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Abstract
In this paper, we formulate and analyze a one-level Additive Schwarz preconditioner with full-domain
overlap for a class of parallel adaptive finite elements, including the Bank-Holst paradigm and the local
and parallel algorithms based on two-grid discretizations. We show that the generous overlap is more than
enough to compensate for the single-level nature of the preconditioner, and the effective condition number
of the associated preconditioned operator can be bounded from above independently of the number of the
subdomains, the fine and coarse mesh sizes. The main results of this paper substantially extend those in
[S. Loisel and H. Nguyen, J. Comput. Appl. Math., 321 (2017), pp. 90-107], in the sense that we are able
to remove from the bound of the effective condition number the explicit term, 1/(1 − γ 2 ), where γ is the
maximum of the constants in the strengthened Cauchy-Buniakowskii-Schwarz inequalities applied to the
hierarchical decompositions of full-domain local adaptive finite element spaces into the coarse space and fine
spaces. In other words, our new results confirm that the proposed preconditioner is even more robust as the
constant γ can be close to 1 for adaptive meshes with bad shape regularity. Numerical results are provided
to confirm our theoretical finding.
Keywords: Domain decomposition, preconditioner, Bank-Holst paradigm, two-grid discretizations,
parallel adaptivity
2010 MSC: 65N55, 65N22, 65F08

1. Introduction
The Schwarz method was first introduced in 1870 by Hermann Schwarz [17]. Back then, the method was
a purely theoretical tool to extend the Dirichlet principle to domains with complicated geometry [13]. Not
until a century later, in 1989, was the method noticed by Lions for its potential in solving PDEs numerically
on parallel computers [14]. Since then, many variants of the method have been developed and become very
popular parallel preconditioners for PDE-based simulations.
In order for these preconditioners to be scalable (that is the condition number of the preconditioned
operator does not depend on the number of subdomains or the sizes of meshes), it is important to have
a coarse level solver and a physical subdomain overlap. One of the most popular Schwarz methods is the
two-level Additive Schwarz (AS) with overlap [11]. The condition number of this preconditioner is in the
order of N c (1 + H/δ), where H is the size of subdomains, δ is the thickness of the overlap, and N c is the
number of colors one can, at most, use to color the overlapping subdomains such that the ones of the same
color are disjoint [11, 21, 8, 10]. We note that N c is usually much smaller than the number of subdomains
N , especially when N is large.
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For this two-level overlapping AS preconditioner, a large overlap leads to a better rate of convergence
but also increases both the computation and communication costs. Therefore, it is usually used with
a small overlap having the thickness of just few finite elements. However, this is not always the best
strategy. For a class of parallel adaptive finite elements including the Bank-Holst paradigm and its variants
[3, 4, 1, 18, 5, 7, 20], and the local and parallel algorithms based on two-grid discretizations [22, 23, 19, 24, 25],
it has been shown that the one-level AS preconditioner with full-domain overlap is optimal [16].
For this class of problems, full-domain adaptive meshes which are heterogeneous (fine in their local
subdomains and coarser elsewhere) are readily available and they can be used to formulate the local problems
of the preconditioner. It can be shown in [16] that with this preconditioner the largest eigenvalue of the
preconditioned operator is isolated, and the convergence of the PCG method can be sharper estimated using
the effective condition number, which is the ratio of the second largest and the smallest eigenvalues. These
eigenvalues can be estimated independently of N , H, and the fine mesh size h. However, the estimate for the
second largest eigenvalue and consequently the estimate for the effective condition number are proportional
to N c /((1 − γ)2 ), where 0 < γ < 1 is the maximum of constants in the strengthened Cauchy-BuniakowskiiSchwarz inequalities (see [12]) applied to hierarchical decompositions of the local adaptive finite element
spaces into the coarse space and fine spaces.
In this paper, we will show that the unfavorable quadratic term 1/(1 − γ)2 is actually an artifact introduced by the estimate in [16] and the second largest eigenvalue of the preconditioned operator is only
of size N c (the dependence of the estimate on the shape regularity of the local adaptive meshes is mild
and at the same level as expected in standard finite element analysis). This is not only a stronger result
but also an important one because, for adaptive meshes with bad shape regularity, γ could be close to 1
(cf. [2]). In our new analysis, instead of relying on hierarchical decompositions of adaptive finite element
spaces, we introduce a family of cut-off operators that can break any local finite element function into two
components: one has support a little bigger than the local subdomain and the other belongs to the coarse
space. In our estimate, we are able to drop the coarse components using orthogonal property and put the
other components into groups of functions with disjoint support using the so-called coloring technique. The
rest of the analysis, even though far from trial, are fairly standard.
The rest of the paper is organized as follows. In section 2, we introduce the model problem and the
formulation of the preconditioner. The convergence of the proposed preconditioner is analyzed in section 3.
In section 4, we present numerical experiments to confirm the theoretical results proved in section 3. We
end with a short conclusion in section 5.
2. Model problem and preconditioner formulation
We consider a second order elliptic boundary value problem: find u∗ ∈ H01 (Ω), for a given domain
Ω ⊂ Rd , d = 2, 3 and f ∈ L2 (Ω), such that
Z
Z
f (x)v(x) dx, for all v ∈ H01 (Ω).
(1)
∇u∗ (x) · ∇v(x) dx =
Ω
Ω
{z
} |
{z
}
|
≡a(u∗ ,v)

