practical applications dp ≪ L, and Q̃p (x̃) ∝ dp /L. Hence, in the limit τd ≪ τe the
(0)

mean charge, corresponding to Q̃p , will be inversely proportional to the channel width. The
profile will be almost flat as opposed to the case τe ≪ τd . Yet, the mean charge scales with
system size in the same manner in both limiting cases. (Both Eqs. (27) and (31) suggest that
the natural length scale to use to non-dimensionalize the gap width is dp . For this reason, we
use the particle diameter as the characteristic length.) For intermediate values, the solution
lies between these two extreme, which is illustrated in Fig 1a. Fig. 1b shows the mean charge
for different channel widths and time-scale ratios resolved by the finite difference method.
The figure reveals that the mean charge of the system is fairly independent of the time-scale
ratio and begins to follow the inverse relation for channel widths sizes L > 10dp . Note that
14

the total number of particles increases with the channel width. It is straightforward to use
the Gauss law to show that the electric field at the channel walls (in this limit of inverse
relation between mean charge and channel width) will be independent of channel width.
This implies that the typical magnitudes of electric field experienced by the particles will be
independent of channel with. It then follows that the average magnitude of the electrostatic
force experienced by the charged particles will decrease roughly linearly with system size,
when tribocharging at the walls is the only source of particle charge.

Fluidized Particles in a Channel
In order to investigate if predictions obtained in a highly idealized granular system considered
above would hold in more complex flows, we performed Eulerian-Eulerian simulations in a
fluidized bed channel. In the channel simulations, inlet and outlet boundary conditions
are set on the vertical directions, z-direction. Conducting walls are set in the x-direction
(i.e. the walls are in the yz-plane) and periodic boundary conditions were applied in the
y-direction. Unlike, the aforementioned idealized cases, we now account for the electrostatic
forces in the momentum equations so that the interplay between charging and flow is fully
captured. In Geldart classification 69 , the particles belong to type B, lying close to the
A-B boundary (see Table 1 for particle properties). In each case, the height of bed is
settled at 160dp (henceforth referred to as static bed height), and inlet velocity is 50% of
the particle terminal velocity (computed by Wen and Yu drag law 64 ). It is worth to note
that the smaller domain simulations (L/dp or D/dp = 20 or 30) used grid resolution of 2.5 dp
while in larger domains simulations a grid size of 4 dp was applied in order to cut down the
computational cost. Simulations in smaller domains with 4 dp grids manifested severe solid
volume fraction checker boarding, which was remedied by the finer mesh. This issue was
not evident in simulations involving larger domains. Simulations were performed for several
different combinations of model parameters, but we show here only a selected subset of the
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results.
In our previous study on contact charging in vibrated beds 41 , by matching our experimental data on particle charging with Computational Fluid Dynamics-Discrete Element
Method (CFD-DEM) simulations and the charging model used in this study 34 , we estimated
that the effective work function difference between the polyethylene particles and borosilicate
glass container is in the 1 − 2eV range. This estimate is dependent on the electron tunneling distance, δc , assumed. As the effective work function difference increases, the extent
of particle charging and the potential influence of electrostatics on flow increase. Results
are presented for a particle-wall combination for which the effective work function difference
is 2 eV and δc = 500 nm. These correspond to the ratio of electrostatic force to gravity:
2
e/g = qeq
/(ε0 πd2p mp g) ∼ 20 (based on equilibrium charge, defined in Eq. (22)). As noted

earlier, qeq is the maximum charge that a particle can acquire in the absence of an externally
imposed electric field. This level of charging is possible when an isolated particle is interacting with a conducting wall. The quantity e/g compares the attractive electrostatic force
between this particle and a conducting wall that it is in contact with to the weight of this
particle. (To put this number in perspective, the inter-particle attractive force between two
contacting particles at the Geldart group A/C transition is 103

