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Abstract

We study generalised Navier—Stokes equations governing the motion of an electro-
rheological fluid subject to stochastic perturbation. Stochastic effects are implemented
through (i) random initial data, (ii) a forcing term in the momentum equation rep-
resented by a multiplicative white noise and (iii) a random character of the variable
exponent p = p(w, t, x) (as aresult of arandom electric field). We show the existence
of a weak martingale solution provided the variable exponent satisfies p > p~ > ,13%
(p~ > 1 in two dimensions). Under additional assumptions we obtain also stochasti-
cally strong solutions.

Keywords Electro-rheological fluids - Stochastic Navier—Stokes equations -
Martingale solution - Pathwise solution

Mathematics Subject Classification 60H15 - 35R60 - 76D03 - 35Q30

1 Introduction

Electro-rheological fluids are special smart fluids which change their material proper-
ties due to the application of an electric field firstly observed by Winslow [32]. Since
then a vast development in the chemical constitution of electro-rheological fluids has
taken place and nowadays dramatic changes by a factor of 10% in Ims in the viscosity
are possible. This provides the opportunity for the gainful exploitation of this fact in
technological applications for instance in clutches, shock absorbers, valves, actuators
and exercise equipment.
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The simplest approach for the modelling of such suspensions is to treat them in a
homogenised sense within the framework of continuum mechanics and in this respect,
we restrict ourself to incompressible fluids with density ¢ > 0. The conservation of
mass and the balance of linear momentum are given by

{8,(QV)—divS=—div(QV®V)—Vn+Qf+fe in Q, .
divv=0 in Q, ’

where Q = (0, 7)) x O denotes the parabolic cylinder (O is a bounded domain in R",
n = 2, 3)and @ is the tensor product in R” (thatis we have a®b = ab’ fora, b € R").
Here v : Q — R” is the velocity field, 7 : QO — R the pressure, S : Q — R™*”
the viscous stress tensor whereas f : Q — R” is the external mechanical body force
and f, : QO — R” the electromagnetic force. The material properties of an electro-
rheological fluid—according to Rajagopal and Ruzicka [23,24]—are described by the
relation

S = ((1+eWP) T — DEQE + (31 + a3 [EP)(1 + [eW)[) T e ()
+asi(1+ eW)T (E® eWE + E® e(V)E). (1.2)

Here E : 0 — R” is the electric field (which is a solution to the quasi-static Maxwell
equations and is not influenced by the motion of the fluid), e(v) = %(Vv + VVT) the
symmetric gradient of the velocity field and «;; are material constants. The exponent
p = p(IEJ?) depends on the strength of the electric field (and hence on time and
space) and satisfies in Q

1<p_§p§p+<oo. (1.3)

In the mathematical literature about electro-rheological fluids (starting with [26]) it is
common to study the constitutive law

S =pu(l+emNPI%e(v), u>0, (1.4)

which contains the same mathematical difficulties as (1.2) but simplifies the calcula-
tions. Essentially, there are two parts in the model where randomness can occur:

e The electromagnetic force is mainly influenced by the gradient of the electric field
E and the electric polarization P such that f, = [VE]P. All missing quantities
which are neglected here (for instance magnetic field and magnetic polarization)
can be summarized in some random perturbation. In addition, it can incorporate
physical uncertainties and turbulence in the fluid motion.

e The exponent p depends on the strength of the electric field which is a solu-
tion to Maxwell’s equation, the latter having been widely studied in literature.
Randomness naturally appears in the Maxwell equation (see, for instance [7,16]
for stochastic Maxwell equations), and the randomness in the Maxwell equation
transfers to randomness in the exponent in the model (1.6). In conclusion, the
assumption of a random exponent is very reasonable and required by applications.
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Second, it is not possible to give an explicit formula for the exponent p. Its depen-
dence on the electric field has to be determined via physical experiments. Hence some
(random) derivation from the “real” exponent is expected.

In this respect, the aim of this paper is to give a rigorous analysis of the following
stochastic model for electro-rheological fluids (without loss of generality we assume
thato = 1 and f, = 0)

dv=divSdr —div(v®v)dt — Vo dr +fdt + (v)dW in Q,

divv=0 in Q, (1.5)
V(O) =V in O,
with S given by
S =u(l+ WD’V %e(v), u>0. (1.6)

We suppose that the electric field E is given and that p = p(w, ¢, x) satisfies (1.3). The
quantity W denotes a cylindrical Wiener process with values in some Hilbert space
and @ is nonlinear in v with linear growth, cp. Sect. 2.2 for further details.

In the general three-dimensional case, regularity and uniqueness of solutions to
(1.5)—(1.6) is a longstanding open problem (already in the deterministic situation)
even if p = 2, leading to the classical Navier—Stokes equations for Newtonian fluids.
Consequently, the solution is understood weakly in space—time (in the sense of dis-
tributions) and also weakly in the probabilistic sense (i.e., the underlying probability
space is part of the solution). This concept of stochastically weak solutions already
appears on the level of stochastic ODEs if uniqueness is not available.

As far as stochastic PDEs are concerned, a milestone was the existence of martin-
gale solutions to the stochastic Navier—Stokes equation [(1.5)—(1.6) with p = 2] by
Flandoli—Gatarek [13]. Today there exists an abundant amount of literature concern-
ing the dynamics of incompressible Newtonian fluids driven by stochastic forcing. We
refer to the lecture notes by Flandoli [12], the monograph of Kuksin and Shyrikian
[20], the survey by Romito [25] as well as the references cited therein for a recent
overview. Much less is known if other fluid types are concerned. Just very recently, an
analysis of non-Newtonian fluids (see [4,30,33]) and compressible fluids (see [6,28])
subject to stochastic forcing started.

The analysis the system (1.5)—(1.6) brings a completely new aspect into play:
a random variable exponent. As a consequence, solutions are located in a random
function space generated by the a priori information

E[/ le(V)(w, 1, x)|P@H9) dx dti| < oo.
0

So, we have

e(V)(w, ) € LP@)(Q) forP-ae. w € Q,

@ Springer



Stoch PDE: Anal Comp

where
LG = {7 el @) [ 1r 1 ay < oo (1.7)
G

for G ¢ R™ and p : G — [1, 0o) measurable. Variable exponent Lebesgue spaces
(and Sobolev spaces) as in (1.7) have been studied extensively over the last two decades
motivated by the model for electro-rheological fluids from [23,24], and we refer to
[11] for a comprehensive treatment. As far as stochastic problems are concerned, a
first analysis of problems involving random variable exponents can be found in [31]
(see also [3] for a previous result on a stochastic p(z, x)-Laplacian). In this work, the
existence and uniqueness of weak solutions of a stochastic p(w, t, x)-Laplacian type
equation is established by use of the variational approach, and problems connected to
compactness and non-uniqueness as in the Navier-Stokes context do not occur.

In order to complete system (1.5) we have to describe the behaviour of the fluid at the
boundary. The boundary conditions in real world applications are quite complicated
and of substantial influence on the fluid motion. Nevertheless, our goal is to focus on
the effect of a random variable exponent as well as stochastic perturbations imposed
through stochastic volume forces. So, for a first analysis we consider periodic boundary
conditions, where the physical domain is identified with the flat torus

™= <[0’ 1]‘{0,1})n'

The first main result of this paper is the existence of a weak martingale solution
to (1.5)—(1.6) under periodic boundary conditions where the variable exponent p is
Lipschitz continuous in x and satisfies

inf p>

9, 1.8
QxQ n+2 (1-8)

see Theorem 2.2 for the precise statement. This generalises the results from [30] to the
case of variable exponents. As a consequence of the nature of martingale solutions we
are not able to describe the variable exponent as a given function defined on 2 x Q.
Instead, we rather describe a probability law on CO([O, T] x T™).

Our approach is based on a finite-dimensional Galerkin approximation and a refined
stochastic compactness method involving Skorokhod’s representation theorem. Since
the system (1.5)—(1.6) is nonlinear in the gradient of the velocity field we have to
demonstrate its compactness first. This is achieved by fractional estimates for Vv
inspired by the results from [21, Chap. 5], where deterministic problems with constant
p are considered. Under more restrictive assumptions on the variable exponent p, we
are able to show pathwise uniqueness of solutions. As a consequence, we obtain
pathwise solutions (see Theorem 2.10) using the method by Gyongy—Krylov [15].
Eventually, we are concerned with the existence of analytically strong solutions (see
Definitions 2.6, 2.12), where Eq. (1.5); holds almost everywhere in space. This is
based on the existence of second derivatives of the velocity field. Because of the non-
standard growth character of (1.6) this is much more involved than the situation with
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constant p. By simply differentiating Eq. (1.5); we are left with an a priori unbounded
integral, cp. (5.9). This issue can be overcome by combining a parabolic interpolation
as in [2] with an improved moment estimate, cp. Theorem 3.2. Consequently, we
obtain weak (or even strong) pathwise solutions to (1.5)—(1.6), see Theorem 2.7 and
Corollary 2.13.

The paper is organised as follows. In Sect. 2 we present the mathematical frame-
work, the various solution concepts to (1.5)—(1.6) as well as the main results. In Sect. 3
we study the finite-dimensional approximation to (1.5)—(1.6) and derive uniform a pri-
ori estimates. Section 4 is dedicated to the existence of martingale solutions. Under
more restrictive assumptions on the exponent p, we then show existence of stochas-
tically strong solutions. In the final section we establish the existence of analytically
strong solutions subject to suitable additional assumptions imposed on the data.

2 Framework and main results
2.1 Function space setup

In this section we briefly introduce the function spaces to be dealt with in the main
part of the paper. Incorporating the periodic boundary conditions, all spatial function
spaces are defined on the torus T”. Specifically, we define for 0 < « < oo and
1 < g < oo the corresponding Bessel-Sobolev spaces by

Weq(T") = {v: ™" - R”: ||v||qu = Z(k)K"|ck(v)|‘7 < oo} ,
keZ
dw (T := WSI(T™" N {v e LY(T™; RY): div(v) =0
in the sense of distributions},

where (£) := /1 + |£]? and ¢, (v) are the Fourier coefficients of v: T" — R” with
respect to the standard Fourier basis {x — exp (2w ik - x)};. Given a real Banach
space (X, ||-]]), we moreover introduce the fractional Sobolev space W4 (0, T'; X)
as the collection of all measurable v: [0, T] — X such that v € LY(0, T; X) (in the
sense of Bochner integrability) and

T —
P ~—/ / lv(s) v(t)”X dsdr < oo.