≡(f,v)

Assume that Ω is partitioned into N non-overlapping subdomains {Ωi }N
i=1 . We will consider different
finite element meshes aligned with the partition of Ω, i.e., such that no element is cut through by the interface
of the partition. First, let T0 of size H be the conforming coarse mesh used as the starting mesh on each
processor before any adaptive mesh enrichment is performed. Second, let Ti be the adaptive meshes obtained
from independently and adaptively enriching the coarse mesh, with the main focus on their local subdomains.
They are meshes of the whole domain and reside locally on processors. In general, Ti are fine inside their
subdomain Ωi and much coarser elsewhere. They must be conforming inside their local subdomain but
can have hanging nodes outside. Such full-domain local adaptive meshes are readily available in a class of
parallel adaptive finite elements, including the Bank-Holst paradigm and the local and parallel algorithms
based on two-grid discretizations.
2

Figure 1: A coarse mesh with its partition (left), a local mesh on a processor (middle) and the global mesh (right).

We also assume that certain mesh regularization, e.g., [6], is performed so that Ti are aligned along their
fine interface, namely if Ωi and Ωj are neighboring subdomains then Ti and Tj are matched along the part
of interface sharing between Ωi and Ωj . Finally, let Th be the union of the part of Ti restricted on Ω̄i ,
namely Th = ∪N
i=1 (Ti |Ω̄i ). This mesh is the globally refined and conforming mesh of size h of Ω. In Figure
1, we show a coarse mesh T0 (left) with its partition, an associated local adaptive mesh Ti (center) and the
corresponding final globally refined mesh Th (right).
Discretizing (1) using linear finite elements on Th leads us to the following system of linear equations:
Au = f,

A ∈ Rn×n , u, f ∈ Rn .

(2)

We are interested in formulating preconditioner to solve (2) efficiently by Krylov methods, such as the
CG method.
Let V0 , Vi , and Vh be the linear finite element spaces associated with T0 , Ti and Th respectively. Assume
T0 ⊂ Ti ⊂ Th , for 1 ≤ i ≤ N. Then, it follows that V0 ⊂ Vi ⊂ Vh . Denote by RiT the interpolation
operator from Vi to Vh . We can define the local operator and its corresponding matrix Ai = Ri ARiT . It
should be noted that, in this paper, we will make no effort to separate linear operators from their matrix
representations.
The one-level AS preconditioner proposed in [16, 15] is formulated as follow
P −1 =

N
X

RiT A−1
i Ri .

