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Abstract
This paper proposes a novel method to increase the power output of a cantilever beam-based electromagnetic vibration energy
harvester through anti-phase resonance. A new cantilever beam design is presented to achieve this. By introducing an anti-phase
motion between the coil and the magnets at resonance under the same base excitation input, the relative velocity of the coil
cutting through the magnetic field is significantly increased and hence its power output. An experiment is performed to compare
the proposed method with the conventional method where either the coil or the magnet is fixed onto the vibrating base. Under a
base acceleration level of 0.10 g and a natural frequency of 17.24 Hz, results shows a 185% increase in power for the proposed
method when compared with the conventional method with a recorded maximum power of 7.4 mW at resonance. The power
produced by this method is proven to be higher than the sum of power produced by two individual conventional harvesters under
the same velocities. In addition, a 22% increase in frequency bandwidth is also recorded by the proposed method. In terms of
the power density, the proposed method indicates a 38% increase when compared with the conventional harvester. Results also
show a drastic reduction in the maximum power output and phase difference when the natural frequencies of the coil and the
magnets differ by only 1.5%, hence defining the importance of frequency matching. Further analysis indicates that a glass fiber
cantilever beam showed a higher decrease in electromagnetic damping as compared to the increase in mechanical damping when
small bulk masses were added onto the beam, hence increasing its overall gain.
Keywords: Vibration energy harvesting, Out-of-phase, Resonance, Cantilever beam, Power.

1. Introduction
1.1 Literature review
Over the past decade, advancement in wireless sensor network (WSN) technologies have allowed the development
of low powered WSN [1]. Currently, most WSNs are still powered by conventional batteries, which has the
disadvantages of a large volume, limited power supply and high maintenance cost. Hence, research in energy
harvesting towards finding a sustainable source of power for WSN became increasingly popular [2–4]. One of the
most promising source of energy that was initially proposed by William and Yates [5] is vibrations. Vibration energy
harvesting emerged as an encouraging energy source due to its high power density in terms of electrical conversion
and its abundance from the surrounding [6]. Many transduction methods exist to convert mechanical vibration energy
into electrical power, with the two most common methods being piezoelectric conversion and electromagnetism.
Piezoelectric conversion method demonstrated a higher power density at small volumes whereas electromagnetic
conversion is more favourable when space is not a constraint [7]. However, Beeby et al. [8] showed that the power
density of an optimized electromagnetic vibration energy harvester can surpass the power density of a piezoelectric
harvester, even at small volumes.
Various researches have been conducted throughout the past decade to increase the power output and the
frequency bandwidth of a vibration energy harvester. Thein et al. [9] performed a finite element optimization
algorithm to determine the optimum topology for a piezoelectric vibration energy harvester that would result in the
maximum power output. Similarly, Chen et al. [10] also conducted a topology analysis to determine which shape
between rectangular, trapezoidal and triangular cantilever beam would result in the highest power output of a
piezoelectric harvester. Ooi and Gilbert [11] proposed a dual-resonator design consisting of two cantilever beams
facing each other, where a pair of magnets is attached to one beam and a coil is attached to the other. It was shown
that under dissimilar resonant frequencies, the bandwidth between the two resonant frequencies was improved due
to the effect of superposition. However, the maximum power recorded did not exceed the individual power outputs

of both beams. Cottone et al. [12] proposed a technique to increase the power output of an electromagnetic vibration
energy harvester through the concept of velocity amplification. By using multiple masses and springs, a 33 times
increase in power gain was obtained when compared with a single mass configuration. Several researches have also
explored the effect of a hybrid energy harvester in where the piezoelectric and electromagnetism transduction method
was combined into a single harvester [13–15]. While an increase in power output was observed, the recorded power
output was less than the sum of the power outputs from the two individual transduction methods.
The concept of anti-phase vibration have been explored by several researchers as an option to increase the power
output of a vibration energy harvester. Kim et al. [16] performed a theoretical analysis on a two-degree-of-freedom
bi-stable energy harvester composed of two piezoelectric cantilever beams. It was concluded that when the two beams
are out-of-phase from each other, they exhibit a double well dynamic motion. Ando et al. [17] applied the concept of
bi-stable parallel beams with tip magnets to achieve anti-phase motion. As a result, a ten time increase in power
output from the two piezoelectric beams were recorded when compared with a single beam. However, it may be
difficult to apply this concept for an electromagnetic harvester’s design as anti-phase motion would also be desired
for the coil. In a study made using dielectric elastomers in vibration energy harvesting, the design proposed by
Yurchenko et al. [18,19] showed that the best voltage output was achieved from the anti-phase motion of the ball and
the cylinder. Lee and Chung [20] applied the concept of anti-phase motion in a pendulum-based electromagnetic
energy harvester and recorded a 37% increase in power when compared to a single-phase pendulum.
Despite the various power amplification solutions presented in past literatures, there have yet been a study that
emphasises on an anti-phase motion at resonance for cantilever beam-based electromagnetic harvesters. The concept
of anti-phase resonance may prove to be beneficial in terms of electromagnetic power output due to the increase in
relative velocity. In this work, a method to increase the power output of an electromagnetic vibration energy harvester
through anti-phase resonance was proposed. The idea was to maximise the relative velocity of the coil cutting through
the magnetic flux of two permanent magnets by making the coil and the magnet vibrate out-of-phase from each other
at resonance under the same base excitation input. Based on Faraday’s law of electromagnetism, this will result in a
significant increase in power output. The results from the proposed method were analysed and compared to the results
of a conventional method in where the coil was fixed onto the vibrating base. Additionally, the effect of the phase
difference on the power output of the anti-phase resonance method and the effect of the effective mass on the gain
of an electromagnetic energy harvester were also studied.
1.2. Design of anti-phase resonance electromagnetic vibration energy harvester
To achieve anti-phase motion at resonance, a new cantilever beam design was presented as seen in Figure 1.
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Figure 1. Anti-phase cantilever beam-based electromagnetic vibration energy harvester design.