Let us note that the former space could be defined similarly by use of Fourier coef-
ficients, however, we refrained from doing so to emphasize the non-periodicity with
respect to time.

We continue with a brief introduction of variable exponent Lebesgue spaces and
refer to [11] for a detailed exposition. For a given continuous function p : Q — [1, 00)
with Q = (0, T) x T" we define the variable exponent Lebesgue space L” OQ) by

0@ =swp{r el @: [ 176 P dvar < oo,
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It is a Banach space together with the Luxemburg norm

‘M‘p(w)
k

11 =int fiz0: | aydr <1}, @

For most of the interesting functional analytical properties of L”)(Q) some mild
regularity of p is needed. We say that a function g : O — R s log-Holder continuous
in Q if there exists a constant ¢ > 0 such that

C
s e T X — 71y

lg(X) —

forall X # Y € Q. The smallest such constant c is the log-Holder constant of g. We
define P'°2(Q) to consist of those exponents p € L'(Q) for which % 10— (0,1]
is log-Holder continuous. The norm || plpiog(() is the log-Holder constant of 1/p.
For p € P°2(Q) almost all properties of the classical Lebesgue spaces extend to
LPO(Q). In particular smooth functions are dense with respect to the norm given in
(2.1).

Lastly, we shall sometimes surpress the target space and write, e.g., W9 (T")
instead of W4 (T")". However, no ambiguities will arise from this.

2.2 Probability setup

Let (2, %, P) be a probability space endowed with a filtration (.%;) = (%#;);>0 which
is a nondecreasing family of sub-o-fields of .7, i.e., #; C % for0 <s <t < T.We
further assume that (.%;);>¢ is right-continuous and .%; contains all the P-negligible
events in .%.

For a Banach space (X, |||/ x) and corresponding Borel o -algebra B (X)), we denote
by for I < p < oo by L?(2; X) the Banach space of all measurable functions
v: (2, %) — (X,B(X)) such that

MMQ=LMMW<m

Let 4 be a Hilbert space with orthonormal basis (ex)xen and let Lo (4, L2(T")) be the
set of Hilbert—Schmidt operators from 4 to L2(T"). Moreover, define the auxiliary
space Hy D U as

] [ee] 2
_ k
—{ Zakek Z_z }
k= k=1
0 42
k
lellg, = Zz e=Zakek-
k=1

2.2)
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Throughout the paper we consider a cylindrical (.%;)-Wiener process W = (W;);>0
which has the form

W = Z Brex (2.3)

keN

with a sequence (By) of independent real valued (.%;)-Wiener processes. The embed-
ding Y < &y is Hilbert—Schmidt and trajectories of W are P-a.s. continuous
with values in o (see [8]). Now, for W e L2(Q;L%(0, T; Lo(i, L>(T™))) (%)-
progressively measurable! we have that f(; W dW defines a P-almost surely continuous
L2 (T™)-valued (%;)-martingale (cp. [8] for stochastic calculus in infinite dimensions).
Moreover, we can multiply with test-functions because

t 00 t
//WdW~¢dx:Z// Ve - @dxdBe, ¢ € L2(T),
n 0 k:l 0 TVL

is well-defined.

In the SPDEs appearing in this paper we consider a noise coefficient ® (v) (depend-
ing on the solution v) with values in L, (4, L?(T")). We suppose the following linear
growth assumptions on ®: Foreachz € L?(T") there is amapping ®(z) : {{ — L2(T")
defined by ®(z)ex = gr(z(-)). In particular, we suppose that gy € C LR and the
following conditions for some L > 0

Yola@®P <LA+EPD, Y IVa®P <L, EcR" (2.4)

keN keN

2.3 Martingale solutions

Now we are in position to give a precise formulation of the meaning of a martingale
solutions. We start with a weak martingale solution. This solution is weak on both
senses. Derivatives have to be understood in the sense of distributions (weak in the
PDE-sense) and the underlying probability space is not a priori given but is part of the
problem (weak in the probabilistic sense). Accordingly, the initial condition is given
as a Borel probability measure on L(ziiV (T™). The same applies for the forcing f which
will be given as a Borel probability measure on L2(Q). As usual the moments of data
measured via

2r 2r
Cr(Ao, Ap) =/ Wl 20 dAo(u)-l-/ gl 2.0 901 (8)
: [, o Wl [, Il
for r > 1 transfer to the solution. Solutions as described above are called martingale
solutions due to the connection to the so-called Stroock—Varadhan martingale problem
(see, e.g., [19, Chap. 5.4]).

1 We understand progressive measurability for non-continuous processes in the sense of random distribu-
tions introduced in [5, Sect. 2.2].
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Definition 2.1 (Weak martingale solution) Let A be a Borel probability law on
L3 (T") x L2(Q) x C°([0, T] x T") with marginals Ag, A, A,. Then a quintu-
ple

((Qs gv (yl)s P)v v, fv ps W)

is called a weak martingale solution to (1.5)—(1.6) with the initial datum Ag, right-
hand-side A¢ and exponent A, provided

(a) (2, .%, (%), P) is a stochastic basis with a complete right-continuous filtration,

(b) W is an (%#;)-cylindrical Wiener process,

(c) f e L2(Q, F,P;L%(Q)) is (F;)-progressively measurable,

d pe L2(Q, F,P; €0, T] x T")) is (F;)-progressively measurable,

(e) the velocity field satisfies v e Cy, ([0, T'1; L2(T")), e(v) € LPY(Q), P-a.s. and is
(Z)-progressively measurable,

(f) we have A =P o (v(0),f, p)~',

(g) forall ¢ € Cg, (T") and all ¢ € [0, T there holds P-a.s.2

t
/V(t)-(pdx+/ / w(l + leWDPY2e(v) : e(p) dx do
"ﬂ‘n O ’]I‘n

t
—//V®V28((p)dxdd
0 n
t
=/ V(O)~(pdx+/ /f-(pdxda
T T JO
t
—i—/ / O(v)dW - ¢ dx.
nJO

We obtain the following result.

Theorem 2.2 (Weak martingale solution) Suppose that

2
/Lgiv(']fn) ”u”Wl’z(T”) dAo(u) < 00,

2
121520 7wtz gy dAL(R) < 00, 2.5)
/LZ(Q) L2(0,T;W5=(T"))
aswell as C (Mo, At) < oo forall 1 <r < oo. Moreover, assume that
Aplh e P2(Q): p~ <h < pb, lhllos + VRl < ¢p} = 1, (2.6)
where ¢, < o0 and

3n S n+2
< <
n+2 po=p

P 2.7

2 By : we denote the inner product between matrices, that is A : B = Zij A;jB;j for A,B € R"*".
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or some deterministic constants p~ and pT. Additionally, suppose that
p p Y, supp

‘/;‘0([0,T]><’JI‘H) HhH’Plog(Q) dAp(h) < 0Q. (28)

Finally, assume that ® satisfies (2.4). Then there is a weak martingale solution to
(1.5)—(1.6) in the sense of Definition 2.1. We have the energy estimate

,
]E[ sup / |V(t)|2dx+/ |e(v)|P<'>dxdt] < c(1+ Cr(Ag, Ap)). (2.9)
te(0,7) J T 9]

foranyr > 1.

Remark 2.3 Let us explain the assumptions on upper and lower bound on p in (2.7).

e The lower bound is the same as in the case of constant p from [30] in the two and
three dimensional case (we do not consider higher dimensions as they are not of
physical interest).

e It will become clear from the proof of Theorem (2.2) that the assumption (2.7) can
be relaxed to

3n—4
n

<p <pt<np +4 (2.10)

provided p~ > 2 (where the lower bound is redundant for n = 2, 3). We decided
for the version in (2.7) as it is physically meaningful that p~ is as low as possible
whereas non-Newtonian fluids with growth-exponent higher than p = 3 are not
known (the case p = 3 refers to the the classical Smagorinsky model [29]).

Remark 2.4 By slightly refining our estimates it is possible to weaken the assumption
in (2.6) from a deterministic constant ¢, to a random variable ¢, with arbitrary high
moments. This seems more realistic in view of the random character of the exponent.

Remark 2.5 In contrast to the deterministic case we need assumptions between p~— and
p™T to balance our estimates. In the deterministic case this can be avoided by localizing
the problem and arguing on a small parabolic cube where p~ and p* are arbitrary
close (recall that p is continuous). This is not possible here because of the random
character of p.

The method we are using in the proof of Theorem 2.2 originates from [21, Chap. 5],
where the deterministic problem with constant p is studied. The key idea is to analyse
fractional derivatives of the velocity gradient. This method is only very powerful in
the case of periodic boundary conditions, where a test with Av" (v¥ is the Galerkin
approximation of the velocity field) is possible. The situation in the two-dimensional
situation is much better than the 3D case as we have

/ VN®VN:Vdex=O.
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Due to this we can expect solutions which are strong in PDE sense. Before we give a
proper definition we have to introduce the pressure function (as we need a formulation
which holds a.e. in space without test-functions).

Assume that ((Q, F, (%), P), v, £, p, W) is a weak martingale solution to (1.5)—
(1.6) in the sense of Definition 2.1. In particular, we have P-a.s.

t
/v(r).¢dx+f / w(l + leWNPY2e(v) : e(p) dx do
T 0 JT"

t
—/fv@v:e((p)dxda
O n
t
:[ V(O)-(pdx+/ /f-(pdxda
g ™ JO

t
+/ / O(v)dW - ¢ dx
nJo

for all ¢ € Cg (T") and all ¢ € [0, T']. Now, for ¢ € C°°(T") we can insert ¢ —
V A~!div ¢ and obtain

t
/V(t)~(pdx+/ f w4+ eWMNPI2e(v) : e(p) dx do
™ 0 Jmn

t
—//V@V:e((p)dxdo
0 n
t
=/ V(O)-godx—i—//ndetdivq)dxdo
T}l 0 ’]I‘n
t
+/ /f~(pdxda
n Jo

t t
+/ f@(v)dW-godx+/ / O" AW - ¢ dx, 2.11)
nJ0 nJ0O

where

et = Mgy + Mo + Taegs

T = A7 divdiv (1 + leWDPY 2e(w)),
Mo = =A™ divdiv (v® V),

Tgy = AT divE,

O" = VA~ divd(v).

