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Abstract
We present an action for a six-dimensional superconformal field theory containing a non-abelian tensor multiplet. All of the ingredients of this action have
been available in the literature. We bring these pieces together by choosing the
string Lie 2-algebra as a gauge structure, which we motivated in previous work.
The kinematical data contains a connection on a categorified principal bundle,
which is the appropriate mathematical description of the parallel transport of
self-dual strings. Our action can be written down for each of the simply laced
Dynkin diagrams, and each case reduces to a four-dimensional supersymmetric
Yang–Mills theory with corresponding gauge Lie algebra. Our action also reduces nicely to an M2-brane model which is a deformation of the ABJM model.
While this action is certainly not the desired M5-brane model, we regard it as
a key stepping stone towards a potential construction of the (2,0)-theory.
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1. Introduction and results
Stacks of M5-branes allow for an effective description in terms of a six-dimensional local
superconformal quantum field theory, known as the (2,0)-theory [1, 2, 3]. It is a widely
held belief that for more than one M5-brane, this theory is non-Lagrangian and exists only
at quantum level. In our last paper [4], however, we argued that this theory has a classical
BPS subsector and that non-abelian self-dual string solitons are captured by a higher gauge
theory. In this paper, we present a full classical action of a six-dimensional superconformal
field theory which possesses many of the properties expected of an M5-brane analogue of
the very successful M2-brane models [5, 6, 7]. This constitutes an important step towards
a potential constructon of a classical action for such an M5-brane analogue. At the very
least, our action demonstrates that many of the perceived obstacles to the existence of
classical M5-brane models can be overcome.
The (2,0)-theory plays a similarly important role in M-theory as the famous fourdimensional N = 4 super Yang–Mills theory does in string theory. Many aspects of string
theory can be understood from the perspective of this gauge theory, its deformations and
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reductions. An explicit description of the (2,0)-theory would allow us to lift this understanding to M-theory. Moreover, many dualities in string theory have their origin in
different compactifications of the (2,0)-theory, which provides a unifying picture. A classical action for this theory would therefore significantly improve our understanding of string
and M-theory as a whole. Furthermore, there is considerable scope for applications of the
(2,0)-theory within mathematics, see e.g. [8].
From more or less strict arguments, one can derive a number of properties that a
classical M5-brane model should have, and we review them in more detail in section 2.
The most important points on the resulting wish list are the following:
1) The action should contain an interacting 2-form gauge potential with self-dual curvature 3-form.
2) The action should be based on solid mathematical foundations in order to allow for
a formulation on general manifolds.
3) The action should have the same field content and moduli space as the (2, 0)-theory
and be at least N = (1, 0) supersymmetric.
4) The gauge structure should arise from Lie algebras of types A, D and E.
5) There should be a restriction of the action to that of a free N = (2, 0) tensor multiplet.
6) The action should have a self-dual string soliton as a BPS state, ideally the one of [4].
7) There should be an appropriate reduction mechanism to four-dimensional super
Yang–Mills theory, yielding gauge Lie algebras of types A, D and E.
8) Ideally, there should be a reduction mechanism to three-dimensional M2-brane models
explaining the origin of their discrete Chern–Simons coupling constant.
There are a number of objections to the existence of a classical description of the (2,0)theory, and we shall discuss them in more detail in section 2. A first one has to do with the
difficulties in defining parallel transport of extended objects. This problem is addressed by
using the mathematically consistent framework of higher gauge theory. Another objection
is the absence of continuous coupling constants in the (2,0)-theory. The same, however, is
true in the case of M2-branes, and useful M2-brane models have been constructed. A third
objection arises from dimensional arguments when considering a dimensional reduction
to five dimensions. We circumvent these problems by showing that reductions to four
dimensions are possible and yield the expected results.
All of the ingredients in our model have been available in the literature. The gauge sector of our model will be a categorified or higher gauge theory describing parallel transport
of extended objects, since the (2,0)-theory contains 1-dimensional objects and its observables are Wilson surfaces. The mathematical framework of higher principal bundles with
connections, which underlies higher gauge theory, has been developed to full extent, see
e.g. [9] or [10] and references therein. There is, however, a severe lack of concrete, interesting examples. This appears to be due to the fact that the higher notion of equivalence or
isomorphism is very coarse, rendering many constructions trivial. A class of categorified
bundles that promises to yield non-trivial results are principal 2-bundles which have as their
categorified structure group a 2-group model of the string group, which is a 3-connected
2