The design consist of two smaller beams (beam B and beam C) that are clamped to one end of a primary cantilever
beam. The other end of the primary beam is clamped to a vibrating base. When the primary beam vibrates, the freeend of the primary beam would experience a maximum deflection and hence creating a significant amplitude gradient

at this location. This will cause beams B and C to deflect in the opposite direction from the free-end primary beam.
Figure 2 provides a visual aid of the side view as to how the design would vibrate. The coil was modelled as a block
mass for simplicity. It can be seen that when the free-end of the primary beam deflect downwards, beams B and C
would deflect upwards. Conversely, beams B and C would deflect downwards when the free-end of the primary beam
deflects upwards.
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Figure 2. Visualised motion of the proposed anti-phase resonance design.

The new beam design must be paired with at least one individual cantilever beam (beam A) to generate power. A
coil was attached to beam B and a pair of magnets is fixed onto beam A. A mass was added onto the other smaller
beam to ensure a balanced mass. An unbalanced mass would result in a non-linear motion for beams B and C in
where the beam with the larger inertial effect would vibrate stronger, causing rotation or twisting on the horizontal
axis of the primary beam. This in turn would cause a non-linear phase change in the design making it harder to
achieve the designs maximum potential. In addition, the induced rotation can also lead to physical contact between
the coil and the magnets which can retard their motion. It is worth to note that it is possible to replace the mass with
another coil. However, in this work, it was sufficient to analyse only one side due to symmetry in the design.
2. Derivation of governing equations.
2.1 Equation of motion for beam A
Consider a case where a lumped mass is placed on top of the free-end tip of a clamp-free cantilever beam under
harmonic base excitation as shown in Figure 3.
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Figure 3. Schematic of a cantilever beam with a lumped mass placed on top of the free-end beam.

The transverse motion of the clamp-free cantilever beam subjected to a harmonic-base excitation at position 𝑥
and time 𝑡 can be described by the following equation.
𝑧𝑎𝑏𝑠 (𝑥, 𝑡) = 𝑧𝑟𝑒𝑙 (𝑥, 𝑡) + 𝑌0 𝑒 𝑖𝜔𝑡

(1)

where 𝑧abs (𝑥, 𝑡) is the absolute vertical displacement of the vibrating beam, 𝑧rel (𝑥, 𝑡) is the vertical displacement of
the beam relative to its clamped base and 𝑌0 (𝑡) is the vertical amplitude of the base excitation. For simplicity, the
base excitation is assumed to be in harmonic motion. Based on the Euler–Bernoulli beam theory, the equation of
motion for undamped-free vibrations is given as:
𝐸𝐼

𝑑 4 𝑧𝑟𝑒𝑙 (𝑥,𝑡)
+
𝑑𝑥 4

𝜌𝐴

𝑑 2 𝑧𝑟𝑒𝑙 (𝑥,𝑡)
𝑑𝑡 2

=0

(2)

where 𝐸 is the Young’s modulus of the beam, 𝐼 is the second moment of area, 𝜌 is the beam’s density and 𝐴 is the
cross sectional area. Using the method of separation of variables, the term 𝑧𝑟𝑒𝑙 (𝑥, 𝑡) can be separated into its spatial
and temporal components.
𝑧𝑟𝑒𝑙 (𝑥, 𝑡) = ∑∞
𝑛=1 𝜑𝑛 (𝑥)𝜂𝑛 (𝑡)

(3)

where 𝜑𝑛 (𝑥) is the cantilever beam’s modal-shape eigenfunction and 𝜂𝑛 (𝑡) is the regular-response function. The
homogeneous solution for 𝜑𝑛 (𝑥) is given by
𝜑𝑛 (𝑥) = 𝐷1 𝑐𝑜𝑠ℎ

𝛽𝑛
𝑥
𝐿

+ 𝐷2 𝑠𝑖𝑛ℎ

𝛽𝑛
𝑥
𝐿

+ 𝐷3 𝑐𝑜𝑠

𝛽𝑛
𝑥
𝐿

+ 𝐷4 𝑠𝑖𝑛

𝛽𝑛
𝑥
𝐿

(4)

where 𝐷1 , 𝐷2 , 𝐷3 and 𝐷4 are unknown constants, 𝛽𝑛 is the modal frequency constant and 𝐿 is the inner length of the
beam as shown in Figure 2. By considering the static moment and the inertial contributions of the lumped mass at
𝑥 = 𝐿, the following four boundary conditions can be derived [21].
𝐸𝐼𝜑𝑛 (0) = 𝐸𝐼
𝑑2 𝜑
𝐸𝐼 𝑑𝑥 2𝑛 (𝐿)
𝑑3 𝜑
𝐸𝐼 𝑑𝑥 3𝑛 (𝐿)

=
=

𝑑𝜑𝑛
(0) = 0
𝑑𝑥
𝑑𝜑
𝜔𝑛 2 [𝐼𝑡 𝑑𝑥𝑛 (𝐿) + 𝑀𝑆 𝜑𝑛 (𝐿)]
𝑑𝜑
−𝜔𝑛 2 [𝑚𝑡 𝜑𝑛 (𝐿) + 𝑀𝑆 𝑑𝑥𝑛 (𝐿)]

(5)
(6)
(7)

where 𝜔𝑛 is the modal natural frequency of the beam, 𝐼𝑡 is the mass inertial contributions of the lumped mass, 𝑀𝑆 is
the static moment exerted by the lumped mass on the beam at 𝑥 = 𝐿 and 𝑚𝑡 is the total mass of the lumped mass and
the overhang portion of the beam measured from 𝑥 = 𝐿 to 𝑥 = 𝐿 + 𝐿𝑚 . If a cuboid shape lumped mass was presumed,
the terms 𝑚𝑡 , 𝐼𝑡 and 𝑀𝑆 can be defined as
𝑚𝑡 = 𝜌ℎ𝐿𝑚 𝑤 + 𝜌𝑚 ℎ𝑚 𝐿𝑚 𝑤𝑚
1
𝐼𝑡 = 𝜌𝑚 ℎ𝑚 𝐿𝑚 𝑤𝑚 [12 (𝐿𝑚 2
𝐿
𝑀𝑆 = 𝑚𝑡 𝑚
2

2

+ ℎ𝑚 ) +

𝐿𝑚 2
]+
4

1
𝜌ℎ𝐿𝑚 𝑤 [12 (𝐿𝑚 2

+ ℎ2 ) +

𝐿𝑚 2
]
4

(8)
(9)
(10)

where ℎ and 𝑤 are the thickness and width of the cantilever beam whereas 𝜌𝑚 , ℎ𝑚 , 𝐿𝑚 and 𝑤𝑚 are the density,
thickness, length and width of the lumped mass. It is important to note that equations (8), (9) and (10) are only valid
for cuboid geometries and may need to be change if considering other geometries. Substituting the boundary
conditions into equation (4) results in the following matrix.
[