This corresponds to the stochastic pressure decomposition introduced in [4, Chap. 3].
However, the situation with periodic boundary conditions we are considering here is
much easier as the harmonic component of the pressure disappears. From a strong
solution (in the PDE-sense) we expect that (2.11) holds without the use of the test-
functions, i.e. we have
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t
V(1) = v(0) + / [div (u(l + |e(v)|)l’<'>—2e(v)) —div (v® V) — Vg + f] do
0

t
+/ [®(V) + 7 |dW
0

P-as. forallz € [0, T']. We remark that already under the assumptions of Theorem 2.2

we have enough spatial regularity to define div (V ® V) as an L!-function (in fact

p- > 2n":22 is required). So, the critical point is whether second derivatives of v exists

and div ((/c +le(v)DP ’2e(v)) is an L'-function. The required regularity of the pressure
terms follows immediately from this and continuity properties of A~ on Lebesgue
and Sobolev spaces. Let us finally mention that regularity of v is usually measured via
the nonlinear function F, (-, €(v)), where

plw,t,x)—2

Fplw,t,x,m)=0+M) 2 n neR™.

Now we are ready to define a strong martingale solution.

Definition 2.6 (Strong martingale solution) Let A be a Borel probability law on
LﬁiV(T”) x L2(Q) x €%([0, T] x T") with marginals Ag, Ag, Ap. Then a quintu-
ple

((Q,ﬂ, (ﬁ,),IP’),V, f’ p1 W)

is called a strong martingale solution to (1.5)—(1.6) with the initial datum A, right-
hand-side A and exponent A, provided it is a weak martingale solution in the sense
of Definition 2.1 and the following holds.

(2) We have F,(-, &(v)) € L?(0, T; WH2(T")) P-ass.,
(b) there are mge; and @7 (.F;)-progressively measurable such that ge € L' (Q) and
&7 € L2(0, T; Lo(4; L2(T™))) P-a.s. as well as

t

V(1) = v(0)+/ [div (M(l + |e(v)|)1’<'>—2e(v)) —div (v ® V) — Ve + f] do
0
t
+/ [©() + o7 ]dW 2.12)
0

P-a.s. forall r € [0, T].

Theorem 2.7 (Strong martingale solution) Let the assumptions of Theorem 2.2 be
satisfied. Suppose that either we have

() n=2and1 < p~ < pt <4dor;
(ii)n=3and15—l<p’§p+§p7+%.
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Then there is a strong martingale solution to (1.5)—(1.6) in the sense of Definition 2.6.
We have the estimate

E[ sup / IVv(t)|2dx+/ |VFp("€(V))|2dth:|fc(AOvAf)- (2.13)
te(0,T) JT" 9]

Remark 2.8 e We remark that the most interesting situation for physical applications
is when p can vary between 1 and 2 as assumed in part (i) of Theorem 2.7. This
refers to a range between a Newtonian fluid (p = 2) and a plastic material (p close
to 1) which has been observed in experiments on electro-rheological fluids.

e Similar to (2.7) (ii) it is also possible to gain a result in two dimensions if p™ > 4.
In this case the assumption reads as p™ < p~ + 1. However this situation is
outside the range of physical interest and we leave the details to the reader.

2.4 Stochastically strong solutions

We are now concerned with the question whether a solution to (1.5)—(1.6) can be
constructed on a given probability space and with a given initial velocity vy (which
is a a random variable rather than a probability law). This goes hand in hand with the
question of unique solvability and holds already on the level of stochastic ODEs (see,
e.g., [19, Chap. 5]). We start with a formulation which is weak in the PDE-sense.

Definition 2.9 (Weak stochastically strong solution) Let (2, %, (Z;), IP) be a stochas-
tic basis with a complete right-continuous filtration and let W be an (.%;)-cylindrical
Wiener process. Let vy be an L2(T")-valued .%)-measurable random variable. Let
f and p be (%;)-progressively measurable processes such that f € L2(Q) and
p € CO([O, T] x T") with p > 1 P-a.s. A function v is called a weak stochasti-
cally strong solution solution to (1.5)—(1.6) provided

(a) the velocity field satisfies v € Cy, ([0, T']; L2(T")), e(v) € LPY(Q), P-a.s. and is
(F;)-progressively measurable,

(b) we have v(0) = vg P-a.s.,

(c) forall ¢ € Cg (T") and all ¢ € [0, T'] there holds P-a.s.

t
/ v(t) - @dx —}-/ / w(l + leW)NPO%e(v) : e(p) dx do
™ 0o Jm

t
—//v@v:e(go)dxda
O n
t
=/ V(O)~godx~|—/ /f~(odxd0
™ ™ Jo
t
+/ /CIJ(V)dW-(pdx.
'n 0

We obtain the following result (recall Remark 2.3 for the assumptions on p in (2.16)
below).
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Theorem 2.10 (Weak stochastically strong solution) Let vo be an L2(T")-valued .F-
measurable random variable. Letf and p be (%#,;)-progressively measurable processes
such that f € L?(Q) and p € C°([0, T] x T") P-a.s. Suppose that

2r
L2(T")

2r

E|vo L2(0)

<00, ]E”fH < 00, E”P”pmg(Q) < Q. (2.14)

forall 1 <r < ooaswell as

2 2
E[vol w2 < 00 B2 riwt 2y, < %0 (2.15)
Moreover, assume that we have P-a.s.
P =p=p", Pl +IVPlso < cp.
where ¢, < 00 and
n+2
5= p-<pt<np +4. (2.16)

Finally, assume that ® satisfies (2.4). Then there is a weak stochastically strong solu-
tion to (1.5)—(1.6) in the sense of Definition 2.9. We have the energy estimate

.
E[ sup / |V(t)|2dx+/ |€(V)|p(')dxdt}
te(0,7) JT" o

. (2.17)
< c]E|: |v0|2dx+/ Iflzdxdt] )
0

T

Remark 2.11 Asin the deterministic case (see [10,21]) the assumptions on p~ yielding
uniqueness are rather restrictive. The same bounds are needed in Theorem 2.10 for
the existence of stochastically strong solutions.

Having a look at Definitions 2.6 and 2.9 we can expect strong stochastically strong
solutions if the assumptions of Theorems 2.7 and 2.10 are satisfied. These solutions
are strong in both senses.

Definition 2.12 (Strong stochastically strong solution) Let (2, .7, (%;),P) be a
stochastic basis with a complete right-continuous filtration and let W be an (%;)-
cylindrical Wiener process. Let vy be an L2 (T™)-valued .%y-measurable random
variable. Let f and p be (.%;)-progressively measurable processes such that f € L(Q)
and p € CO([0, T] x T") with p > 1 P-a.s. A function v is called a strong stochasti-
cally strong solution to (1.5)—(1.6) provided it is a weak stochastically strong solution
in the sense of Definition 2.9 and the following holds.

(a) We have F,(-, &(v)) € L2(0, T; W'2(T")) P-ass.,
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(b) there are mger and ®” (F;)-progressively measurable such that
Tger € L0, T; WHI(T™)) and &7 € L2(0, T; Lo (8h; L?(T"))) P-a.s. as well as

t
V(1) = v(0) + / [div (M(l + |€(V)|)p(')_2€(v)) —div(v®V)
0

t
—Vﬂdet+f]d0+/ [6(v) + ®7]dW  (2.18)
0

P-a.s. forall ¢t € [0, T].

By combining the ideas of the proofs of Theorems 2.7 and 2.10 we obtain the following
corollary (see end of Sect. 5 for the proof).

Corollary 2.13 Let the assumptions of Theorem 2.7 be satisfied. Suppose in addition
that p~ > # Then there is a strong stochastically strong solution to (1.5)—(1.6) in
the sense of Definition 2.12.

3 Galerkin approximation

Our approach is a stochastic variant of the usual Galerkin ansatz, thereby reducing the
problem of interest to an stochastic ordinary differential equation. In this respect, we
firstly record the following fundamental fact on eigenvector expansions for the Stokes
operator, the proof of which can be found in the appendix of [21]:

Lemma 3.1 There is a sequence (Ay) C R and a sequence of functions (wr) C
W2(T") such that the following hold:

(a) Foreachk € N, wy is an eigenvector to the eigenvalue Ay of the Stokes-operator
in the sense that

(Wk, @) w12y = Ak/ wi-@dx forall g € W(lﬁs(']?”),
TVI

(®) fou Wi - W dx = 8 forallk,m € N,
© 1<x <x<---andr — 00,
() (T ) w2y = Sim for all k,m € N,

(e) (Ak_l/zwk) is a Hilbert space basis ofW(lﬁvz(T").

We consider the Skorokhod representation of the law A®I", where I is the law of a
cylindrical Wiener process on . We obtain a probability space (2, .#, P), a random
variable (vo, f, p) with law A, as well as a cylindrical Wiener process W = Zk Brex.
Finally, we set
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Fi: = o (alvol U [plio.al Uolflio.]

UlJotWiloa] U N € F : P(V) = 0}), t €0, T].
k=1

Our objective for the rest of the section is to establish the existence of solutions v of
the system (1.1) in the particular form

N
VN=Zc,ivwk =CN-wN, wNz(wl,...,wN), 3.1
k=1

where CN = (c{v) 1 2% (0, T) — RN, Our aim is hereafter to solve (k = 1, ..., N)

f dVN-wkdx+f Sy, e(vV)) 1 e(wy) dx dr
n ’]I‘Il

=/ VN®VN:Vwkdxdt

(3.2)
+[ f-wkdxdt—i—f oY) dwh . wydx,
’]Tn n
vV (0) = PNy
with
Sp(e, t,x,m) = p(l + )P @072y,
Here PV : L(znv (T™") — Xn :=span{wy, ..., wy} is the orthogonal projection, i.e.
N
PNu = Z(u, Wi )2 Wk.
k=1
The equation above is to be understood PP a.s. and for a.e. t and we set
N
wh = Zekﬁk =eV . pN.
k=1
It is equivalent to solving
dcV = [n@, CY)]dr + =(CN)dB) 3.3

cNo) =Co
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with the abbreviations
p(C") = (—f Sy, CN - e(wh)) : e(wy) dx
']I‘n

N
+ [ ¥ - wHe. wY): vw dx>
Tn k=1

N
+</ f(t)-wkdx) )
" k=1

N

n
»(CV) = (/ o (CN - wN)e -wkdx> ;
T k=1
N

Co = ((Voy Wk)LZ(T”))k:f

We apply the results from [22, Theorem 3.1.1]. In the following we will check the
assumptions. We have by the monotonicity of S,

(rt, €y — pu(t, CVy) - (CV - CV)
=— fT (SpC,e(v™) =S, (. e( @) : (e(vV) — (")) dx
+/ (VVev¥ =V @) : (e(vV) —e(@")) dx

5/ (VN®VN—€'N®€'N) : (e(VN)—e(le))dx.