cover of the spin group. Such string structures [11, 12, 13, 14, 15] appear, in slightly generalized form, in heterotic supergravity and they are also necessary to describe stacks of
D-branes when the Kalb–Ramond 2-form B belongs to a topologically non-trivial gerbe.
Mathematically, string structures are important e.g. in the context of elliptic cohomology.
String structures can indeed provide non-trivial and physically relevant examples of
higher principal bundles. For instance, they allow for a well-motivated formulation of the
non-abelian analogue of the self-dual string soliton [4]. The relevant equations on R4 had
been written down as early as in the paper [16], but the full geometric interpretation seems
to have remained unclear.
Similarly, a supersymmetric action which secretly allows for generalized string structures as underlying gauge structures has been derived from tensor hierarchies in supergravity [17, 18]. The higher gauge structure hidden in this action was exposed in [19], see
also [20].1 The action is conformally invariant and has N = (1, 0) supersymmetry, which
is well-motivated by a comparison with M2-brane models: here only 12 of the expected 16
supercharges are symmetries of the action in general. We shall refer to this action simply
as the (1,0)-model in the following.
The field content of the (1,0)-model consists of a (1,0)-tensor multiplet as well as a
(1,0)-vector multiplet with an involved underlying gauge structure, which can be identified
with a refinement of a categorified Lie algebra. To get a model comparable to the ABJM
M2-brane model [7], the action of the (1,0)-model needs to be extended by terms for a
(1,0)-hypermultiplet as well as a PST-like term implementing self-duality as an equation
of motion. The general coupling to hypermultiplets has been worked out in [22] and a
PST-type extension of the bosonic part of the action was given in [23]. A generalization
of the PST extension to the supersymmetric case was announced but has not appeared. It
seems to us that this may not be possible in the general gauge algebraic framework used in
the (1,0)-model. However, restricting the gauge structure to the string structure in skeletal
form, we are able to put all the pieces of the puzzle together and obtain a suitable action.
Also some other problems and issues encountered within the (1,0)-model are resolved by
this restriction.
\
Our model, in the special case of higher gauge Lie algebra string(su(2))
and 4 × 4
hypermultiplets, has the following Lagrangian:
r
s
Hsµνκ + 16 Hµνκ
tr (λ̄γ µνκ λ)
L = −2∂µ φr ∂ µ φs − 8χ̄r /∂ χs − 61 Hµνκ

− φs tr Fµν F µν − 2Yij Y ij + 4λ̄∇
/ λ + 4 tr (λ̄Fµν )γ µν χs

− 16 tr (Yij λ̄i )χjs + εµνκλρσ

s
1 r
36 Cµνκ Hλρσ
i

s
+ 18 Bµν
tr (Fκλ Fρσ )



(1.1)

− tr (∇µ q∇µ q + 2ψ̄∇
/ ψ − 8ψ̄[λ, q] + 2q [Yij , q j ]) + LPST .
Here, we have two abelian tensor multiplets (Br,s , χir,s , φr,s ), an su(2)-valued vector multiplet (A, λi , Y ij ) and a non-dynamical abelian 3-form field Cr with curvature 2- and 3-forms
F = dA + 12 [A, A]
1

and

H = dB − (A, dA) − 13 (A, [A, A]) + Cr .