70

.) When many particles

are present, as in the problem we are analyzing, the electric field generated by the particles
will decrease the charges acquired by the particles. As a result, the domain-average charge
per particle in a many particle system, which is referred to as saturation charge, is much
smaller than qeq for an isolated particle, as discussed below. Each simulation was performed
for 60 s, which was found to be sufficiently long for the system to reach a steady state.
Unless mentioned otherwise, the results presented correspond to the charging rate parameter γq = 0.2. Although γq ≈ 1/60 was estimated to be a more realistic choice, running
simulations with such small γq value is prohibitively expensive at the grid resolutions used in
this study. We employed a grid resolution of 2.5 − 4 dp as the smaller domains require such
resolution so that there is an adequate number of grids over the cross section. In order to
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ensure that flow structure is resolved to the same level of accuracy, we kept similar grid resolution even when tube radius was increased; this led to a rapid escalation of computational
cost. The larger cases took one month to run on a 16-core node for γq = 0.2. If γq is reduced
to 1/60, the computer time would likely be around one year. In any case, we already know
from Figs. 2 and 3 (see below) that if the charging behavior of a system is dominated by
charge diffusion at some γq value (such as γq = 0.2 in our simulations), it will continue to
remain dominated by charge diffusion if γq is decreased further and no qualitative changes
will be observed. On the other hand, increasing γq , enhances charge conduction and could
lead to qualitative changes. With this in mind, we also explore the effect of larger γq values
in our simulation studies.
The typical channel widths considered in the simulations (40 to 160 dp ) are very small
and would hardly qualify as beds of practical dimensions. We emphasize that the goal of
our study is not an analysis of the effect of scale-up on bed hydrodynamics, which is a rich
field of study, where a great deal of work has been done on coarse-grained models such as
filtered two-fluid models (e.g., see 71 ). Instead, we set out to examine how the extent of
particle charging due to particle-wall interactions change with system size, so that one can
establish the importance (or lack thereof) of wall-induced tribocharging in practical systems.
Based on the idealized example discussed above, we anticipate that the mean charge in the
bed as well as its effect on the bed dynamics would decrease as the bed becomes larger
and larger; however, the typical bed size for which tribocharging driven by the particlewall interactions could impact the overall flow dynamics is not well understood. Our initial
simulations suggested that only in this size range does wall charging have an effect on flow;
as a result, we focus on presenting our simulation results in this size range. We did carry out
many simulations with different values of model parameters such as effective work function
difference at the wall and the charging rate parameter, but we report here only a typical set
of results. The implication of these results to tribocharging in larger systems of practically
important dimensions will be discussed later.
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Results
We compute the domain-average charge per particle, or simply the mean charge, by a Favre
averaging over the whole domain as:

hQ̃p i(t) ≡

R

αp (x, t)Q̃p (x, t)dx
R
.
αp (x, t)dx

(32)

Fig. 2a shows the saturated charge level, which refers to the mean charge in the bed at the
statistical steady-state. (The saturated charge different from the equilibrium charge on a
particle mentioned earlier, which refers to the maximum charge an isolated particle in contact
with a conducting wall can hold. Typically, the saturation charge is much smaller than the
equilibrium charge as a result of the effect of self-induced electric field due to all the charged
particles in the system.) As can be seen from the figure, mean charge levels in a fluidized
channel follow reasonably well the inverse relationship derived for the simpler granular gas
problem. We also find that the static bed height had only a very small impact on the mean
charge. However, decreasing fluidization velocity lowered the particle charge level. This can
be explained by a higher particle volume fraction in the bed, and it is consistent with the
trend predicted by Eq. (31) and prior studies 38,45,72,73 .
It should be emphasized that the linear fit in Fig. 2a was motivated by the scaling
suggested by the idealized example discussed earlier. Departure from this linear relationship
is attributed to gas-particle drag and the effect of electrostatics on particle flow, which were
not considered in the idealized example, but are included in the simulations. The greater
departure seen for the dp /L = 1/40 case is likely due to the meandering flow that was
observed for this case. This figure shows that, in spite of the additional complexities arising
because of non-uniform flow, the mean charge varies linearly with dp /L to leading order.
Fig. 2b shows the time evolution of mean charge for various channel widths. The decrease
of mean charge with increasing channel width is very apparent. Counter-intuitively, the larger
cases reached a saturated state faster. In the context of the present model, this could be
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explained by the smaller extent of charging. Particles obtain a much higher charge in the
narrower channel cases. It takes s larger number of collisions for a single particle to reach
this higher value, and hence longer time.
Fig. 2c show the evolution of the mean charge for various values of γq . For γq values less
or equal to unity, the saturated charge level was affected by the charging-rate only weakly
(∼ 10%). This result is consistent with our prior particle scale studies 42,53 . However, when
γq is increased further to 10, the mean charge level raises to a new plateau (Fig. 2c, inset),
which is ∼ 100% larger than it was for γq = 0.1. The mean charge level also becomes
coupled with the bed fluctuations that are clearly visible for the γq = 10 case. Thus, when
the charging rate is fast and the extent of charging is large enough to start influencing the
bed hydrodynamics, the final outcome could depend on the charging rate. This point is
further reinforced by Figure 3 (see below) describing the charge and particle distributions.
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Figure 2: (a) Saturated mean charge level for different channel widths and simulation
conditions. Solid and dashed lines show a linear least square fit. (b) Evolution of the domainaverage charge per particle with various channel widths (Ug = 0.5 vt and H = 160 dp). (c)
Evolution of the domain-average charge per particle for different γq values in L = 40 dp
channel. Inset: Evolution of the domain-average charge per particle with γq = 10. Domainaverage charge per particle is scaled by the equilibrium charge: qeq = 3.456 nC.
Fig. 3a shows profiles of the time-averaged charge in the channel for various channel
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widths at γq = 0.2. For smaller channel widths that are diffusion-dominated, the profile is
almost flat, consistent with the predictions from the granular gas example discussed earlier.
For larger channel widths, the wall charge begins to separate from the interior charge, but
the interior remains uniform that can be attributed to the intense mixing due to fluidization.
Fig. 3b shows profiles of the time-averaged charge in 40 dp wide channel for various γq
values. As expected, for higher γq values the wall charge begins to separate similar to the
wider channels. Similarly, the mixing caused by the fluidization keeps the interior profile
flat.
Fig. 3c shows snapshots taken after 60 s of fluidization. The rightmost channel shows
vigorous slugging of uncharged particles in a 40 dp wide channel. In the presence of wallinduced tribocharging, most particles in the narrowest channel shown in Fig. 3c are attached
to the walls, and the interior is absent of slugging consistent with our prior studies 42,67 . When
channel width is increased to 40 dp the bed switches to a meandering flow, which has also been
observed in our prior study 60 . The effect of tribocharging is clearly less severe than that in
the 20 dp channel. Further increase in channel width weakens the effect of tribocharging and
the bed begins to slug as in the case of a bed of uncharged particles. Thus, in this example,
by the time the channel width becomes 100 dp, the effect of wall-induced tribocharging has
become weak and any effect it has is confined to a thin region near the walls. Increasing the
channel width further, causes the bed behavior to become more chaotic and form slugs.