𝑂11
𝑂21

𝑂12 𝐷1
0
][ ] = [ ]
𝑂22 𝐷2
0

(11)

where 𝑂11 , 𝑂12 , 𝑂21 and 𝑂22 are representations of the four boundary conditions. By equating the determinant of
equation (11) to zero, the modal frequency constant, 𝛽𝑛 , can be determined. The natural frequency of the beam can
then be calculated using equation (12).
𝐸ℎ 2

𝜔𝑛 = 𝛽𝑛 2 √12𝜌𝐿4

(12)

Therefore, the eigenfunction of the beam for the 𝑛𝑡ℎ mode shape is
𝜑𝑛 (𝑥) = 𝐷2 [𝑐𝑜𝑠ℎ

𝛽𝑛
𝑥
𝐿

− 𝑐𝑜𝑠

𝛽𝑛
𝑥
𝐿

𝑂

− 𝑂21 (𝑠𝑖𝑛ℎ
22

𝛽𝑛
𝑥
𝐿

− 𝑠𝑖𝑛

𝛽𝑛
𝑥)]
𝐿

(13)

Kim et al. [21] and Du Toit [22] solved for variable 𝐷2 by normalizing equation (13) with the value of 2. However,
the method presented by Erturk and Inman [23] to solve for the constant 𝐷2 results in a more simple model. Here,
the orthogonality conditions must be considered.
𝑚𝑏 𝐿
∫ [𝜑𝑛 (𝑥)]2 𝑑𝑥
𝐿 0
𝐿

+ 𝜑𝑛 (𝐿) [𝑚𝑡 𝜑𝑛 (𝐿) + 𝑀𝑆

𝐿 ∫0 [𝜑𝑛 (𝑥)]2 𝑑𝑥 − 𝜑𝑛 (𝐿)𝐸𝐼

𝑑𝜑𝑛
(𝐿)]
𝑑𝑥

+

𝑑𝜑𝑛
𝑑𝜑
(𝐿) [𝐼𝑡 𝑛 (𝐿)
𝑑𝑥
𝑑𝑥

𝑑 3 𝜑𝑛
𝑑𝜑𝑛
𝑑 2 𝜑𝑛
(𝐿)
+
(𝐿)𝐸𝐼
(𝐿)
𝑑𝑥 3
𝑑𝑥
𝑑𝑥 2

= 𝜔𝑛 2

+ 𝑀𝑆 𝜑𝑛 (𝐿)] = 1

(14)
(15)

By solving equations (14) or (15), the value of 𝐷2 can be determined. For a steady state solution, a simple singledegree-of-freedom (SDOF) model can be used to represent the temporal term 𝜂𝑛 (𝑡).

𝜂𝑛̈ (𝑡) + 2𝜁𝑛 𝜔𝑛 𝜂𝑛̇ (𝑡) + 𝜔𝑛 2 𝜂𝑛 (𝑡) = −𝜔2 𝑌0 𝑒 𝑖𝜔𝑡 𝐹𝑛

(16)

where 𝜁𝑛 is the mechanical modal damping ratio of the cantilever beam and 𝐹𝑛 is the forcing function acting on the
beam described by
𝐹𝑛 =

𝑚𝑏 𝐿
∫ 𝜑 (𝑥)𝑑𝑥
𝐿 0 𝑛

+ 𝑚𝑡 𝜑𝑛 (𝐿) + 𝑀𝑆

𝑑𝜑𝑛
(𝐿)
𝑑𝑥

(17)

Equation (16) can easily be solved with reference to the solution for the general SDOF vibration model. The
solution for equation (16) is
𝑌0 𝑒 𝑖𝜔𝑡 𝐹𝑛
2 −𝜔2 +𝑖2𝜁 𝜔 𝜔
𝑛
𝑛 𝑛

𝜂𝑛 (𝑡) = 𝜔

(18)

Substituting equations (18) and (13) into equation (3) results in the governing equation describing the relative
vertical displacement of the vibrating beam,
𝑌0 𝑒 𝑖𝜔𝑡 𝐹𝑛
2 −𝜔2 +𝑖2𝜁 𝜔 𝜔
𝑛
𝑛 𝑛

𝑧𝑟𝑒𝑙 (𝑥, 𝑡) = ∑∞
𝑛=1 𝜔

𝜑𝑛 (𝑥)

(19)

Considering only the first mode parameters (𝑛 = 1) and resonance (𝜔 = 𝜔1 ), the maximum relative amplitude
of the beam at 𝑥 = 𝐿 can be evaluated as
𝑧𝑟𝑒𝑙 (𝐿)𝑚𝑎𝑥 =

𝑌0 𝜑1 (𝐿)
𝐹1
2𝜁1

(20)

To evaluate the amplitude of the beam at any point after 𝑥 = 𝐿, it is sufficient to assume that the deflection curve
of the beam behaves linearly after 𝑥 = 𝐿 with the gradient of

𝑑𝜑1
(𝐿).
𝑑𝑥

𝑌 𝑑𝜑1
(𝐿)𝐹1 ]}
1 𝑑𝑥

𝑧𝑟𝑒𝑙 (𝑥 > 𝐿)𝑚𝑎𝑥 = 𝑧𝑟𝑒𝑙 (𝐿)𝑚𝑎𝑥 + 𝑠𝑖𝑛 {𝑡𝑎𝑛−1 [2𝜁0

(21)

2.2 Equation of motion for beam B and beam C
Figure 4 below describes a representation of the anti-phase resonance design.
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Figure 4. Schematic of the top view (left) and the side view (right) of the anti-phase resonance design.