The gauge structure derived in [21] is a particular case of that obtained in [17].
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(1.2)

We also have the hypermultiplets (q i , ψ) taking values in the adjoint representation of
su(2). The explicit form of the PST term LPST is found in (4.38).
This action has all the properties in our wish list for an M5-brane model. It is a
mathematically consistent formulation of an interacting 2-form potential and therefore it
can be rather readily generalized to arbitrary space-times. It has the same field content
as the full (2, 0)-theory, but only N = (1, 0) supersymmetry is realized. In section 4.8,
we briefly comment on the fact that this supersymmetry might be enhanced by self-dual
string operators. The gauge structure is rather natural; as discussed in section 4.2, string
structures are the most obvious candidates and they are already implicitly used in many
contexts, e.g. in heterotic supergravity. If we set the (1, 0)-vector multiplet to zero by
\
choosing the higher gauge Lie algebra string(∗)
and restrict the number of hypermultiplets,
we recover the free abelian N = (2, 0) action. As we shall discuss later, this action has the
non-abelian self-dual string soliton of [4] as a classical BPS configuration.
\
In section 5.1, we will show that our action for string(g)
with g a Lie algebra of type A,
D or E straightforwardly restricts to N = 2 super Yang–Mills theory in four dimensions
with gauge Lie algebra g. Even the modulus τ of the compactifying torus translates into
−2
θ
+ igYM
. Also, a straightforward reduction to an M2the appropriate couplings, τ = 2π
\
brane model in three dimensions is possible: our action for string(u(n)
× u(n)) turns into a
supersymmetric deformation of the ABJM model. In the latter case, the discrete coupling
constant is generated as the topological class of the gerbe described by the 2-form potential
over the compactifying 3-manifold as explained in section 5.2.
There are, however, a number of crucial discrepancies between our model and the (2,0)theory which make it clear that this is merely a stepping stone towards an M5-brane model.
We plan to address these in future work.
First, the Yang–Mills multiplet in our model contains independent degrees of freedom
which are clearly incompatible with N = (2, 0) supersymmetry. Analogously to the case
of M2-brane models, one would expect that these degrees are fixed by a dynamical principle [24].
Second, and related, the moduli space of vacua of our model is not the one expected
from a full M5-brane model. In particular, the process of separating individual M5-branes
from a stack is not well captured by our model.
Third, the PST mechanism as constructed in [23] relies on a non-vanishing scalar φs
in the tensor multiplet. As stated in [22], this seems to be related to the tensionless string
phase transition [25, 16], which, however, is absent under certain conditions. This point
requires much further exploration within our model. If this issue (as well as that of the
Yang–Mills multiplet) is resolved, there is hope that self-dual string operators might restore
full N = (2, 0) supersymmetry, which should also be studied in detail.
A fourth big issue is a general problem of the (1,0)-model which is not fixed by our
choice of gauge structure: There is still a single scalar field with a wrong sign in its kinetic
term in the action, and one should find an interpretation for its appearance or a mechanism
for its elimination.
Fifth, a physical model based on higher structures should be agnostic with regards to