Fluidized Gas-Particle Mixtures in Cylindrical Tubes
In this section, we present results for fluidized gas-particle mixtures in small cylindrical tubes
in order to expose the inverse scaling of the mean charge with tube diameter. An illustration
of the computational domain is given in Fig. 4a. Different from the channel simulations,
we now present results for a case where we scale the height of bed settled to a solid volume
fraction of 0.5 (referred ad static bed height) along with the tube diameter D. Hence, the
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Figure 3: Time-averaged charge profiles as a function of dimensionless x-coordinate (x̃ =
x/L) for (a) various channel widths with γq = 0.2, and (b) various γq values with L = 40 dp
channel. Channel walls are located in x̃ = ±0.5 Charge is normalized by the equilibrium
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only the fluidized bed part, which was half of the simulation domain height.
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total particle mass now scales with D 3 . This scaling of height with diameter is a more natural
thing to do. In the channel example, we deliberately kept the static bed height the same so
that we can illustrate through the combination of that example and the present one that bed
height is not a significant factor in determining the mean charge. Instead, the key length
scale is the tube diameter or channel width. The model parameters are the same as in the
channel simulations. As in the case of channel simulations, our goal is to examine how the
mean charge changes with tube diameter, which is best analyzed by studying really small
tubes.
Fig. 4b shows snapshots taken from the center plane of the cylinder. Particles tend to
segregate towards the wall because of wall-induced tribocharging. This effect is prominent in
small diameter tubes (and narrow channels), where a core-annular flow is clearly observable.
As the tube diameter (or channel width) increases, the average particle charge decreases
and tribocharging-induced core-annular flow becomes less prominent. The meandering flow
pattern observed in narrow channels is not seen in the cylindrical geometry. The interior is
homogeneous in both D = 20 dp and D = 40 dp cases, but the D = 20 dp shows the sheet-like
wall layer more prominently. These flow patterns have been reported before in literature for
uniformly charger particles using both CFD-DEM 67 and Eulerian-Eulerian simulations 19,63 .
When the tube diameter is increased, the bed manifests slugging flow, as in the case of
uncharged particles. This transition was seen in channel simulations as well.
Time-averaged charge profiles for four different tube diameters are shown in Fig. 4c. The
charging behavior of the cylinder is qualitatively similar to the channel, and follows the same
inverse (see inset of Fig. 4c) as in the examples discussed earlier.

Discussion
In this study, we have specifically examined how the extent of wall-induced tribocharging of
particles changes with system size. By analyzing an idealized case, we first show analytically
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1