(3)

i=1

Remark 1. There is no explicit coarse component in the formulation of the preconditioner in (3). However,
as the coarse space V0 is included in all Vi , a coarse solve is implicitly integrated in each local solve.
Remark 2. For a class of parallel adaptive finite elements, including the Bank-Holst paradigm [3, 1, 7] and
the local and parallel algorithms based on two-grid discretizations [22, 23], where Ai are readily available on
processors as local stiffness matrices and Ri can be computed and updated as refinement goes, the computation
cost of P −1 is comparable if not cheaper than the cost of traditional two-level AS [11].
3. Convergence Analysis
We consider an overlapping partition {Ω̌i }N
i=1 , where Ω̌i is obtained from Ωi by adding minimal but
nonempty layers of immediately neighboring elements in Ti so that elements in Ti but outside of Ω̌i belong
to T0 . In Figure 1-center, the extended subdomain Ω̌i is the shaded area.
Assumption 3. We assume that Ω\Ω̌i 6= ∅. Consequently, ∩N
i=1 Vi = V0 .
3

Remark 4. The assumption is not true in general. However, it is reasonable and can be achieved in practice
without affecting the ultimate task of finding the final approximate solution. The final approximate solution
is computed on the mesh Th that is the union of the fine submeshes, Ti |Ω̄i , “cut out” from local adaptive
meshes at their local subdomains. Parts of the local adaptive meshes outside of their local subdomains, Ti |Ωci ,
are used in formulating the preconditioner but they do not play a direct role in determining the final solution.
In addition, Ti only needs to be conforming inside Ωi and can have hanging nodes outside of Ωi . Therefore,
without loss of generality, one can impose some meshing rules to prevent refinement on local adaptive meshes
further from their local subdomains, e.g., no refinement in subdomains one or more subdomains away from
the local subdomain. In general, this is enough to guarantee the assumption when there are more than a few
subdomains.
e i by adding one layer of immediately neighboring
On each local mesh Ti , we extend the region Ω̌i to Ω
elements in Ti . As elements in Ti but outside of Ω̌i belong to T0 , the elements in the added layer also
e i \Ω̌i is of size H. Let {θ̃i (x)}N be a
belong to T0 . Consequently, the thickness of the transition region Ω
i=1
e i and equal 1 in the closure of Ω̌i . In the
set of cut-off linear functions that vanish in the complement of Ω
e i \Ω̌i , these functions θ̃i (x) decrease linearly from 1 to 0. In other words,
transition regions Ω
kθ̃i k∞ ≤ 1,

k∇θ̃i k∞ . H −1 .

(4)

Here and in the rest of the paper, we use x . y to denote x ≤ C y, where C does not depend on h, H, N
and N c . The explicit formula of these cut-off functions can be found in [21, 16].
e i }N can be colored using at most N c colors such that subdomains of the same
Assumption 5. Assume {Ω
i=1
color are disjoint.

T
2
Next we define Pi = RiT A−1
i Ri A. Since Pi A = APi and Pi = Pi , it follows that Pi is an A-orthogonal
−1
projection. In addition, using the fact that A, Ri and Ai are full rank, we have rank(Pi ) = rank(RiT ). This
together with range(Pi ) ⊂ range(RiT ) implies range(Pi ) = range(RiT ). In other words, Pi is an A-orthogonal
projection onto the range of RiT . Consequently, Pi corresponds to a projection operator which is onto Vi .
From (3), we can write the preconditioned operator as the sum of these projection operators as follows

P −1 A =

N
X

Pi .

(5)

i=1

Proposition 6. The largest eigenvalue of P −1 A is λmax = N and V0 is its corresponding eigenspace.
Proof. For any v0 ∈ V0 , since V0 ⊂ Vi and Pi are projections onto Vi , we have
P −1 Av0 =

N
X

Pi v 0 =

i=1

N
X

v0 = N v 0 .

i=1

Therefore, N is an eigenvalue of P −1 A. In addition, since Pi are projections,
P theirspectra σ(Pi ) = {0, 1}.
N
−1
Consequently, the spectrum of the preconditioned operator σ(P A) = σ
i=1 Pi ⊂ [0, N ]. This implies
that N is the largest eigenvalue of P −1 A.
−1
−1
PNNow assume that v is an eigenvector of P A associated with eigenvalue N . We have N v =N P Av =
i=1 Pi v. Because σ(Pi ) = {0, 1}, it follows that Pi v = v. Since Pi are projections onto Vi and ∩i=1 Vi = V0 ,
we can conclude that v ∈ V0 .