If ICV| < R and |CV| < R there holds
(m(t, €Yy — p(t, €Y)) - (CV = CV) < (R, N)|CY — CN P

Here we took into account boundedness of wy and Vw;. This implies weak mono-
tonicity in the sense of [22, (3.1.3)] using Lipschitz continuity X in cV, cp. (2.4). On
account of fT" vV vV e(vN ) dx = O there holds further

p(t, CNy.cN = —/Tn Sy, e(vV)) 1 (e(vV)dx

+/ £ vV dx < ¢ (1 + IEO)21vV [12)

< T+ IEO DA+ VY < e (1 + IEO )0 +1CYP).
So we have using the linear growth of ¥ which follows from 2.4

p(C) - CN 1) < c(+IVV IR (1 + ICV ).
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As the integral fOT(l + [|f(#)]]2) dt is finite P-a.s. this yields weak coercivity in the
sense of [22, (3.1.4)]. We obtain a unique strong solution cVN e Lz(Q; C[0, T]) to the
SDE (3.3).

We obtain the following a priori estimate.

Theorem 3.2 Assume (1.6) with p : Q x Q — (1, 00), (2.4) and for some r > 1

2r 5

Then there holds uniformly in N

.
IE[ sup f |vN(r>|2dx+f |e(vN>|"<'>dxdr] < Cr (Ao, Ap),
te(0,7) J T 0

2r 2r
Cr(Ag. Ap) = c (1 + /L - ol 2y dA0@) + /Lz@) lelt2o) dAf(g))

(3.5)

provided C, (Mo, At) is finite.

Proof We apply It6’s formula to the function f(C) = %|C|2 which shows

N N
1 1 d 1 !
SV O 20y = SICY O 2y + ) /0 et die) +5 > /0 d{(e))
k=1 k=1

1

t
— _pN 2 _ . Nyy . N
= 2||73 Voll 2 pay /0 /T" Sy(.e(v?)) :e(v")dxdo

t t

+/f f~dexda+/ /VN-CID(VN)dWNdx
0 'n 'n 0
1 ! ' N N

+§/nf0 d<</0 dwVydw >>dx.

Here we used dvV = Z/jc\]:l dc,’cv Wi, /T" vV ® vV : VvV dx = 0 and property (ii) of
the base (wx). Now we can follow, taking the r-th power, and the supremum, building
expectations and using (1.6) that

T r
]E[sup/ |vN(t)|2dx+/ / Ie(vN)|p(')dxdoi|
©.7) J o Jm

,
< cE[l V02 oy + 1T+ sup Ja(0) + 13(T)} :
0.7)

Here we abbreviated

t
11<r)=// I£]1v" | dx do,
0 JTn
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t
J2(t)=/ /VN-CD(VN)dWNdx,
nJO

J3(t):f” /Ot d<</0'q>(vN)dWN)>dx.

We obviously have

t t
J1 < / / |f|2dxdo+/ / IvV|? dx do.
0 n 0 n
Straightforward calculations show on account of (2.4)
N t 2 r
E[J3]" =E[Z/ (/ o (vV)ex dx) da]
k=1 0 T
o0 t r
SE[Z/ f ng(vN)|2dxd0:|
k:l 0 ']I‘Il
t r
< cE[l—i—/ / |VN|2dxda:| .
0 n

On account of Burgholder—Davis—Gundi inequality, Young’s inequality and (2.4) we

gain
t r
/ / VN~<I>(VN)dxdWN]
0 n
[ sup f / vV g (vY) dx
t€(0,7) | JO n
2 93
<cE / (/ N-gk(vN)dx) dt]
0
<cE (/ (Z/ vV |2 dx/ lge (V)2 dx)dt:|
<cE 1+/ (/ |vN|2dx) dtT
<8E| sup /|vN| dxi| +c(5)1E[1+/ /Iv | dxdt],
L 1€(0,7)

where § > 0 is arbitrary. This finally proves the claim by Gronwall’s lemma for §
sufficiently small using Ag =P o val and Af =Pof~!, O

IE|: sup |J2(t)|:| :]E|: sup

t€(0,T) te(0,T)

},
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4 Analytically weak solutions

This section is devoted to the proof of Theorems 2.2 and 2.10. In view of compactness,
our main concern is the derivation of fractional estimates for Vv, Based on this we
are able to apply the stochastic compactness method employing Skorokhod’s theorem
to pass to the limit in the Galerkin approximation from the previous section.

4.1 Fractional differentiability

To set up fractional estimates in a convenient manner, we introduce the concave func-
tion for0 > 0

I+ A #1

gW):&w%::mu+9L A=1

for

— 2@=p7)
— npT—qn+4’

where § = max{3, p™ + o} with ¢ > 0 arbitrarily small. The additional power o
arises from the elementary inequality

In(1+ [§) < co(1+§]°) & e R™™™. 4.1

Note that the denominator in the definition of A is positive as long as

gn — 4
i .y (4.2)
n
Similar to [30, Sect. 3] we have the following theorem.
Theorem 4.1 Suppose that
/ “uHé]l,Z(Tn) dAO(u) < 00,
L3,
2
lell; 20 7 wiz e, dAL(E@) < oo. 4.3)
/Lz(Q) L2(0,T;Wh2(T7))
Moreover, assume that P-a.s. p € C 0([0, T] x T") such that P-a.s. we have
l<p =p=p" IVple < cp. (4.4)

where ¢, < 00 and that (4.2) holds. Finally, assume that ® satisfies (2.4). Then we
have
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a) If p~ > 2 then there holds uniformly in N:

]E[/T IV2vN ()13 d,}<C1(Ao Ar)
o A+IVWVOIRD: 1~ o

a) If p~ < 2 then there holds uniformly in N :

! V2N @I -
& ar | < iAo, Ap).
[/o (L4 [IVVN O3 (1+ VYN (0] )2 =P~ t]— 1(Ao. Ap)

Proof We start with the evolution of ||[VvY (¢) ||Lz )" Applying 1t6’s formula to the

mapping C > ”VVHZ’ where C = (c',...,¢V) and v are related through v =
lecv:] crWy.. We obtain

—||Vv olI? ||v7>Nvo||

L2 L2(T")

—/f DeS(, e(v)) (3, e(vY), 9,e(v")) dx do
0 JTn

t t
—/ / D, S(-, e(v")) : 8, VvV dx do —i—/ / div(vM @ vV) : AvV dx do

f/nav CD(VN)dW dx + = f/ f CID(VN)dW)>>dx,

where the sum is taken over all y € {1, ..., n}. Now we apply Itd’s formula to the
mapping CV g)\(||VV||%) and obtain

t
1
S (IVvVN 0)113) =gx(||VVN(0)||2)+/ ST AP
? 2T o (A F vV R 2

- %/0 1 d{{1vv™ 13)).

(14 VvV [3)r+!

where we have

dIvvV 3

! 2
/o (1 + [[VVN|3)*

! 1
- _/0 A+ VvV Ry /T DeSC, e(v)) @y e(vY), 3,6 (vY)) dr do

t 2 /
— | ——=— | D.SC,e(v")): 3, vv" dxdo
/0 A+ VWV S 4

t 2
—i—/ —/ div VN®VN - AV dx do
o (L4 VvV H* Jon ( )
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+ft 2 / o,v" o, (@M aw) d
D EEE———— v \4 X
o LIV Jp 70

+/0f 3 (1+Hvlv[v”%)kd«/o'3y(q>(vN)dW)>)dx

=-N—h+h+Js+Js.

Moreover, there holds

At 1
-5 Al 13) < o.
2/0 (14 VvV )2+ ((1vv¥i2)) <

P-a.s. such that this term can be neglected. We start with the lower estimate

t 1
Ji zc/ —/ A+ 1ev™PPO2vevY) > dx do
o L+ VvV [Hr S

! 1 / N =2 Ny 2
>c - 1+ le(v)D? =7 Ve(™)|* dx do.
/o A+ VNI S

All other terms will be estimate form above. By Young’s inequality we obtain using
4.1

t 1 N
J2 SC[) m/’;n ln(l+ |€(VN)|)(1+|€(VN)|)P() 1|V€(VN)|dde

! 1 / N 2 N~ 2
<k | ——— | A+ 1ee™)PPO2Vew™)|> dx do
fo (L4 VYN [D* Jn

t 1 _
+ c(k) —/ 1+ Vv |9) dx dr,
o (L+[[VvV[3)* w( )

where k > 0 is arbitrary. For « small enough we will be able to absorb the corre-
sponding term in J;. Moreover, we have

! 1
Jss/ —/ |VvY P dx do
o (14 [[VVN3)* Jo
t 1 / N7
< _ 1+ |Vv"|?)dxdo
fo I+ IVvN I - )
using integration by parts. Finally, we obtain from (2.4)
2
Js = / ( / gk(VN)dx> dr
Z a1+ ”VVN”Q))L
< Ve (v™) | d dr
Z/ 1+ ||VVN||2>A/
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! 1 / NP2
<c PR —— [IVv" |“dx dt
/o<1+||VvN||§V "

t 1 / N7
c| —— 1+ |vvY ) dx dr.
/o<1+||VvN||%)A n( )

Applying expectations (note that E[J4] = 0) and choosing « small enough we end up
with

IA

t

Eg. (IVVY (1)113) + Efo /T 1+ 1evV™MPPO2vewY) |2 dx do

(14 [VVV]3)*

! / (1+|VVN|q)dxdt:|. (4.5)

t
< cE vvN (013 +/ - -
= [gk(” VO | e L

The last term on the right-hand side cannot be controlled so far. In order to suitably

bound || VvV ”Z’ let2 > g > n(q — p~)/q, existence of which follows from (4.2) and
g > 2, and put

__p (np” +2q —qn) (@—p )np~ +29 —2n)
o= sothat 1 —a =

2(np~ +qq —qn) 2(np~ +qq —qn)

(4.6)

so that, in particular, np~ /(n — g) > ¢q. By Lyapunov’s interpolation inequality, we
obtain

N N0 N0
IVV¥ilg < IVVEIR Vel

np~/(n—q)
19Vl < IV I o @7
where
o) = 3(”177 +4qq _6_1”)’ )= (g —2)np~ gy np~ _|__qq —ﬁn’
q(np~ +2q — 2n) G(np— +2q — 2n) 7q
04 1= @.
q49
We then obtain
VYN IE = ov 2 o 2
< VN N T T g N Tt (4.8)

2
= [VVV I A+ 1VVY )P AV - /0-g)® = (),

where ¢q1, g2, g3 are defined in the obvious manner. To estimate (x), we note that for
P® Zl-ae. (w,t) € Q x [0, T] there holds by Korn’s inequality.