4

higher isomorphisms. As we argue, the formulation of the model of [17] is too rigid to
allow for this feature. In fact, this can be regarded as something positive, since it provides
a clear pointer to possible and necessary extensions of their model.
Sixth, one might be tempted to improve our model such that its dimensional reduction
produces the undeformed N = 6 ABJM model. This seems rather inconceivable due to
the structure, potentials and dimensions of the matter fields in our model.
Altogether, we conclude that while our model shares many desired feature with the
(2,0)-theory and gives a very useful example of a classical higher gauge theories, it requires
further work to qualify as an M5-brane model.
Finally, let us mention that a number of alternative approaches towards finding classical descriptions of the (2, 0)-theory have been proposed in the literature. A particularly
interesting one is to take the M2-brane models as a starting point and to try to reconstruct an M5-brane description. In a first variant [26, 27], a classical M5-brane was derived
from an infinite-dimensional 3-Lie algebra based on the diffeomorphisms of the 3-sphere,
which are nicely encoded in a Nambu–Poisson 3-Lie algebra2 . Such Nambu–Poisson 3-Lie
algebras have considerable overlap with categorified Lie algebras, cf. [29]. In a second variant [30, 31], the steps of the original derivation of M2-brane models were repeated for the
M5-brane, leading to 3-Lie algebra valued fields. In both types of models, the underlying
mathematical structures are not quite the ones we would expect. This is a severe problem,
as global formulations on general manifolds rely on a solid mathematical foundation. Also,
it is not clear how these models can fulfill the demands on our above wish list.
Structurally more closely related to our model is the model of [32], see also [33, 34],
which is indeed based on non-abelian gerbes. This model only describes the bosonic gauge
part, but it does reduce to five-dimensional gauge theory. It is, however, a theory on
M5 × S 1 and contains non-local gauge symmetries.
Finally, there are two approaches that describe the (2, 0)-theory from a dual perspective. First, there is the paper [35], in which a holographic dual of the (2, 0)-theory is
identified with a higher Chern–Simons theory and which uses essentially the same language and structures we are employing in this paper. Second, there is an approach based
on the twistor description of the (2, 0)-theory’s equations of motion [36, 37, 38, 39, 10]. As
already suspected in [30], these equations might exist classically, even if the corresponding
Lagrangian did not. If this is the case, then there may be a twistor description for these,
just as there is one for the N = 3 super Yang–Mills equations. In the latter case, holomorphic bundles over a 5|6-dimensional supertwistor space yield solutions to the N = 3
super Yang–Mills equations. Since the twistor space for self-dual 3-form in six dimensions
is known, this reduces the search for a (2,0)-theory effectively to the problem of defining
an appropriate higher gauge structure: The latter leads, rather unambiguously, to higher
bundles over this twistor space, which yield solutions to constraint equations for a higher
superconnection on R1,5|16 . These constraint equations are manifestly N = (2, 0) supersymmetric and conformally invariant and they are equivalent to certain equations of motion
2