To model the behaviour of beams B and C, the equation of motion for the primary beam must first be considered.
Despite the complex design, the primary beam is still expected to display a linear behaviour at low amplitude
vibrations due to its symmetrical properties in terms of geometry and weight. Therefore, the analytical equation
presented for beam A would still be valid for the primary beam. However, the static moment and the inertial term of
the lumped mass at 𝑥 = 𝐿𝑝 becomes more complex due to its geometry. Assuming a cuboid shape for the cantilever
beams, beam clamp and masses and applying the parallel axis theorem, the total lumped mass term (𝑚𝑡𝑝 ), the inertial

term (𝐼𝑡𝑝 ) and static moment (𝑀𝑠𝑝 ) term for the primary beam were derived as seen in equations (22), (23) and (24).
Here, the mass and geometry of both beams B and C and the lumped mass placed on them are considered equal.
𝑚𝑡𝑝 = 𝑚𝑎 + 𝑚𝑜 + 2(𝑚𝑟 + 𝑚𝑤 )
𝐼𝑡𝑝 =

𝑚𝑎
(𝐿𝑎 2
12

2[

1

+ ℎ𝑎 2 ) + 4 𝑚𝑎 𝐿𝑎 2 +

𝑚𝑤
(𝐿𝑤 2
12

𝑀𝑠𝑝 = 𝑚𝑡𝑝

𝐿𝑎
2

(22)
𝑚𝑜
(𝐿𝑜 2
12

+ ℎ𝑤 2 ) + 𝑚𝑤 (𝐿𝑟 − 𝐿𝑎 −
𝐿𝑟 −𝐿𝑎
) + 𝑚𝑤
2

− 2 [𝑚𝑟 (

1

𝑚

𝐿

2

+ ℎ𝑜 2 ) + 4 𝑚𝑜 𝐿𝑎 2 + 2 [ 12𝑟 (𝐿𝑟 2 + ℎ𝑟 2 ) + 𝑚𝑟 ( 2𝑟 − 𝐿𝑎 ) ] +
𝐿𝑤 2
) ]
2

(𝐿𝑟 − 𝐿𝑎 −

(23)

𝐿𝑤
)]
4

(24)

where variable 𝑚, 𝐿, and ℎ represents the mass, length and thickness of the object and subscripts 𝑎, 𝑜, 𝑟 and 𝑤
correspond to the beam clamp, primary beam overhang portion (measured from 𝑥 = 𝐿𝑝 to 𝑥 = 𝐿𝑝 + 𝐿𝑎 ) , beam B/C
and the lumped mass placed on beam B/C. Since the dynamic of beams B and C during vibration were not entirely
considered in the governing equations, equations (22), (23) and (24) is only valid for first mode vibration. Assuming
the vibrations in beams B and C to be much smaller than the primary beam, the modelling of beams B and C can be
𝑑𝜑
simplified to a linear motion with a gradient equal to − 𝑑𝑥1 (𝐿). At resonance, the maximum relative amplitude of
beams B and C can be determined by
𝑌 𝑑𝜑1
(𝐿𝑝 )𝐹1 ]}
1 𝑑𝑥

𝑧𝑟𝑒𝑙 (𝐿𝑟 )𝑚𝑎𝑥 = 𝑧𝑟𝑒𝑙 (𝐿𝑝 )𝑚𝑎𝑥 − (𝐿𝑟 − 𝐿𝑎 )𝑠𝑖𝑛 {𝑡𝑎𝑛−1 [2𝜁0

(25)

where 𝑧𝑟𝑒𝑙 (𝐿𝑟 )𝑚𝑎𝑥 is the maximum relative amplitude at the free-end tip of beam B or C and 𝑧𝑟𝑒𝑙 (𝐿𝑝 )𝑚𝑎𝑥 is the
maximum relative amplitude of the primary beam at 𝑥 = 𝐿𝑝 . Equation (25) can easily be extrapolated for any desired
position after 𝐿𝑟 . It can be seen that if
(𝐿𝑟 − 𝐿𝑎 )𝑠𝑖𝑛 {𝑡𝑎𝑛−1 [

𝑌0 𝑑𝜑1
(𝐿𝑝 )𝐹1 ]}
2𝜁1 𝑑𝑥

≤ 𝑧𝑟𝑒𝑙 (𝐿𝑝 )𝑚𝑎𝑥

(26)

then the out-of-phase vibration cannot be achieved. Hence, the length of beams B and C must be properly selected to
ensure that ensure that the deflection of beam B or C is greater than 𝑧𝑟𝑒𝑙 (𝐿𝑝 )𝑚𝑎𝑥 .
2.3 Electromagnetic power output and phase shift equation
Faraday’s law of electromagnetism and Kirchhoff’s voltage law states that the voltage across a load resistance in
a series type electromagnetic circuit is
𝑉𝐿 = 𝑁𝐵𝐿𝑐 𝑣𝑐 (𝑅

𝑅𝐿

𝑐 +𝑅𝐿 )

𝐶𝑓

(27)

where 𝑉𝐿 is the generated load voltage, 𝑁 is the number of turns of coil, 𝐵 is the strength of the magnetic flux, 𝐿𝑐 is
the effective length of the coil, 𝑣𝑐 is the speed of the coil cutting through the magnetic flux, 𝑅𝑐 is the resistance of
the coil, 𝑅𝐿 is the load resistance and 𝐶𝑓 is the coil fill factor defined as
𝑉

𝐶𝑓 = 𝑉𝑐

(28)

𝑤

where 𝑉𝑐 is the volume of the coil wire and 𝑉𝑤 is the volume space of the total coil winding. Base on Ohm’s law, the
root-mean-square (RMS) power generated is
𝑃=

2
1
𝑅𝐿
𝑣
𝐶
[𝑁𝐵𝐿
]
𝑐
𝑐
𝑓
(𝑅𝑐 +𝑅𝐿 )
√2(𝑅𝑐 +𝑅𝐿 )

(29)

It is important to now consider the effects of electromagnetic damping in addition to mechanical damping due to
the presence of electromagnetic components. The maximum velocities of beam A at 𝑥 = 𝐿 and beam B/C at free-end
𝐿𝑟 during resonance is defined as
𝜔𝑎 𝑌

𝑎
𝑣𝑚𝑎𝑥
= 2(𝜁𝑎1+𝜁0 ) 𝜑1 (𝐿)𝐹1
1

𝑏𝑐
𝑣𝑚𝑎𝑥
=

(30)

𝑒

𝜔1𝑏𝑐 𝑌0

2(𝜁1𝑏𝑐 +𝜁𝑒 )