Vu(w, 1, ),

n

p— =< c||€(u(a), t, '))”np’
- n—q

=
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Next we claim that there exists a constant C > 0 independent of N € N such that

9
||VvN||np/(,,_q)gc(/ DES(-,e(vN))(ays(VN),aye(VN))dx>2p X
T 4.9)
x (14 VvV, "

holds P—a.e. in €2. The estimate (4.9) is a consequence of the interpolation of
LZPTII(’IF") between L” (T") and L%(T”), Sobolev’s embedding W12(T") —

Ln%(T") (if n = 2 we have to replace -5 by an arbitrary finite exponent) and
the inequality

c(1+ 1)) "2 [Ve(vM)?
cDgS(, e(vV))(3,e(v"), 3, e(vM)).

IV + eV T |?

IA

IA

Using (4.9), we further estimate (4.8) by use of Young’s inequality for any » > 1 and
k>0

(*) < C”VVN”g(l—a)el (1 + ||VVN||p—)z%q(a(l_a)02+§a94)+§a93
#(ﬁ(l—a)éﬁﬁa&)
x (/ DgS(-, e(vV)) (3, e(vY), 8ye(VN))dx)
T'I

< Cle (1T I (14 o) 30t e s ) 7T
5= @(1—)br+gaba)r
T <f DeS(, (V™)) (3,e(vY), 3, e(vY)) dx)
T”

To determine the relevant parameters, we shall now require

4G — )+ Gabyr = 1,
2p

2—q _ _ _ r _
(Tq(qa — @) + Gabs) +qa93> - =p. (4.10)

r —

Indeed (4.10) is satisfied indeed provided « is defined by (4.6) and we have

4 4
r=——— und = —+«——. (4.11)
gn —np~ np~ —qn+4
On the other hand, this implies
AG — p
71—y = —d =P
np~ —qgn+4
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We obtain

Fl—a)f) 55 -
®) < ClUe, NIV (4 VY ,-)P

+ K / DgS(, e(v™)) (3, e(vY), 3, e(vY)) dx.
T}l

Inserting this into (4.5), choosing « small enough can recalling the definition of A
yields by Korn’s inequality

Eg,. (IVVN ()13 + E

=

=

t 1 N
P ——— p()—-2 Ny 2
/o (L + VvV 2 /m(”'“v PO2Ve ) dx do

B t
cE gk(||VV0||%)+/O /T (1+ VNP )dxdt}

r t
cEgdvvoid+ [ [ (1+|e(vN>|P)dxdt]
L 0 JT"

r 1
cE gx(IIVVOH%)—ir// (1+|e(vN>|f’<'>)dxdr] (4.12)
L 0 JTn

where the right-hand side is uniformly bounded by C (Ao, Af), cp. Theorem 3.2. If
p~ > 2 the claim follows directly by Korn’s inequality. If p~ < 2 we estimate using
again Korn’s inequality

2

VAN 012 < c( / IVe(w™)IP” dx) ’
T?l

2

=c (f (1 + leWM)D? T (VewM)P (1 + eV - dx)"
TV[

2—p
=

< c/ (1+|e(vN>|)P2|Ve(vN)|2dx(/ (1+|vvVpr dx)
’]I‘)L T"

So, the claim follows again from (4.12) and p~ < p. O

Corollary 4.2 Let assumptions of Theorem 4.1 be satisfied. Assume in addition that

p~ > ;55 if p~ < 2. Then for any p < min{p~, ,,2Tn2} there is B > 0 such that

T _
JE[/ ||VVN||f;dr] < CiGu, Ap)
0 ’p

uniformly in N.

Proof If p~ < 2 we set (recall that p~ > %)

(n+2)p~ —qn)p~ ( ’ 1)

P=2ror —an-opm “\*2
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and obtain

T o2N 28 ! N )12\ * N 2-p7\?
E[/ V2 <r>||,,}=E[/ (419 YOI A+ 19V o)
0 0

V2N @2 - p
X ( 5 ¥ 5 _) dt]
A+ VYOI + VYV @] )27

T a8 B 1-8
sE[/ (A9 YOI (1 + 9 )1, 7T dz}
0
T VAN @)l B
E[f > £ P dt]
o A+ IVVNOIDA+ VWV @) ,-)>P
< C10o, ADPE[L + 1] (4.13)

where
! e-p)y
I =f A+ 19V (1) l,-) @77 dr,
0
! = -y
12=/ VY Ol " (1 + VY @) ,-) 7 T de.
0
We can estimate /; by

E[1;]

IA

T
cIE/ / (1+1vvN (@07 ) dx drt
0 T

; (4.14)
CE/ (1+1VWN@OPO) dxdr < Ci(ho. Ap)
0

IA

IA

using (2 — p_)% p~ and Theorem 3.2. For I; we use the interpolation interpo-

lation inequality

(n+2)p~ —2n n—p7)

2p— 2p—
vllz < vl - Ivll,,=
n—p—

’

which holds for p~ € (nzT”, 2), and the continuous embedding

_ np
WP (T <> W= (T7).

2p~
n(2—p-)

As a consequence of Theorem 3.2 (setting § = #) we can estimate I by

nR—p—) M —\, (n+2)p”—2n B
- Q-p)+——=—=Ar |5
(1+ ||VvN(r)||,,f)[ » 15 4,

T
Binl < o2 [ vV o,
0
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T
s | ||v2vN<r)||ffi) (f 1+ 19 01,07 )
0

T
ICE/ ||v2vN(t)||fﬁdr+c(/<)E/ / (14 VvV |P") dx dr
0 O n

IA

IA

IA

T T
KE/ ||v2vN(t)||fﬁ dr —i—c(K)Ef (14 VvV PO dx dr
0 0

IA

T
«E / VAN 12 + Ci(Ao, Ap), (4.15)
0

where k > 0 is arbitrary. Combining (4.13)—(4.15) and choosing « small enough we
have shown

T
E[ / IvvVE dr] < Ci(Ao, Ap). (4.16)
0
In order to proceed we use the interpolation inequality
lvlli4o,p- = |Iv|| A [ g

_ 28(p"—Dp)
foro = Sm=28) We obtain

T
1- o)p Jp
JE/ TaK dst/ IV IOV P ar
0 1+o,p™ 0

T (I-0)p T ]7(1—0)?
- P~ 2 P
s(E /0 ||vN||f,p_dr> (E /0 VN7 dt) < Ci(Ag, Ap)

as a consequence of Theorems 3.2 and (4.17).
If p~ > 2 estimate (4.17) can be shown much easier. Indeed, we have by Theo-
rems 3.2 and 4.1

. r v )15
& G2yN (26 }:]E[/ L+ 19vN ()12 l 2 ]
I:/O V=V ||2 dt A (14 ||Vv (I)HZ) (1+ ”VVN(I)”%)M} dt

T ”szN(l‘)H% B T N e 1-8
E | |[E| a4+ v d
5[ I A+ 19V 012 t} [ , IV ’}
C1(Ao, Ay). 4.17)

IA

In order to proceed we use the interpolation inequality

led

1—-2 a
1olisos < ol 5 0l
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which holds for any 0 < o < s. Combining this with the embedding (recall that
—= 2n
P <755)

22— (n-2)p

W22(T") — WP, s
2p

28(p~—p)

we obtain for o = S (p——28)

LNy TN P=9) N 22
E/o v ||f+(,jdtSE/0 Vol 5 Ivelly, dr

T N
§<IE / IV ()12 dz)
0 P
T 5 —p’%(l—%)
(E / ||V2vN(t)||2’3dt) .
0

The claim follows again from Theorem 3.2 combined with Korn’s inequality (recall
that p < p7) and (4.17). O

4.2 Compactness

Before we can apply the stochastic compactness method we need to gain some infor-
mation concerning the time regularity of v/. We go back to the system (3.2) and see
that for any ¢ € Cg, (T")" there holds

/ dv -PENq)dx-l—/ S(-,s(vN)):e(PéVgo)dxdt
n Tﬂ
:/ vV @ vV VPN dxdr (4.18)

+f f.P;fv<pdxdt+/ o(v)dw" - PYgdx.
T !

Here Pév denotes the orthogonal projection on X with respect to the W 2(T”") inner

product, where £ is chosen such that Wﬁﬁ(’]l‘”) — Wé{fo (T™). We now define for
t € [0, T] the functionals Hy(t, -) on C35 (T") by

t
Hy(t, @) = —/ HY: VPNopdxdo, ¢ e CR(TY), (4.19)
o J

where for N € N

HY := =S, (¢, e(vV) + vV @ vV —va~lf, (4.20)
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so that by Theorem 3.2 and the hypotheses collected in Definition 2.1, there
holds

HY € LP(Q, .7, P; LP(0, T; LP°(T™))) 4.21)

uniformly in N € N for some py > 1. Here, A~! is the solution operator of the
Poisson problem on the torus as has been recalled in Sect. 2.1. Now we claim that

E[#" 0y | < 0 422
Sup B oo, riwtoroomy | = (4.22)

Recall that £ € N is chosen so large such that Wﬁ’i‘% (T — Wéiffo (T™". To see
(4.22), note that

d d
I—=H" (@, )] cw = sup —HN (1, 9)
dt LPo (O,T;Wdiv (T™))) ||¢||z,p651 dr LP0(0,T)
= sup HY VPKN(/) dx
II¢IIZ,,,6§1 T LP0(0,T)

sup  HN (1, ) ILw IVPY o

91l 7 <1

’ N pPo %
C(/O IIH (ta')||LP0dG>

In consequence, raising the previous inequality to the po-th power and taking expec-
tations in conjunction with (4.21) gives (4.22). On the other hand, we have for all

O0<s<t<T
0
=]
L2(Tn)

IA

L7

LP0(0,T)

IA

t s
/cb(vN)dW;V—/ owVydwV
0 0

il

t 0
/ ovVydwV ]
s L2(T")

Sy 00 6
=E ‘/ Z@(VN)ekdﬂ,ﬁv }
Lils g L2(T)
Sy 00 2.4
<E ‘/ S awyagy }
LilJs L2(T")

s k:l

(2.4) t

2 R /(1+||vN||2 do }
[(S L2(T") )
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0
2
6
=Clt —s|2 sup (1+ [IvY |12 n
( |:te(0 T) L%(T")

(35) ]
< CJ|t —s|2.