that the domain-average charge per particle or namely mean charge manifests an inverse
relationship with L/dp . We then present results from 3D simulations fluidization in channel
and cylindrical geometries. Through all these examples, we show that an increase in L/dp
(or equivalently, D/dp in cylindrical geometries) leads to a decrease in the mean charge on
the particles, even though flow behavior varies appreciably among the cases. In other words,
the inverse dependence of the mean charge on L/dp is robust. We further note that scaleup of fluidized beds has been studied extensively in the literature (e.g., see 74–76 ). In these
studies, L/dp is not viewed as a meaningful dimensionless group for scaling up (or down) the
flow characteristics. Nevertheless, we present our results in dimensionless form in terms of
L/dp , as our inquiry is limited to exploring how the extent of particle charging changes with
system size for given particles, wall material and gas superficial velocity. For this limited
inquiry, it is therefore reasonable to scale the system size with particle size, for the purpose
of presenting the results in dimensionless form.
As shown in the previous sections, our analysis predicts a very rapid decay of the mean
charge as the system becomes larger and provides a useful clue as to when this mode of
particle charging becomes too weak to be of relevance in devices of practically relevant
dimensions. The observed charges are much smaller than the equilibrium charge observed in
isolated particles. In our prior experimental study on vibrated beds 41 , we observed a rapid
decrease in the mean charge when particle mass was increased. This observation supports
the theoretical findings of this paper qualitatively. The inverse relationship between extent
of charging and the system size is a definite prediction of the model considered in this
study. In the channel examples, the static bed height was kept unchanged when varying
the channel gap width. Simulations were performed for two different static bed heights (160
and 240 particle diameters). The mean charge for these two different static bed heights are
essentially the same, showing clearly that the channel width is the more critical variable.
In the cylindrical bed simulations, the ratio of static bed height to bed diameter was held
constant when changing the tube diameter. Thus, we have explored both options for static
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bed height - keeping it constant or scaling it with D. Both yield similar inverse relationship
between average particle charge and system size (L or D). This shows clearly that the
bed height is not an important consideration, which can readily be understood when one
recognizes that the electric field is predominantly in the lateral direction.
Although the tribocharging process is complex, this inverse trend can also be understood
using a simpler argument that the charging extent is determined by the ratio of bed surface
area and bed volume. Based on the results presented in this study, one can make the following
scaling arguments for wall-induced tribocharging of monodisperse particles with the same
material. When one scales up a fluidized bed, the mean charge will be inversely proportional
to the bed diameter. At the same time, as the number of particles in the bed per unit height
varies quadratically with tube diameter, the total charges in the bed per unit height will
increase linearly with bed diameter. The typical range of electric fields generated by these
charges will essentially be independent of bed size, but the voltages in the center of the bed
(relative to the bounding walls) will increase linearly with system size, which could lead to
safety concerns. Concurrently, the influence of the electrostatic force on the bed dynamics
will become less and less relevant as the average electrostatic force on a particle will vary
inversely with bed diameter. In addition to the scaling relations, the computations described
in this paper show that wall-induced tribocharging has no more than a weak effect on bed
hydrodynamics when the bed diameter exceeds 100 dp. Such small diameters are irrelevant
for fluidized beds, but could be relevant in hopper discharges and flows through draft tubes
in small spouted beds 77 .
According to the model analyzed in the present study, the influence on wall-induced
triboelectric charging in large systems will be confined to a region close to the wall. This,
in turn, means that hydrodynamic characteristics, such as bubble shape, in the interior of
large beds of practically meaningful dimensions will not be significantly altered by the small
level of charging in the bed when particle-wall contact is the only source of tribocharging.
It is also widely accepted that a mixture of particles of different sizes may exhibit bipolar
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triboelectric charging 1,4,6,50 and even identical materials may exchange electrostatic charges
during contact 1,7,78 . These effects were not incorporated in the Eulerian-Eulerian model
analyzed in this study, and it is likely that the inter-particle charge transfer - due to size
differences or other reasons - is likely to dominate any wall effects in the interior of large
industrial scale vessels. When bipolar charges arise in the bed due to charge transfer between
particles of different sizes, they could affect the flow. For example, the small particles could
adhere to the oppositely charged larger particles, forming clusters, which in turn would affect
the bed dynamics and change the rate of elutriation of the small particles from the bed. It
would be interesting to study such complexities introduced by inter-particle charging.

Summary
Flowing particles can pick up electrostatic charges for multiple reasons: (a) particle-wall
contact; (b) contact between particles of the same type, but different sizes; and, (c) contact
between different types of particles. The latter two types of interactions occur in the interior
of the bed and can therefore be expected to be relevant for particle handling devices (such
as fluidized beds) of all sizes. In contrast, the importance of particle-wall interactions can
intuitively be expected to diminish as one increases the size of the flow domain, as the ratio of
the bounding wall surface area to device volume decreases as the device volume increases. In
this study, we have examined how the extent of wall-induced tribocharging of monodisperse
particles of the same material changes with system by analyzing a continuum model for
flow with tribocharging. The principal result from this study is that the domain-average
charge per particle varies inversely with the size of the flow domain. We find that the effect
of wall-induced charge on flow becomes weak when the system size becomes 100 dp ; as a
result, the effect of wall-induced tribocharging in fluidized beds will be largely limited to the
wall region. It then implies that tribocharging due to particle-particle contact interactions
- either because the particles are made of different materials or because there is a size
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distribution - is likely to be the principal contributor for effects of tribocharging observed in
the interior of large beds. Future studies should expand the Eulerian tribocharging model
to polydisperse systems so that the consequences of charging in polydisperse systems could
be probed thoroughly.
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