𝜑1 (𝐿𝑝 )𝐹1 − 𝜔1𝑏𝑐 (𝐿𝑟 − 𝐿𝑎 )𝑠𝑖𝑛 {𝑡𝑎𝑛−1 [

𝑌0
𝑑𝜑1
(𝐿𝑝 )𝐹1 ]}
2(𝜁1𝑏𝑐 +𝜁𝑒 ) 𝑑𝑥

(31)

𝑎
𝑏𝑐
where 𝑣𝑚𝑎𝑥
and 𝑣𝑚𝑎𝑥
are the maximum resonant velocities of beam A and beam B/C, 𝜔1𝑎 and 𝜔1𝑏𝑐 are their respective
first mode resonant frequency, 𝜁1𝑎 and 𝜁1𝑏𝑐 is the first mode mechanical damping ratio of beam A and beam B/C and
𝜁𝑒 is the electromagnetic damping contribution defined as
2

(𝑁𝐵𝐿𝑐 𝐶𝑓 )

𝜁𝑒 = 2𝑚

(32)

𝑒 𝜔1 (𝑅𝑐 +𝑅𝐿 )

where 𝑚𝑒 is the effective mass of the beam and its lumped mass. It is easy to notice that the velocity term is actually
the product of the beam’s relative amplitude and its natural frequency. Hence, the same extrapolation method as
equations (21) and (25) can be applied to obtain the velocity of beams A and B/C after the inner length. Since both
the coil and the magnet in the anti-phase resonance design vibrates, the speed of the coil cutting through the magnetic
flux would be equal to the relative velocity between these components. Assuming that the velocities of the coil and
𝑎
𝑏𝑐
magnets are equal to 𝑣𝑚𝑎𝑥
and 𝑣𝑚𝑎𝑥
, the governing equation describing the maximum RMS power output is
𝑃𝑚𝑎𝑥 =

2
1
𝑅𝐿
2
)
𝑣
𝐶
[(𝑁𝐵𝐿
]
𝑐
𝑟
𝑓
(𝑅𝑐 +𝑅𝐿 )
√2(𝑅𝑐 +𝑅𝐿 )

(33)

where 𝑃𝑚𝑎𝑥 is the maximum RMS power output and 𝑣𝑟 is the relative velocity between the coil and the magnets.
𝑎
𝑏𝑐
𝑣𝑟 = 𝑣𝑚𝑎𝑥
− 𝑣𝑚𝑎𝑥

(34)

Equation (33) shows that the maximum power output of the anti-phase resonance design is highly dependent on
the relative velocity between beams A and B/C. To maximise the relative velocity between beams A and B/C, the
𝑎
𝑏𝑐
phase difference between these two beams must be 180° so that when 𝑣𝑚𝑎𝑥
is positive, 𝑣𝑚𝑎𝑥
will be negative.
Naturally, the anti-phase resonance design should achieve 180° phase difference since beam A and beam B/C vibrate
in the opposite directions. However, as the beams approach their respective natural frequencies, a shift in their phase
will occur [24]. The first modal phase shift for beams A and B/C can be described by equations (35) and (36)
𝜃𝑎 = 𝑡𝑎𝑛−1 (

2𝜔𝜔1𝑎 𝜁1𝑎
2

𝜔1𝑎 −𝜔2

)

2𝜔𝜔1𝑏𝑐 𝜁1𝑏𝑐

𝜃𝑏𝑐 = 𝑡𝑎𝑛−1 (

2

𝜔1𝑏𝑐 −𝜔2

(35)
) − 180

(36)

where 𝜃 is the phase angle in degrees of the beams with respect to the vibrating base and 𝜔 is the driving frequency
of the vibrating base.

Figure 5. Phase shift in beams A and B/C for 𝜔1𝑎 = 14Hz, 𝜔1𝑏𝑐 = 20Hz, 𝜁1𝑎 = 0.004 and 𝜁1𝑏𝑐 = 0.005.

Equation (35) describes the phase angle of beam A to be approximately zero degrees before resonance, 90° at
resonance and 180° after resonance. For beam B/C, the phase shift is -180° before resonance, -90° at resonance and

zero degrees after resonance. This is further illustrated in Figure 5. The region between the natural frequencies of
beams A and B/C in known as the intermediate region. The difference between equations (35) and (36) represents
the phase difference between beams A and B. Equations (35) and (36) also states that the ideal condition to maintain
a 180° phase difference between beam A and beam B/C at resonance, the natural frequencies and damping ratios of
both beams must be equal.
3. Experiment setup
In this work, an experiment was conducted to determine the power output generated by the anti-phase resonance
design and compare it with the power output of beam A, which represents a conventional cantilever-based
electromagnetic harvester design. Tables 1 and 2 describe the properties and dimensions of the cantilever beams used
in the experiment and their respective lump masses. To simplify analytical calculations later, all masses added to the
beams will resume an equivalent cuboid shape. All cantilever beams were made of the same glass fiber material. The
damping ratios of beam A and the primary beam were pre-determined from their frequency response curves using
the half-power bandwidth method [25].
Table 1. Specifications of all the cantilever beams used in the experiment.

Beam
𝐸 (GPa)
𝜌 (kgm-3)
𝐿𝑡 (mm)
𝑡 (mm)
𝑤 (mm)
𝜁1

Beam A
25
1850
70
1.5
13
0.0039

Primary Beam
25
1850
80
1.5
13
0.0045

Beam B/C
25
1850
70
1.5
13
-

Beam clamp
Primary Beam
45.9
10
24
98

Coil
Beam B
8.3
10
12
30

Table 2. Specifications of the lumped masses used in the experiment.

Type of mass
Location
𝑚𝑡 (g)
𝐿 (mm)
𝑡 (mm)
𝑤 (mm)

Pair of magnets
Beam A
47.0
25
12
30

Figure 6 describes the actual experiment setup and the schematic of the experiment setup. Additional mass was
added to beam C until the measured amplitude and phase at the clamped end of beams B and C are equal. This means
that the design has achieved symmetrical balance. Note that the equivalent cuboid shape of the coil in Table 2 is
taken from the same geometry as the added mass on beam C as seen in Figure 6. Two laser displacement sensors
were used to measure the output response of beam A and B at their respective free-ends. The coil was connected to
a load resistor before being connected to a data acquisition device (DAQ). The output of both laser displacement
sensors were amplified and sent to the DAQ. The DAQ device then sends the voltage readings from the coil and the
displacement readings from the laser displacement sensors to a computer for analysis. The DAQ device was
controlled using LabVIEW whereas all post-experiment analysis were conducted using MATLAB.