Normally, it is not desirable for a domain decomposition preconditioner to have the largest eigenvalue and
consequently the condition number of the preconditioned operator depending on the number of subdomains.
However, it is shown in [16] that the convergence of the preconditioned CG method can also be bounded
4

using the effective condition number, which is the ratio of the second largest eigenvalue λ̂max and the smallest
eigenvalue λmin . If the largest eigenvalue λmax = N is isolated, namely there is a considerable gap between
it and λ̂max , the bound using the effective condition number is actually sharper. We quote without proof
the following result from [16].
Theorem 7. The error of the CG method left-preconditioned by P −1 when applying to (2) satisfies
!k−1
√
κ̂ − 1
√
<2
κ̂ + 1

2(N − λmin )
kek kA
≤
ke0 kA
N

!k−1
√
κ̂ − 1
√
,
κ̂ + 1

(6)

where ek = uk − u is the kth-step exact error and κ̂ = λ̂max /λmin is the effective condition number of P −1 A.
We also quote without proof from [16] the following result on a lower bound of the smallest eigenvalue λmin
of the preconditioned operator.
Theorem 8. For any v ∈ Vh there exists a decomposition
v=

N
X

vi ∈ Vi , 1 ≤ i ≤ N,

vi ,

i=1

that satisfies
N
X
i=1

a(vi , vi ) ≤ Cm a(v, v),

where Cm is a constant independent of H, h and N but not N c . In addition, the smallest eigenvalue of the
preconditioned operator P −1 A can be bounded from below as follows
−1
λmin ≥ Cm
.

Next we will show that λ̂max is of size N c which is generally much smaller than λmax = N . This is our
main result.
Theorem 9. For any v ∈ Vh , v ⊥a V0 , we have
N
X

a(Pi v, Pj v) . N c

i,j=1

N
X

a(Pi v, v).

(7)

i=1

Consequently, the second largest eigenvalue of the preconditioned operator can be bounded from above as
follows
λ̂max . N c .
(8)
Proof. Assume (7), we find that for any v ⊥a V0
N
N
N
X
X
X
kP −1 Avk2a = a(
Pi v,
Pj v) =
a(Pi v, Pj v)
i

j

i,j=1

. Nc

N
X

a(Pi v, v)

(using (7))

i=1

N
X
= N c a(
Pi v, v) = N c a(P −1 Av, v)
i=1
−1

≤ N c kP

5

Avka kvka .

(using (5))

In other words, kP −1 Avka . N c kvka for any v ⊥a V0 . Moreover, according to Proposition 6, V0 is the
eigenspace associated with the largest eigenvalue. Therefore, it is sufficient to prove (7) as (8) will follow.
(i) i
be the nodal basis functions of Vi associated with Ti . We define the linear operator
Let {ψj }nj=1
Pni
(i)
e i:
αj ψj to a function in Vi with support in Ω
Ti : Vi → Vi that truncates any w ∈ Vi , w = j=1
ni
X
(i)
Ti w = Ti (
αj ψj ) :=
j=1

We can also write

X

(i)

αj ψj .

(i)

ei
supp(ψj )⊂Ω

Ti w = Ii (θ̃i w),

(9)

where Ii is the nodal piecewise linear interpolation defined on Ti and θ̃ is the cut-off linear function defined
at the beginning of section 3. The explanation for (9) is twofold. First, we note that θ̃i equals 1 in the
e i \Ω̌i might
closure of Ω̌i and vanishes in the complement of Ω̃i . Second, even though the transition region Ω
be big (of size H) it is composed of only one layer of elements in Ti and there is no nodal point in Ti that
e i \Ω̌i (not counting the ones on the boundaries of Ω
e i and Ω̌i ).
lie inside Ω
e i belongs to T0 , it follows that w − Ti w ∈ V0 for all w ∈ Vi .
Since we assume that elements outside of Ω
Let vi = Pi v. Since Pi is a-self-adjoint projection onto Vi ⊃ V0 and v ⊥a V0 , for any v0 ∈ V0 we have
a(vi , v0 ) = a(Pi v, v0 ) = a(v, Pi v0 ) = a(v, v0 ) = 0.