At this point we are in position to apply the Kolmogorov continuity criterion to con-
clude that there exists 0 < « < 1 such that

f' ovVydwV < 0. (4.23)
0

sup EH
NeN

CK([o,T];LZ(T"»]
Let us note that since Wﬁ;fo(’]l‘”) — W‘lﬁvz (T") < L%(T") and 1 < po < 00
We have L2(T") SN W—6P(T").  Hence (4.23) implies  that

||f0 owvNydwh ||CK([0 TW—ro (T,,f)]'is uniformly b(?unded in N. Combining this
with (4.22), a stralghtforward interpolation argument yields some 0 < u < 1 such

that
N
sup B [1¥¥1.0 — o] < 0 (4.24)
In view of compactness, let us now define the path space
X=X, ® & ® Aw, (4.25)

where
Xy: = C([0, TL: Wy P (T")") N LP (0, T; Wy (T,
Xp: = C([0, T] x T,
Xp:=L*0,T; WH(T"),
Xw: = C([0, TT; Uop).
Here p is some fixed but arbitrary number in (1, min{p~, 1127"2}) We obtain the fol-
lowing.
Proposition 4.3 The set (L[vN, p,t, W], N € N} is tight on X.
Proof By a fractional version of Aubin—Lions theorem (see [13, Theorem 5.1.22]) we

have compactness of the embedding

CH([0, TT; WyPO(T™) NLP(0, T; WiHPP (1) w6
s> LP(0, T; WP (T, '

On the other Arcela-Ascoli’s theorem yields

CH([0, T1; Wy PO (T") ese C([0, T1; Wyl PO (T")).
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So, we obtain tightness of L[vN]on X, from (4.24), Corollary 4.2 and Tschebyscheff’s
inequality. Tightness of the law of p on X, follows by using (2.8) and the compact
embedding

PlL(Q) < 00, T] x T").

The latter one is a simple consequence of Arcela—Ascoli’s theorem. Finally the laws
of f and W of on their corresponding path spaces are tight as being Radon measures
on Polish spaces. O

Prokhorov’s Theorem (see [17, Theorem 2.6]) implies that (L[vV, p.t,W]; N €
N} is also relatively weakly compact. This means we have a weakly convergent sub-
sequence. Now we use Skorohod’s representation theorem [17, Theorem 2.7] to infer
the following result.

Proposition 4.4 There exists a complete probablllty space (2, F Z, P) with X- valued

Borel measurable random variables (¥, ,fN, WN), N € N, and (v, p, f, W)
such that (up to a subsequence)
(@) the law of ¥V, pV N EN WNYon X is given by LIVN, p, £, W], N € N,

(b) the law of (v, p, f W) on X is a Radon measure,
(c) N, pN, N, WN) converges P-almost surely to (v, p, £, W) in the topology of
X, ie.

VN = ¥in C([0, T]; WP (T") P-a.s.,

¥V > ¥in LP(0, T; Wil (T")) B-a.s.,

N = pinC?([0, T] x T") P-a.s., (4.27)
Y — fin L20, T; WH2(T")) P-a.s.,
WY — W in C([0, T; o) P-a.s.

4.3 Conclusion

The variables v, p, £, W are progressively measurable with respect to their canonical
filtration, namely,

Ty = a(am[o,f]] Uolplio.nlYUolflo.n]

U U o[Wilo.]]U{N € .Z : P(N) = 0}), t €[0,T).
k=1

In view of Lemma [5, Chap. 2, Lemma 2.1.35], the process W is a cylindrical
Wiener processes with respect to its canonical filtration. It follows from Corollary
[5, Chap. 2, Corollary 2.1.36] that W is a cylindrical Wiener process with respect to
(9020-
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Modifying slightly the proof, the result of [5, Chap. 2, Theorem 2.9.1] remains
valid in the current setting. Hence, as a consequence of the equality of laws from
Proposition 4.4, the approximate Eq. (3.2) is satisfied on the new probability space,
i.e. we have

t ~
/ T wiedx / / (1 + 1e@)NP O 2e@N) s e(wy) dx di
n O T}L

t
=/ VN(())-wkder//6N®6N:kadxdt
" 0 n

t t
+/ / fN-wkdxdt+// oY) dWY - wy dx
0 JTn 0 JTn

P-as. forall 7 € [0, T]. Using the convergence from (4.27) it is easy to pass to the
limit and we obtain

t
/v(t)-q)dx+/f w(l+ eI 2e@) : e(p) dx do
’]I‘Il O ']l‘l‘l

'
:/ V(O)~(pdx+/ / VR V:e(p)dxdo (4.28)
’]I‘n 0 n

t t
+/ /f-<pdxdo+/ f W) dW - @ dx
n O n O

for all ¢ € Cgi‘f,(’IF") and all t+ € [0,T] P-a.s. where, for the limit passage in the
stochastic integral, we use [9, Lemma 2.1].

4.4 Stochastically strong solutions

Let us start by showing pathwise uniqueness.

Proposition 4.5 (Pathwise uniqueness) Let the assumptions of Theorem 2.10 be valid.
In particular, we suppose p~ > % Let V!, v2 be two weak stochastically strong
solutions to (1.5)—(1.6) in the sense of Definition 2.9 defined on the same stochastic
basis with the same Wiener process W, the same forcing £ and the same exponent p.

If
P [VI(O) - v2(0)] =1,
then
P [Vl(t) —v2(1), forallt € [0, T]] — 1.

Proof We set w = v! — v? and apply It6’s formula to w % T |w|? dx (recall that

by our assumptions on p~ the term fT,, v®vV : Vvdx is well-defined). This procedure
can be made rigorous by applying a regularization to the equation for w. Eventually,
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the standard one-dimensional It6 formula can be applied to |WQ|2 pointwise in x,
where o is the regularization parameter. Smooth approximations converge in L? (Q)
and LP/(Q) as we have p € P°¢(Q) P-a.s. by assumption, cf. [11, Theorem 9.1.7].
We obtain using w(0) = 0

l t
Ellw(t)”iz(w) = —/0 f’l (S[,(., e(vh) —S,(, e(vz))) ce(v! — v dxdo
t
+/ /((Vvl)v1 — (VVH)V?) - wdx

/f / ol — <1>(v2))dw>>dx

// S(@(v") — d(vh)) dW dx.

By monotonicity of S, the first term on the right-hand side is non-negative and we
have by Korn’s inequality

fw (SpC o) =S, ev)) re(v! = V) dx = plleI3 = Vw3

as p~ > 2. The critical part is the term arising from the convective term. Here, we
follow ideas of [21, Theorem 4.29] and write

/ ((Vvhv! — (Vv - (v! = v?) dx

[ (Vvhw - wdx < ||[Vv! - [[wl|? -

p——1

Now, we use the interpolation

_ 2n —q(n —2)
v <U“Vv1a, 0=,
vl < 101319} >

valid for all g € [2, = 2] ifn >3 and g € [2,00) if n = 2, cp. [21, Lemma 4.35].
P

. 2
Choosing g = -1 we obtain
2p” —n n_
[ (@it = vy =y < 19Vl T 9wl

2p~

< wIVWIE + e Vv w3
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using also Young’s inequality. Finally, we estimate the correction term by

/f / (evhH— <I>(v2))dW> dx Z/ (/ (5 (V) —ge(v))) d )do

sZ// |8k v!) — g )| dx do
k:l O Tn

t
5// v! — v?|2dx do
O n

using (2.4). Summarising, we obtain

2p—

dIwlZ, < (Vv 2 + 1) Il dr

+f w- (P! — o)) dWdx (4.29)
Tn

for some finite constant ¢ > 0. We now define G: Q2 x [0, T] — R by

2p~

G, 1) = (I @017 " +1)

so that in particular G € L'(0, T) for P—a.e. w € Q. This is a consequence of

2;275;1 < p~ (which follows from the assumption p~ > ”niz) and Vv! € L? (Q)

PP-a.s. (which follows from e(v!) € L?)(Q) P-a.s. and Korn’s inequality). We then
obtain by use of Itd’s formula (similar to [27])

. ) o ) ot )
d(e 00 wi2,) =—-Ge B jwiZ,dr + e hi G0 d w2,

42 (4.30)

e o Gd?/ w- (o) — d(v?))dWdx

by definition of G. Now we apply the expectation to both sides of the inequality and
consequently obtain

E[e 04 w2, | =o.
Consequently we obtain v! = v> P-a.s. and the proof of Proposition 4.5 is complete.
O

Based on the pathwise uniqueness we will employ the Gyongy—Krylov characteri-
zation of convergence in probability introduced in [15]. It applies to situations when
pathwise uniqueness and existence of a martingale solution are valid and allows to
establish existence of a stochastically strong solution. We consider two sequences
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(Np), (Ny) C N diverging to infinity. Let v := v and v := v"». We consider
the collection of joint laws of (v", v, p, f, W) on the extended path space

X =X2® X, ® 4@y,

Similarly to Proposition 4.3 we obtain the following result.

Proposition 4.6 The set
{LIv", V", p, £, W]; n,m € N}
is tight on X7

Let us take any subsequence (v, v"¢ p, f, W). By the Skorokhod representation
theorem we infer (for a further subsequence but without loss of generality we keep
the same notation) the existence of a probability space (Q, .Z, P) with a sequence of
random variables (v”k V" pr, £, Wi) converging almost surely in X' to a random
variable (V, v, p, f, W). Moreover,

L[Onkv ‘v’mk’ ﬁkafky Wk] = E[Vnka mG5 p7 f7 W]

on X7 for all k € N. Observe that in particular, L[V, V., p £k, WK converges
weakly to the measure L[V, V, p, f, W1. As in (4.28) we can show that (¥, p, f, W)
and (V, p, f, W) are weak martingale solutions to (1.5)—(1.6) defined on the same
stochastic basis (Q Z, (J,) P), where (J,)t>o is the P—augmented canonical filtra-
tionof (¥, v, p, f, W). We employ the pathwise uniqueness result from Proposition 4.5.
Indeed, it follows from our assumptions on the approximate initial laws A that
¥(0) = v(0) = 1 P-as. Therefore, the solutions ¥V and V coincide P-a.s. and we
have

L9, ¥, W]((vl, v, p B W) e X vy = vz> —PH=v)=1.