Computer

Magnets

Beam C
DAQ

Laser
displacement
sensor 1

Primary
Beam

Beam A
Coil

Beam B

Beam B

Load Resistor

Coil

Magnets

Laser
displacement
sensor 2

Beam A

Shaker

Figure 6. Diagram of the actual experiment setup (left) and a schematic representation of the experiment setup (right).

The properties of the coil and the magnets used are listed in Table 3. A base acceleration magnitude of 0.1 g was
used for all conducted experiments, where 1 g is equal to an acceleration of 9.81 ms-2.
Table 3. Specifications of the coil and magnets used in the experiment.

Coil
𝐿𝑐 (mm)
𝑁
𝑅𝑐 (Ω)

38
100
2.5

Magnets
Neodymium N35
Type
2
Number of magnets
0.195
𝐵 (T)

4. Results and analysis
An experiment was conducted to determine the power output of the anti-phase resonance design under ideal
condition, where the natural frequency and damping ratio of beams A and B are equal. Additional mass was slowly
added onto beam A until the natural frequencies of beams A and B were equal, resulting in the lumped mass value
shown in Table 1. This brought about a natural frequency of 17.24 Hz for both beams as seen in Figure 7.

Figure 7. Frequency response plots of beams A and B under the ideal condition.

The damping ratios of the beams were not optimized due to the difficulty of simultaneously maintaining equal
natural frequency while adjusting the damping ratio of both beams. Nevertheless, the damping ratio of both beams
only differ by 15%. Figure 8 shows the actual and the schematic of the coil winding used in the experiment.
15 mm

Coil
Support

8 mm

2 mm

2 mm

2 mm

Figure 8. Actual diagram of coil (left) and specifications of coil measurements (right).

The widths of the coil winding and the support are 7 mm and 6 mm respectively. The total length of the coil used
is 5.1 m, with an extra 2.1 m overhang. This gives a total winding coil volume of 𝑉𝑐 = 250 mm3 and a total occupied
volume space of 𝑉𝑤 = 836 mm3. Hence, from equation (27), this leads to a coil fill factor of 𝐶𝑓 = 0.30.

Figure 9. Results of load voltage (left) and maximum power output (right) under different load resistance input.

Yang et al. [26] showed that for every coil resistance, there exists an optimum load resistance value where
maximum power would be produced. Hence, the anti-phase resonance design was tested under different load
resistances to determine this optimum value. The resulting load voltage and the maximum RMS power output
obtained were plotted against its corresponding load resistance as shown in Figure 9. Figure 9 shows that both the
analytical and experiment results defined the optimum load resistance value as 2.5 Ω. Saha et al. [27] reported that
when the electromagnetic damping is much less than the mechanical damping, the optimum load resistance is equal
to the coil resistance. Figure 10 illustrates the plot of electromagnetic and mechanical damping of beam A and beam
B. The maximum recorded electromagnetic damping ratio for beams A and B was 0.0016 and 0.00097
correspondingly, which is less than their respective mechanical damping ratios. Hence, the results presented here are
in agreement with the previous work. The maximum power output of the anti-phase resonance design under a load
resistance of 2.5 Ω was recorded. It can be seen that there is an approximate 25% difference between the analytical
and experimental results, which can be attributed to the effect of counter-electromotive forces that opposes the current
flow in the coil, hence reducing the voltage. Nevertheless, a good correlation between the experimental and analytical
results can be observed in Figures 9 and 10, therefore verifying the validity of the derived governing equations.

Figure 10. Results of electromagnetic damping ratios under different load resistance input for beam A (left) and beam B (right).

4.1 Power output and power density comparison.
Figure 11 describes the variation in maximum velocities for beams A and B under different load resistance. In the
experiment, the velocities of beams A and B were recorded at their free-ends. Hence, an extrapolation was made
using the same method as equations (21) and (25) to account for the velocity at the center of the coil and the permanent
magnets.

Figure 11. Results of extrapolated maximum velocities under different load resistance input for beam A (left) and beam B (right).

The velocities of beam A observed to be much higher than the velocities of beam B. Therefore, only the individual
power output of beam A will be compared with the anti-phase resonance design as the power output of beam A will
undeniably be larger than beam B. A good correlation was observed between the analytical equations and
experimental results in Figure 11. The experiment was then conducted to determine the maximum individual power
output of beam A which represents a conventional design. This was performed by fixing the same coil that was
attached to beam B onto the shaker using a clamp. The same load resistance of 2.5 Ω was used to maximise the power
output. Figure 12 shows the comparison between the voltage and power output of the anti-phase resonance design
and the conventional design.

Figure 12. Comparison of the load voltage (left) and power output (right) between two designs.

Results in Figure 12 shows that the anti-phase resonance design is superior in terms of both power and bandwidth
as compared to the conventional design. The anti-phase resonance design recorded a 69% increase in maximum load
voltage and a power output of 7.4 mW at resonance resulting in a 185% increase in the maximum power when
compared with the conventional design. Although the individual power output of beam B was not recorded, it is
expected to be lower than that for beam A as discussed earlier. Therefore, it can be concluded that the power output
of the anti-phase resonance design is higher than the sum of the individual power outputs from beams A and B. The
𝑎
𝑏
reason for this is because individually, beams A and B vibrate at a relative velocity of 𝑣𝑟 = 𝑣𝑚𝑎𝑥
and 𝑣𝑟 = 𝑣𝑚𝑎𝑥
𝑎
𝑏
respectively. Therefore, the anti-phase resonance design would have a relative velocity of 𝑣𝑟 = 𝑣𝑚𝑎𝑥 + 𝑣𝑚𝑎𝑥 . Since
𝑃𝑚𝑎𝑥 is proportional to 𝑣𝑟 2 , the maximum power output of the proposed method would always be higher than the
2
𝑎
𝑏
𝑎 2
sum of the individual power output from the two beams, because (𝑣𝑚𝑎𝑥
+ 𝑣𝑚𝑎𝑥
+
) is always higher than 𝑣𝑚𝑎𝑥
2

𝑏
𝑣𝑚𝑎𝑥
for any positive input value. Hence this explains why the power output of the anti-phase resonance design is
higher than the sum of individual power outputs from beams A and B. The anti-phase resonance design also recorded
an operational bandwidth of 0.095 Hz, which is 22% higher than the operational bandwidth of 0.078 Hz obtained
from the conventional design. In addition, the load voltage and the power output of the anti-phase resonance design
is observed to be consistently higher than the conventional design for the range of 1 Hz. This shows that the antiphase resonance design is capable of providing an improved output at non-resonant frequencies.