In other words, vi ⊥a V0 .
We are now ready to carry out the
of Vi associated with vertices outside of
inequality and Young’s inequality, in the
N
X

a(vi , vj ) =

i,j=1

first step in proving (7). Since all of the nodal basis functions
e i belong to V0 , using the orthogonal property, Cauchy-Schwarz
Ω
mentioned order, we find that:


N 
X
a(vi , vj − Tj vj ) + a(vi , Tj vj )

i,j=1

=

N
X

(since vj − Tj vj ∈ V0 and vi ⊥a V0 )

a(vi , Tj vj )

i,j=1

=

N Z
X

i,j=1

=

N Z
X
j=1



≤
≤

N
1X

2

∇vi · ∇(Tj vj ) dx

ej
Ω

N
X
j=1

ej
Ω



j=1

N
X
i=1

N
X

vi
ej )
H 1 (Ω

i=1





∇vi

!

N
X
i=1

N
N c X
≤
vi
2
i=1

2

2

· ∇(Tj vj ) dx



|Tj vj |H 1 (Ω
ej )

vi
ej )
H 1 (Ω

+
H 1 (Ω)

ej)
(since supp(Tj vj ) ⊂ Ω

(using Cauchy-Schwarz inequality)


1

+ |Tj vj |2H 1 (Ω
ej )


(using Young’s inequality with  > 0)

N

1 X
|Tj vj |2H 1 (Ω)
e .
2 j=1

(10)

e j }N can be split into N c group of disjoint
Here, in the last inequality, we have used the fact that {Ω
j=1
subdomains.
6

Considering the second term in the last line of (10), using (9), the stability of piecewise linear interpolation
of quadratic functions, e.g., [21, Lemma 3.9], and (4), we have
|Tj vj |H 1 (Ω
e j ) = |Ij (θ̃j vj )|H 1 (Ω)
e . |θ̃j vj |H 1 (Ω)

(using (9) and [21, Lemma 3.9])

≤ kθ̃j ∇vj kL2 (Ω) + k∇θ̃j vj kL2 (Ω)

(using triangle inequality)

≤ kθ̃j k∞ k∇vj kL2 (Ω) + k∇θ̃j k∞ kvj kL2 (Ω)

. k∇vj kL2 (Ω) + H −1 kvj kL2 (Ω)

(using (4)).

(11)

Since vj ⊥a V0 , its Galerkin approximation associated with the coarse mesh T0 , vj0 = 0. In addition, following
the standard estimate for L2 error, e.g. [8, 5.4.8 p. 137], we find that
kvj kL2 (Ω) = kvj − vj0 kL2 (Ω) . H|vj |H 1 (Ω)

(12)

Combining this with (11) and using the fact that Pj2 = Pj , we obtain
|Tj vj |2H 1 (Ω
e

j)

In (10), letting  = 1/N c , using |
the proof.

. |vj |2H 1 (Ω) = a(Pj v, Pj v) = a(Pj v, v).

PN

i=1

vi |2H 1 (Ω) =

PN

i,j=1

(13)

a(vi , vj ) and (13), we have (7). This finishes

Remark 10. We have successfully removed the explicit unfavorable quadratic term 1/(1 − γ)2 from the
estimate in [16] of the second largest eigenvalue of the preconditioned operator . However, it should be noted
that we cannot completely remove the dependence of the hidden constants inside the notation . on the shape
regularity of the meshes. This is due to two results used in the proof of Theorem 9. First, in the starting line
of (13), we have used [21, Lemma 3.9] whose proof relies on a stability estimate of the nodal piecewise linear
interpolation associated with Ti . Second, in (12), we have also used a stability estimate of the nodal piecewise
linear interpolation associated with T0 . It is well known that the constants in these stability estimates do
depend on the shape regularity of the meshes (cf. [21, 8]). However, the dependence is mild, usually cannot
be removed and is widely accepted in finite element analysis.