Now, we have all in hand to apply the Gyongy—Krylov theorem. It implies that the
original sequence vV defined on the initial probability space (R, .7, P) converges
in probability in the topology of X, to the random variable v. Therefore, we finally
deduce that v is a weak stochastically strong solution to (1.5)—(1.6). O
5 Analytically strong solutions

5.1 A-priori bounds

In this section we establish the existence result, Theorem 2.2. We begin with a strength-

ening of the a-priori estimate given by Theorem 3.2. Note that we work under the
additional assumption that either we have

(i)n=2and 1 < p~ < pT <4dor
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(i) n=3and & < p~ <pF <p 41

Theorem 5.1 Let the assumptions of Theorem 2.7 be satisfied. Let vV be the Galerkin
approximation constructed in Sect. 3. Then there exists a constant ¢ > 0 such that

E[ sup f |VVN(t)|2dx+/ |V5Fp(-,e(vN))|2dxdt}
" 0

te(0,7) JT (5.1)
2 2
se( [, Tulindnow. [ Jeliq ranam, dane)
Lﬁiv(Tn) L~ (T") L2(0) L0, T;W"=(Tn"))
uniformly in N € N.
Corollary 5.2 Under the assumptions of Theorem 5.1 we have
IE[ / |V2y N min(p™.2) qx dt]
e (5.2)

2r 2r
=c (/Lﬁiv(T”) w2y d A0 W), /LZ(Q) l&l20 7w 2cem) dAf(g))

uniformly in N € N.

Proof of Corollary 5.2 1f p~ > 2 the claim follows immediately from Theorem 5.1,
the definition of F, and Korn’s inequality. So, let us assume that p~ < 2. By Korn’s
and Young’s inequality we obtain

]E[/ |V2vN 1P dx d:} < CE[/ [Ve(vV) P~ dxdt]
0 0

< c]E[1+/ IVe(vN)|dedt}
0

cE[l +/ (1 + 1e@M)DPZ (1 + [eWN))PI2 | Ve(vY)|? dx dr}
0

IA

CE[/ (1+|e(VN)|)pdxdt+f(1+|e(vN)|)”_2|Ve(VN)|2dxdt].
0 0

Now, the first term is bounded by Theorem 3.2 and the second one by Theorem 5.1.
Clearly, ¢ > 0 does not depend on N, and hence the statement of the corollary follows.
O

Proof of Theorem 5.1 In a similar vein as for Theorem 3.2, the core of the proof consists
in a suitable It6-expansion. We hereafter apply 1t6’s formula to the function f,, (u) :=
%||8yu||iz(w)n (with y € {1,2} forn =2 and y € {1, 2, 3} for n = 3) and obtain

1 N 2 _1 N 2 ! /N N 1 ! s\ N
1V Ol 2y = 51 P V0B gy + | SO 45 ) A
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t
= 1||ay7>Nv0||iz(T" +/ / 3, vY - dd, v dx
/ / / (@) daw))) dx
= (D) 4D+ (D). (5.3)

We consider the three integrals separately.

1. We begin with (/). By continuity of the projection, we record the estimate

19, PV voll;? = < IPYvoll < Clivoll;

LZ(T" Wl Z(T") = Wl 2(T"

2. Deferring the estimation of (/I]) to the end of the proof, we turn to (/). Summing
over y, we find

(D) = —(ID1 — (D2 + (ID3 + (ID4 + (IDs,
t
D := / / DgS(-, e(vY)) (3, e(vY), 3, e(v")) dx do,
0 JT"

t
(I :=/f 3,8, e(v™)) : 3,e(v") dx do,
Oz T
(D)3 :=// 8yVN~8V<CI>(vN)de>dx,
0 n
t
(ID)4 ::// d vV .9, fdxdo,
0 n

(ID)s = / div(y¥ @ vy - 97 vN dx.
Ad (II);. Using the assumptions for S in (1.6) we obtain

t
D, = Ef f (1 + le(v
0 JTn

Ad (II);. We now turn to the second term (II);. By uniform Lipschitz continuity
of p(w, -) we obtain

Ny12 dx do. (5.4)

13,8, e (v™))| < cIn(1 + [e(v™)DA + eV )OI 2 e (vY)) (5.5)

with an absolute constant ¢ > 0 for all N € N. We find by virtue of Young’s
Inequality for arbitrary § > 0

t
(I < c(1+f / 1n(1+|e(vN>|><1+|e<vN)|P<')‘>|8ye(vN)|dxda)
0 n
t
< ¢(5) <1+/ / 1n2(1+|e(vN)|)(1+|e(vN)|P<'>)dxda>
0 JTn
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t
+3 (f (14 [e(vM)[PO7)]9, e (v™)|* dx do) = (&)1 + 811,
0 ’]I‘Il

Choosing § > 0 sufficiently small, SII' may be absorbed into the left side of the
overall inequality by the coercive estimation of (II); (cp. (5.4)), and therefore it
remains to give a suitable upper bound for ¢(8)I'. It is easy to see that for every
2 < i < 3 there exists a constant C = C(u) > 0 such that for all r > 0 there
holds 72 log2(1 +t) < C(1 4 t"). Using the Gagliardo—Nirenberg interpolation
inequality on the torus [14, Theorem 7.28], we obtainfor 1 < ¢g,r < 00,0 <o <1
the implication

1 1 1 l—«
—= (o Jet —— = luls
p roon q
< Cllull$,, llull @ foru € (WH" AL (T, (5.6)

where C > 0 only depends on ¢, r and n. Now setzp =u,qg=2andr =2, so
that the condition in (5.6) is satisfied with o = % Then we have | — o = 2

22
and so by Young’s inequality with § > O to be fixed later
-2
Iy ey < Clloligz vl
4
< C(8lul3, + Gl ")
4
= C (8112 + 1VIZ,) ) + Cslvl ") (5.7)

for every v € wl2(Tm).
This estimation is implicitin [10, Chap. Eq. (4.62)]. We apply the previous estimate
tov:= (1 + |e(vM)|2)PO/4 (o find

t
1’50/ / (1 + le(vN) PO/ dx do
0 JTn

§C+C8/
0

t 4
+Cs /O 11+ e O 5 ) do

t

(10 + 1™ PO, 419 (1 +1e™) D7 O 2, ) do

t
<C+ ca/ le(vM)|PO dx do + c(sf IV + 1e™)HPOM)2, do
or 0

t 4
+Cs / 11+ e O 57 ) do (5:8)
0
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By (5.5), we obtain

t
f IV + [ev™)HPOM)2, do
0

t .
< c/ / (1 +1e™)D) T In? (1 + 1Y) ) dx do
0 T’l

t )=
¥ C/O /Tn(l +1ev™)PD T 10, e(vY) 2 dx do.

So that, choosing § > 0 small enough and absorbing the first term of the right
side of the previous inequality into I, we end up with (recall 2 < u < 3 so that
4/(4 —p) < 4),

I < c+c5/ le(vM)|P) dx do
Or
t )—
+0 [ [ a41e0MP) 5,00 P b do
0 JT"

t
+Cs / 11+ [ev™)HPOM ), do
0

§C+C/ le(v¥)|PV) dx do
or

t N
n ca/o /Tn(l +1e(v™)H) 13, e(vV) 2 dx do

! 2
+C5/0 / le(v")PO 0 dxdo =T, + -+ 1.

The terms I} and I are already in a convenient form. For § small enough conse-
quently may absorb I} into the right side of (5.4).
Ad (I1)3. We decompose

1
()3 = / / 0, v - 9, (@Y e dy ) dx
T JO
t
=Z/ / 0,v" - 0, (ax(vV) dfi ) dx
T I0
t
ZZ/ f Veak vV (@, v, 8,v") dpy dx
X T JO
t
+Z/ f 3, vV - 8,8, (v) dpy dx
T I0

t
=f /gs(ayvN,ayvN)dﬂkdx.
T JO
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On account of assumption (2.4), Burkholder—Davis—Gundy inequality and Young’s
inequality we obtain for arbitrary § > 0

13
E[ sup |(H>§|} fE[ sup )/0 ZAn ng(vaayvN,ayvN)dxdﬂk\]
k

0<t<T 0<t<T

T 2 93
<cE / (/ ng(VN)(ayVN,ByVN)dx) dt]
0 T

A 2 93
<cE (/ ( |3VVN|2 dx) dt]
L 0 T

<68E| sup |8VVN|2dx]+c(8)E|:f |8VVN|2dxdti|.
LO<t<T JT" 0

Ad (I)4. After we shall have passed to the supremum in the overall inequality, by
Young’s inequality we obtain for a finite constant C5 > 0

t
(IDg <C8 sup [ 18,vV>dx + C5/ |VE|? dx do.
O<t<T JT" 0 J1n

We then may choose § > 0 so small such that 5|9, vV |2
(5.3).
Ad (III). We have by (2.4)

(i) = - / / /ay o(v"yaw"))) dx
< 22 L[ all [ aeame)as)) o
< 5;/0 /T ‘Vggk(~,VN)~8yvN’2dxda

t t
< cf 19, vV | dx do +c/ IvV|? dx do.
0 JTn 0 JTn

12(p) €0 be absorbed into

5.2 Thecasen =2

Ad (II)s5. The crucial impact of our assumption n = 2 is that (I/I)s = 0 which can be
established by elementary calculations. Gathering estimates, we have shown

E[ sup / |VVN(t)|2dx+/ |V§Fp(-,s(vN))|2dxdti|
n Q

O<t<T

§cIE<1+/ (|V0|2~|—|VV0|2)dx~|—IE/ (|f|2+|Vf|2)dxdt>
T” Q
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+cIE</ |e(vN)|l’<'>dxdt+/ |VN|2dxdt+f |VVN|2dxdt)
0 0 0

%
+cIEJ/ (|e(vN)|P<'>) dx dt,
0

where g := ﬁ.