Normally, the performance of an electromagnetic vibration energy harvester is evaluated from their power
densities, which is generally the ratio of the maximum output power to the practical volume of the harvester. The
practical volume for large harvesters is defined as the estimated volume of the beam, magnets, coils and space swept
by the vibrating beam [28]. For simplicity, the following cuboid areas in Figure 13 are assumed as their estimated
practical areas. The practical height is assumed the same for both designs with a height of 35 mm. This assumption
is valid since the highest peak recorded from the experiment was located at beam A.

100.5 mm

17.5 mm

Beam B

Magnets

30 mm

Coil

60 mm

Beam A

Primary Beam
Axis of
Symmetry

80 mm
Figure 13. Schematic representing the practical volume of the anti-phase resonance design and the conventional design.

Only half of the volume of the anti-phase resonance design was considered in relation with the experiment. The
area covered by the red dashed box marks the practical volume of the conventional design whereas the total area
covered by the blue and red dashed boxes represents the practical volume of the anti-phase resonance design. The
maximum recorded power output and the total practical volume of both designs are tabulated in Table 4.
Table 4. Maximum power output and total practical beam volume of the anti-phase resonance design and the conventional
design.

Design
𝑃𝑚𝑎𝑥 (mW)
Total practical volume (mm3)

Anti-Phase Resonance Design
7.4
217525

Conventional Design
2.6
105525

The power density in terms of beam volume for the anti-phase resonance design and the conventional design are
34.0W/m3 and 24.6 W/m3 respectively. This shows a 38% increase in power density for the anti-phase resonance
design. It is clear that if the volume of the clamps, magnets and coil were kept constant in the design, the power
𝑎
𝑏
density of the design would be highly dependent on the beam volume. Hence, the velocity ratio of 𝑣𝑚𝑎𝑥
/𝑣𝑚𝑎𝑥
would
play a crucial role in determining the performance of the anti-phase resonance design. Figure 14 describes the plot
𝑎
𝑏
of normalised power density, 𝑃𝐷𝑁 , against the ratio of 𝑣𝑚𝑎𝑥
/𝑣𝑚𝑎𝑥
for different beam volume ratios of the anti-phase
resonance design beam volume to conventional design beam volume, 𝑉𝑜𝑙𝑟 . The conventional design in Figure 14
refers to the individual power output of beam A.

Figure 14. Variation in normalised power densities under different velocity ratios for five different beam volume ratios.

The analysis in Figure 14 states that if the total beam volume of the anti-phase resonance design is equal to the
conventional design, then the anti-phase resonance design will always produce a higher power density than the
𝑎
𝑏
𝑎
𝑏
conventional design for any 𝑣𝑚𝑎𝑥
/𝑣𝑚𝑎𝑥
values. However, as 𝑉𝑜𝑙𝑟 increases, the ratio of 𝑣𝑚𝑎𝑥
/𝑣𝑚𝑎𝑥
for the antiphase resonance design to have a higher power density than the conventional design reduces. For example, if 𝑉𝑜𝑙𝑟 =
𝑎
𝑏
2.5, then the maximum ratio of 𝑣𝑚𝑎𝑥
/𝑣𝑚𝑎𝑥
the anti-phase resonance design can have for it to be better than the
conventional design in terms of power density is 1.7. Any higher will compromise the power density of the design.
4.2 Phase analysis of the anti-phase resonance design.
Figure 15 describes the time-displacement curves of beams A and B at resonance for the experiment performed.

Figure 15. Amplitude-time plots of beams A and B at resonance recorded from experiment.

The phase difference between the two beams was calculated using the following formulae.
1

∆𝜃 = 2𝜋 360∆𝑡𝜔𝑛

(37)

where ∆𝜃 is the phase difference in degrees and ∆𝑡 is the time lag between the time-displacement curves of beams A
and B. The phase difference in Figure 14 was determined to be 175°. This value is slightly lower than the ideal phase
difference of 180° which may be due to the difference in damping ratios between the two beams.

Figure 16. Variation in power output of the anti-phase resonance design under different natural frequencies of beams A and B.

The experiment results in Figure 15 was performed under the ideal condition of matched frequencies. The
experiment was then continued to explore the effect of the phase difference on the power output of the anti-phase
resonance design. This was done by adding a mass to the beam A so that the natural frequency and hence the phase
difference between beams A and B was increased. The load resistance of 2.5 Ω was maintained in the experiment.
Since the natural frequencies of beams A and B are now different, the phase difference was recorded at three regions,
namely regions 𝑎, 𝑏 and 𝑐. Regions 𝑎 and 𝑏 correspond to the two natural frequencies of beams A and B whereas
region 𝑐 is the centre of the intermediate region between the two natural frequencies as described by Figure 5. Figure
16 describes the power curves for six different experiments. The phase differences and frequencies of regions 𝑎, 𝑏
and 𝑐 are shown on each plot. The first resonance peak in the plots represents beam A whereas the other peak
represents beam B. It can be observed that as the difference between the natural frequencies of beams A and B (∆𝜔1)
increases, the phase differences in all recorded regions decreases as shown in Figure 16.

Figure 17. Variation in phase difference between beams A and B at regions 𝑎, 𝑏 and 𝑐 under different variations of natural
frequency values. The analytical results were calculated using equations (35) and (36).

Figure 17 shows that the phase difference at both resonance peaks are almost similar. The phase difference
recorded the lowest value at region 𝑐, signifying that this region experiences the largest decrease in phase difference
as compared to other regions. In terms of power output, the power at each region is observed to decrease as the phase
difference between the two beams decreases. This is because the relative velocity decreases in terms of phase and
magnitude when the phase difference decreases, hence decreasing the power. Nevertheless, the operational
bandwidth is seen to increase when the phase difference increases. Equations (35) and (36) states that when the phase
difference between the two beams drops below 90°, the relative velocity would deteriorate and become lower than
its individual velocity output. This is because below a phase difference of 90°, the velocity of beam B would have a
positive magnitude when beam A reaches its peak positive velocity. Therefore, the last two plots in Figure 16 would
experience a worse power output at region 𝑐 if compared with the individual power outputs of beams A and B.