4. Numerical Experiments
In this section, we consider the model problem (1) with Ω is the unit square missing a L-shaped hole in
the middle (see Figure 2). The domain is particularly chosen for its “difficulty” with five out of six corners
of the L-shape hole being reentrant ones. These reentrant corners require sufficiently fine meshes around
them and often cause degeneration in mesh shape regularity. They might lead to large constant γ and
according to [16] could significantly increase the effective condition number of the preconditioner. However,
in this section, we will use numerical experiments to verify that even for this type of domain, the second
largest eigenvalue λ̂max (and consequently the effective condition number) stays almost constant for different
configuration of the mesh size and the partition.
Our experiments were developed on top of the finite elements package iFEM [9]. We start with two
unstructured triangular coarse meshes having 397 and 740 vertices, respectively. These coarse meshes are
partitioned into N = 4, 8, 32, 64, 128 subdomains. They are then “broadcast” to N processors where they
are adaptively refined by l = 1, 2, 3 cycles of adaptive refinements (varying h) in parallel. The adaptive
refinement on each processor focuses mainly on its associated local subdomain. However, there might be
refinement outside to keep the final mesh on each processor conforming across the interface with the local
meshes in the neighboring subdomains. Local adaptive meshes are conforming inside their subdomains, but
they can have hanging nodes outside. The global fine mesh is the union of the refined conforming submeshes
7

Figure 2: L-shaped domain: A coarse mesh with partition (left), a local mesh (middle) and the global mesh (right) when N = 4
and l = 2

Table 1: Second largest eigenvalues (λ̂max ) of the preconditioned system P −1 A for meshes of different sizes and partitions.

n0 = 397

n0 = 740

N

Nc

l=1

l=2

l=3

4

2

2.001938

2.002184

2.002225

8

3

3.054082

3.055964

16

4

4.000022

32

5

64
128

Nc

l=1

l=2

l=3

2

2.000809

2.000981

2.001034

3.056068

3

3.000250

3.000264

3.000266

4.000025

4.000026

4

4.000012

4.000014

4.000014

5.064430

5.065447

5.065515

5

5.064489

5.064978

5.065018

6

6.003244

6.003400

6.003415

5

5.069469

5.070330

5.070406

7

7.172348

7.173508

7.173597

6

6.072430

6.072430

6.072430

provided by all processors. The meshes at different stages of the first experiment with N = 4 and l = 2 is
shown in Figure 2.
In Table 1, we present λ̂max for different values of the number of subdomains (N ), the level of refinement
(l), and the size of the coarse grid (n0 ). The number of colors N c is also provided for each partitions of
the two meshes. It can be seen that λ̂max stays almost constant when using different number of refinement
cycles (varying h) or using different coarse mesh (varying H). However, it does increase modestly as the
number of subdomains increases and is almost the same as the number of colors N c which is much smaller
than the number of subdomains N , especially when N is sufficiently large.
In Table 2, we report the number of iterations required by the CG method to reduce the residual by a
factor of at least 106 using the proposed preconditioner. We can see there is almost no change in the number
of iterations when l and n0 vary (effectively h and H vary) especially for the finer coarse mesh (n0 = 740)
and for not too large number of subdomains (N <= 64). We do see that the number of iterations increase
consistently as N increases. However, the increase is modest and is at most proportional to the number of
color N c which is generally much smaller than the number of subdomain N .
5. Conclusion
We have formulated and analyzed a one-level Additive Schwarz preconditioner for a class of parallel
adaptive finite elements, where there exist full-domain local adaptive meshes which are generally fine in
their subdomains and much coarser elsewhere. This class includes the Bank-Holst paradigm and the local
and parallel algorithms based on two-grid discretizations. We have showed that the effective condition number
8

Table 2: Numbers of PCG iterations required to reduced the residual by a factor of 106 using the proposed preconditioner.