The terms in the first line of the right hand side are bounded by assumption. The
terms in the second line are bounded by the a priori estimates from Theorem 3.2 except
of the last one. It can, however, be handled by Gronwall’s lemma leading to

E[ sup / |VvN|2dx+[/ |V§F,,(-,e(vN))|2dxdt]
" 0

O0<t<T

< cE(1+/ IF,(, e(vV )4 dxdt).
0

By Lipschitz continuity of p we obtain
IVE, (-, e (V™)) < [VEF,(, e V)| + 18, F, (-, e WM))]

IVeF ), (., e(VY)| + ¢ In(1 + |[ev™)] (1 + |€(VN)|)§
VEFy (. eVl + ¢ (IFp (. e IE +1)

IA

A

such that

E[ sup / |VVN|2dx+[/ |VFP(-,e(VN))|2dxdti|
O<t<T JT" 0] (59)

< cIE(l+/ IF,(, e(vV )4 dxdt).
0

Note that ¢ can be chosen arbitrarily close to 2. The objective of the following is to
find a suitable bound for the remaining integral on the right hand side.

By Korn’s inequality, fT,l VvV |2 and fT" le(vM)|2 are equivalent. Using the ele-
mentary inequality |F, (-, §)|* < c(€E*+1) fort = 4/p™T and Sobolev’s embedding
WL2(T") < L29(T")) (witho = % if n > 3 and o arbitrary for n = 2) we deduce
from (5.9) that

T 5
IE[ sup IF,(-, e(v"¥ )" dx + [/ (/ F,(-, e(v)|*° dx> dti|
O<t<T JT" 0 T (510)
< c]E<1 +/ IF, (-, e(vM))|4 dxdt).
0
In order to proceed, we use the interpolation (recall that T > 1 as pT™ < 4)
(L. 73 L7(@)): L3O, 75 L (")) | = L'(0. T; L' (T")),
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T 2
r=2+1—-——, O=1——,
o r
and obtain for y = »-—25——
260+t (1—0)
x© x(1—0) 2
vll¥ < IIUIIL?oL;HvIIL[zL%a < llollfeorr + IIUIIL[zL%f (5.11)

Combining (5.10) and (5.11) yields
EIF, ¢, e DI, < ¢ (14+EIF, ¢ e™ 1%, ).

We continue with the interpolation

—2
(L 20), =110, p=2"=.

and obtain

EIF, ¢ e N1%, < E(IF,C e NI IF, ¢ o™ DI 7)
1

1
. e
< (EIF, ¢ eI ) (EIF ¢ eI )7

using also Holder’s inequality for y € (1, 0o) arbitrary. By Theorem 3.2, the definition
of F, and the assumptions on the initial law we find that the second term is uniformly
bounded for any choice of y. So, we obtain

EIF, (. eDIE, < (L +EIF, (e )I% )
N (5.12)
< c(1+EIF, eI

If Bg < x (note that 8 can be made arbitrarily small if we choose g close enough to
2 and y can be chosen arbitrarily close to 1), we finally obtain

E|F,(. eI, <«
uniformly in N. By (5.12) this implies

EIF, (. eV, < ¢ (5.13)

uniformly. Inserting this into (5.9) yields the claim.
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5.3 Thecasen =3

If n = 3, the convective term does not vanish. We have to estimate it which is only
possible under a restrictive assumption on p~. We have

t
(11)55/[ VvV )3 dx do
0 JTn

such that we end up with

E[ sup / |VVN|2dx+[/ |VFP(-,e(VN))|2dxdti|
" 0

O<t<T

< cE(1+/ Ie(VN)|"dxdt>,
0

where § = max{p™ + o, 3} (0 > O is arbitrary) as a counterpart to (5.9). Using again
Sobolev’s embedding shows

T 1
E[ sup f |e(VN)|2dx+[/ </ |F,,(~,a(vN))|6dx>3dt]
O0<t<T n 0 T
< CE(1+f Ie(VN)l"dxdt).
0

We obtain finally

(5.14)

1

- 1
E[ sup / le(v™V) > dx + [[ ([ le(vV)]?P~ dx>3 dt}
O0<t<T n 0 T (515)

< cE(l—i—/ |e(vN)|qudt>.
0

Now we use an interpolation which is quite similar to the two-dimensional case.
However, the quantity of interest is now e(v") instead of F,(, e(v\Vy). Using the
interpolation

(L®QO.T: L2 L7 . T: L7 (T")) = L7(0. T: L (T")),

4 _
r=-4p, 0=1-2
3 r
we obtain for y = %r
X < x®© x(1-0)  _ 2 P
Ivllf < ”v”L[ool&“v”Ltpripf = llpee 2 + ”v”L,"’Li"’ (5.16)
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such that

Elev™)I%, < c(1+EleeMI7, ).

1,x

On account of the interpolation

(L@ ), =170, p=z"—"

qr—p
we gain similarly to the two-dimensional case
_ _ -
Elev™)I7, < E(lev™) 157 e 7)
L,'X t,x Lt,)c
1

1 .
< (E1ee™IE)" (Blle™ 2.

[

By Theorem 3.2 the second term is uniformly bounded and hence

_ _ 4
Elev™ll, = c(1+Elev™)I?; ) < c(l +1E||e<vN)||ﬁ?f)y. (5.17)

X

Now we have to check that g < x. This is equivalenttog < p~ + % which follows

from our assumption % <p <pt<p + %. So, the proof can be finished as

before if we chose y close enough to 1. O

5.4 Compactness

As in (4.24) we have again

sup E [ vV

ro ] < 0 (5.18)
NeN oy

CR((0, T W,

for certain 4 > 0, £ € N and pg > 1. In view of compactness, let us now define the
path space

X=X QAFQ X, ® & ® Xw, (5.19)
where?

Xy = C0, TI Wae ™ (T") N L2, T Wil (T")),
Xp: = (L2, T; Wh2(T"), w),
Xy =C°([0,T] x T,

3 (X, w) denotes a Banach space equipped with the weak topology.
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Xp: = L%(0, T; Wh2(T™)),
Xw: = C([0, T]; o).

We obtain the following.

Proposition 5.3 The set {L[v",F,(-,e(vY)), p,f, W]; N € N} is tight on X.

Proof We recall an interpolation result of Aubin-Lions-type due to Amann [1] to

conclude that

(T") N CH([0, T]; Wdlf POy NLP (0, T; de (™)
s L2(0, T; W52 (T™).

L=, T; W2

(5.20)

On the other hand, Ascoli—Arzeld’s theorem yields

CH([0, T1; Wyl PO (T") <> C([0, T1; Wyl PO (T")).

So, we obtain tightness of vM on X, from (5.18), Theorems 3.2 and 5.1 and
Tschebyscheff’s inequality. Tightness of F, (., e(vY)) on Ay follows immediately
from Theorem 3.2 and 5.1. Finally the laws of p, f and W are tight as before in
Sect. 4.2. O

Accordingly, we apply Jakubowski’s extension of Skorokhod’s theorem (see [18]).
We infer the following result.

Proposition 5.4 There exists a complete probability space (5:2, Z, P) with X-
valu~ed Bgreg measurable random variables (VN JFYN, ﬁN N wN ), N € N, and
v, F, p, £, W) such that (up to a subsequence)
(a) the law of ¥V, FV, N, N, WNyon X is given by L[vV, F,(, e(vV)), p, £, W1,
N e N,
(b) the law of (v, F, p,f, W) on X is a Radon measure,
(c) WN,FN, N, fN wh) converges P-almost surely to (V, F, D, £, W) in the topol-
ogyof X, i.e.
¥V = §in C(0, T]; WP (T") P-as.,
VW > vin L?0, T; de (T")) P-a.s.,
FN—~Fin L*©0, T; W"*(T")) P-a.s.,
N = pinC°(0,T] x T") P-a.s.,
¥ > fin L0, T; WH2(T")) P-a.s.,
WY = W in C([0, T]; tho) P-a.s. (5.21)

The equality of laws from Proposition 4.4 implies immediately that FN =
F e e(v")). Using the convergences from (5.21) we obtain

F=F;(,e{). (5.22)
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Also, the uniform estimates from Theorems 3.2 and 5.1 continue to holds on the
new probability space. The proof of Theorem 2.7 can now be completed as in Sect. 4.

5.5 Strong stochastically strong solutions
The existence of a strong pathwise solution follows now along the lines of the proof
of Theorem 2.7 with some minor modifications. The most important change is that the
classical Gyongy-Krylov argument does not apply as the path space X is not Polish
anymore due to the weak topology on Af. A generalization which applies to the very
general class of sub-Polish spaces (including Banach spaces with weak topologies)
can be found in [5, Chap. 2, Theorem 2.10.3]. We consider the collection of joint laws
of X", X", p,f, W), where
X" = (¥, Fp(e(v™), X" = ¥ Fp(e(vVm),
on the extended path space
= (&y x -)C'F)2 ®Xp R X x Xw.
As in Proposition 4.6 we obtain tightness of the set
{£IX*, X", p,f, W]; n,m € N}
on X7, Let (X, X", p,f, W)be an arbitrary subsequence. By the Jakubowski—
Skorokhod theorem [18] we infer (for a further subsequence but without loss of

generality we keep the same notation) the existence of a probability space (Q,.Z,P)
with a sequence of random variables (X”k X’"k Dk» fe, Wk) with

X”k = @ F%), keN,
= (V" F"™), k€N,

converging almost surely in X’ 7 to a random variable (X, X, D, f, W). with

As before in (5.22) it follows that
F=F;(.e®), F=F;(,e¥). (5.23)
As in (4.28) we can show that (v, p,f, W) and (v, p, f, W) are weak martingale

solutions to (1.5)—(1.6) defined on the same stochastic basis (2, .Z, (Z;), P). We
apply the pathwise uniqueness result from Proposition 4.5 to conclude

CIX, X, W ]<(X1 X, p B, W)ex!: X, = Xz)
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= P((e, P =@, F)) —PH=v)=1.

Now, [5, Chap. 2, Theorem 2.10.3] implies that the original sequence vV defined
on the initial probability space converges in probability in the topology of Xy to the
random variable v. Therefore, we finally deduce that v is a strong stochastically strong
solution to (1.5)—(1.6). Note that the pressure terms can be recovered as in (2.11) (see
the explanations below (2.11) for the regularity of the pressure terms). The proof of
Corollary 2.13 is hereby complete. O
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