Figure 18. Variation in power outputs at regions 𝑎, 𝑏 and 𝑐 under different phase difference.

Figure 18 demonstrates the variation in power output with phase difference. A 94% decrease in power output
was recorded at region 𝑐 when the phase difference between beam A and B decreases 67% from 175° to 58°. For
regions 𝑎 and 𝑏, the power decreased by 53% and 77% for a decrease in phase difference of 47% and 37%. Although
the decrease in phase difference is seemingly large, it only amounts to a mere 1.5% difference in the natural
frequencies of beams A and B. Hence, this shows the importance of fine tuning the frequencies of both beam in order
to achieve optimum power output. The reason that the experiment outcomes display a large change in phase
difference for a small variance in natural frequencies of beams A and B may be due to the relatively low damping
ratio of glass fiber material, resulting in a narrow bandwidth. It is believed that if a different material with larger
damping capacity was used (e.g.: polymers), the anti-phase resonance design would be able to sustain a high phase
difference value over a wider variation of natural frequencies, especially at region 𝑐. However, this will also
compromise in terms of the power output. Overall, this analysis suggests that to maximize the performance of the

anti-phase resonance design, the frequencies of beams A and B must be equal. Even a 1.5% difference in frequency
between the two beams can lead to a huge drop in phase difference and hence the power output.
The concept of anti-phase resonance generally applies the principle of superposition to achieve a significant
increase in power. Wong et al. [29] showed that superposition in the resonance peak can also be achieved using a
multi-degree-of-freedom topology. Their work reported similar results to Figure 16 in terms of amplitude and
bandwidth. However, Wong et al.’s application of superposition was under the condition of the same phase motion.
In this case, to amplify the power output, the amplitude or velocity of the vibrating system must be physically
increased. On the other hand, using the concept of anti-phase motion can result in the same increase in power output
under a much lower amplitude due to the theory of a relative motion, although it is well aware that this concept may
only be beneficial for electromagnetic harvesters.
4.2 Gain analysis of an electromagnetic vibration energy harvester.
For a regular cantilever beam with a lumped mass, the gain of beam would decrease with the increase in the
effective mass due to the increase in mechanical damping. However, for a cantilever beam-based electromagnetic
vibration energy harvester, equation (32) describes the electromagnetic damping to be inversely proportional to
effective mass of a cantilever beam and its lumped mass.

Figure 19. Variation in natural frequency and gain of beam A. The zoomed in section shows the comparison between
experimental and analytical results.

Theoretically, increasing the effective mass of the system in this case would reduce the total damping and increase
gain, hence increasing the power output of the harvester. Conversely, this theory is only true if the effective mass of
the beam was increased by adding bulk masses on the beam. If instead magnets are added, the increase in magnet
volume would increase the magnetic field strength, which may result in an increase of electromagnetic damping. The
effect of increasing the effective mass is naturally reflected in the natural frequency of the beam-mass system. Figure
19 describes the analytical variation in output gain against the natural frequency for beam A, where the gain, 𝑇, is
defined as the ratio of the relative amplitude, 𝑧𝑟𝑒𝑙 to the base excitation amplitude, 𝑌0 .
The mechanical damping is assumed to be constant. The zoomed in section of Figure 19 shows the comparison
between the analytical solution and the experimental gain results of beam A from the same experiment representing
the first four plots of Figure 16. The analytical solution in Figure 19 demonstrated a 0.9% increase in gain per gram

of bulk mass added onto the beam whereas the experimental results recorded an average of 4.0% increase in gain per
gram. Despite the discrepancies in the results, both results displayed an increasing trend in gain when the effective
mass of the beam increases. This is due to the decrease in the electromagnetic damping ratio of the harvester. One
may argue that increasing the effective mass would also lead to an increase in the mechanical damping ratio.
However, the reduction in total damping shown by the experimental results in Figure 19 suggest that the decrease in
the electromagnetic damping is larger than the increase in the mechanical damping for the glass fiber material. It is
uncertain if other material would also lead to the same results as the glass fiber. Experimental verification for the
analytical results in Figure 19 for a wider range of natural frequency reduction (by adding heavier bulk mass) was
not explored in this study. Hence, the investigation on this matter would be considered in future works.
5. Conclusion
The paper presented a novel method to improve the power output of an electromagnetic vibration energy harvester
through the concept of anti-phase resonance. This concept theorised that if the coil and the magnets of an
electromagnetic vibration energy harvester can be made to vibrate out-of-phase from each other at resonance, the
maximum power output generated would significantly increase due to an increase in the relative velocity of the coil
cutting through the magnetic flux. A new harvester design was proposed to enable the coil and magnets to achieve
anti-phase resonance under the same base excitation input. Under a base excitation acceleration of 0.1 g, the antiphase resonance design displayed a 185% increase in power output and a 22% increase in operational bandwidth
when compared with the individual output of a single beam design. In addition, the power output of the anti-phase
resonance design was observed to be higher than the sum of power outputs from two individual beams vibrating with
the same velocities. In terms of power density, the proposed method recorded a 38% higher power density than the
conventional design. A phase analysis was performed to investigate the effect of phase difference on the power
performance of the anti-phase resonance design. It was found that a 1.5% difference in natural frequencies between
the coil and the magnets can result in a maximum of 47% decrease in phase difference at the resonant regions and a
67% decrease in phase difference at the intermediate region between the two resonant frequencies. This in turn led
to a 53% decrease in maximum power at the resonant regions and a 94% decrease in power at the intermediate region.
Therefore, this analysis defines the importance of fine-tuning the natural frequency of the coil and the magnets to be
equal in order to achieve maximum power output. Finally, it was shown that by increasing the effective mass of a
glass fiber cantilever beam, the total damping reduces leading to an increase in the overall gain of the harvester.
Further works in this study would focus on the optimisation of the anti-phase resonance design to further maximise
its power output. In addition, the effect of increasing the effective mass on the power output of a cantilever beambased electromagnetic vibration energy harvester will be further explored in detail.
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