n0 = 397

n0 = 740

N

Nc

l=1

l=2

l=3

4

2

6

6

7

8

3

10

10

16

4

11

32

5

64
128

Nc

l=1

l=2

l=3

2

6

6

7

11

3

9

10

11

13

13

4

12

13

13

15

16

17

5

14

15

16

6

16

17

18

5

15

16

17

7

17

20

22

6

18

18

20

of the proposed preconditioner can be estimated independent of the size of the fine, coarse mesh sizes, and
the number of subdomains and only mildly dependent on the shape regularity of local adaptive meshes.
Numerical results confirm our theoretical findings.
Acknowledgment
We would like to thank the anonymous referees, whose suggestions helped improve the paper significantly.
Finally, Hieu Nguyen gratefully acknowledges the financial support from Vietnam National Foundation for
Science and Technology Development (NAFOSTED) through Grant No. 101.99-2017.13.
References
[1] Nathan A Baker, David Sept, Michael J Holst, and J Andrew McCammon. The adaptive multilevel finite element
solution of the Poisson-Boltzmann equation on massively parallel computers. IBM Journal of Research and Development,
45(3.4):427–438, 2001.
[2] Randolph E. Bank. Hierarchical bases and the finite element method. In Acta numerica, 1996, volume 5 of Acta Numer.,
pages 1–43. Cambridge Univ. Press, Cambridge, 1996.
[3] Randolph E. Bank and Michael Holst. A new paradigm for parallel adaptive meshing algorithms. SIAM J. Sci. Comput.,
22(4):1411–1443 (electronic), 2000.
[4] Randolph E Bank and Peter K Jimack. A new parallel domain decomposition method for the adaptive finite element
solution of elliptic partial differential equations. Concurrency and Computation: Practice and Experience, 13(5):327–350,
2001.
[5] Randolph E. Bank and Hieu Nguyen. Domain decomposition and hp-adaptive finite elements. In Yunqing Huang, Ralf
Kornhuber, Olof Widlund, and Jinchao Xu, editors, Domain Decomposition Methods in Science and Engineering XIX,
volume 78 of Lecture Notes in Computational Science and Engineering, pages 3–13. Springer, 2011.
[6] Randolph E. Bank and Hieu Nguyen. Mesh regularization in Bank-Holst parallel hp-adaptive meshing. In O. Widlund
Randolph E. Bank, Michael Holst and Jinchao Xu, editors, Domain Decomposition Methods in Science and Engineering
XX, volume 91 of Lecture Notes in Computational Science and Engineering, pages 103–110. Springer-Verlag, 2013.
[7] Randolph E. Bank and Hieu Nguyen. A parallel hp-adaptive finite element method. In Recent Advances in Scientific
Computing and Applications, volume 586 of Contemporary Mathematics, pages 23–33. Amer. Math. Soc., Providence, RI,
2013.
[8] Susanne C. Brenner and L. Ridgway Scott. The mathematical theory of finite element methods, volume 15 of Texts in
Applied Mathematics. Springer, New York, third edition, 2008.
[9] Long Chen. iFEM: an integrated finite element methods package in MATLAB. Technical report, Department of Mathematics, University of California at Irvine, 2009.
[10] V. Dolean, P. Jolivet, and F. Nataf. An Introduction to Domain Decomposition Methods. Society for Industrial and
Applied Mathematics, Philadelphia, PA, 2015.
[11] Maksymilian Dryja and Olof B. Widlund. Domain decomposition algorithms with small overlap. SIAM J. Sci. Comput.,
15(3):604–620, 1994. Iterative methods in numerical linear algebra (Copper Mountain Resort, CO, 1992).
[12] Victor Eijkhout and Panayot Vassilevski. The role of the strengthened Cauchy-Buniakowskiı̆-Schwarz inequality in multilevel methods. SIAM Rev., 33(3):405–419, 1991.
[13] Martin J Gander. Schwarz methods over the course of time. Electron. Trans. Numer. Anal, 31(5):228–255, 2008.

9

[14] P.-L. Lions. On the Schwarz alternating method. I. In First International Symposium on Domain Decomposition Methods
for Partial Differential Equations (Paris, 1987), pages 1–42. SIAM, Philadelphia, PA, 1988.
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[17] Hermann Amandus Schwarz. Üeber einen grenzübergang durch alternierendes verfahren. Vierteljahrsschrift der Naturforschenden Gesellschaft in Zürich, pages 272–286, 1870.
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