Note that the 3-Lie algebras underlying the M2-brane models are different from the Lie 3-algebras of
higher algebra. The former should be regarded as Lie 2-algebras [28].
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on the field content of the (2, 0)-tensor multiplet. An appropriate choice of higher gauge
structure for rendering these equations interacting in an interesting way has, however, not
yet been identified, but the twisted string structures of our model should be the right
ingredient.
We hope to be able to report on results tying at least some of these alternative perspectives to our model in future work.
This paper is structured as follows. In section 2, we give a short review of the (2,0)theory, highlighting desirable properties of a classical M5-brane model as well as arguments
against its existence. Section 3 provides a concise summary of definitions, literature references and context for the mathematical tools that we employ in section 4 to construct
our model. Its dimensional reductions to super Yang–Mills theory, M2-brane models and
L∞ -algebra models are discussed in section 5.
2. The (2,0)-theory in six dimensions
Among the supersymmetric field theories, superconformal ones are of particular interest
because of their simplicity and the role they play in many areas of string theory, cf. [40].
While a conformal field theory on the pseudo-Riemannian manifold Rp,q is invariant under
an action of the conformal algebra so(p + 1, q + 1), a superconformal theory has to be
invariant under an action of a super extension of this Lie algebra. Such extensions only exist
for p + q ≤ 6 [41], see also [42]. Explicit examples of conformal (and superconformal) field
theories have been known for a long time, and it was suspected that four was the maximal
dimension for non-trivial unitary conformal field theories. However, string theory and Mtheory strongly suggest that there should be a non-trivial six-dimensional superconformal
field theory and it is generally believed today that the highest dimensional superconformal
algebra also underlies an interesting quantum field theory.
In particular, type IIB string theory on R1,5 ×K3 has a moduli space of vacua which
is a homogeneous space with orbifold singularities classified by the simply laced Dynkin
diagrams of types A, D and E. At these points, the volume of a 2-cycle in the K3 vanishes,
and near such a singularity, a D3-brane wrapping the corresponding 2-cycle turns into a
non-critical string in six dimensions [1, 25]. The mass of this string is related to the volume
of the 2-cycle, which is proportional to the distance to the singularity in the moduli space.
This string is self-dual in the sense that the 3-form H = dB it produces is self-dual in R1,5 .
Also, these strings are massless at the singularity and they decouple from all other string
modes. This suggests that there is a self-contained and consistent quantum field theory
describing these self-dual strings.
There is also an M-theory interpretation of self-dual strings in terms of boundaries
of M2-branes ending on parallel M5-branes, where the former mediate the interactions of
the latter [2, 43, 3]. As the M5-branes approach each other, the self-dual strings become
massless and we recover the above picture. Concretely, N flat M5-branes correspond to
the (2,0)-theory at an AN −1 -singularity, while the D-series arises when several M5-branes
come together at an R5 /Z2 -singularity. The E-series seems to be less clearly understood.
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The link between M-theory and type IIB interpretations can be made more explicit [43,
3]. A further connection between M-theory and the six-dimensional (2,0)-theory was provided in the initial paper on the AdS/CFT-correspondence [44], where a duality was conjectured between M-theory on AdS7 × S 4 and the (2, 0)-theory; see also [35].
The theory of massless self-dual strings has been argued to be a local quantum field
theory [45]. In particular, it is an N = (2, 0) superconformal field theory in six-dimensions
and the superconformal Lie algebra of symmetries is osp(6, 2|4) containing the conformal
algebra so(6, 2) and the R-symmetry Lie algebra so(5) ∼
= sp(2). From [41] we know that
the relevant representation of this algebra is the (2, 0)-tensor multiplet, whose bosonic part
consists of a self-dual 3-form field strength and five scalars. The latter can be regarded
as the Goldstone scalars for the breaking of the symmetry group SO(1, 10) of R1,10 to
SO(1, 5)×SO(5) due to the presence of a flat M5-brane. Correspondingly, they describe the
position of the M5-brane in the five directions orthogonal to the M5-brane’s worldvolume.
The degrees of freedom should scale as O(N 3 ) with the number N of M5-branes.
The observables of the (2,0)-theory are Wilson loops [46], see also e.g. [47, 48]. This suggests that a classical description underlying the (2,0)-theory should be a theory of parallel
transport of the self-dual strings: Just as the effective description of D-branes in terms of
ordinary gauge theory captures the parallel transport of the endpoints of strings on them,
an effective description of M5-branes should capture the parallel transport of the boundaries of the M2-branes on them. The mathematical description of such a higher-dimensional
parallel transport is called higher gauge theory, cf. [49, 50], and it is geometrically based on
categorified notions of Lie groups, Lie algebras and principal bundles. In the abelian case,
categorified principal bundles are also known as gerbes. Rather less well-known seems to
be the fact that there is also a complete mathematical theory of non-abelian gerbes, see [9]
and references therein.
Ordinary gerbes are recognized to play an important part in string theory since the
Kalb–Ramond 2-form field B is, globally, part of the connective structure of a gerbe [51, 52].
There is, however, some reluctance to appreciate non-abelian versions of gerbes even though
these have been rediscovered and used in many contexts. For example, the non-abelian
gerbes relevant to our discussion are also the global geometric object underlying heterotic
string theory as well as the description of stacks of D-branes and they become non-trivial
when the B-field corresponds to a topologically non-trivial 3-form flux H.
The various no-go theorems in the literature which concern non-abelian higher gauge
theory can be circumvented as we shall explain in section 3.1. A valid point of critique of
this theory, however, is the small number of non-trivial and physically relevant examples
and applications. This may be attributed to the rapid development of this very young
field. Also, the ease with which generalizations are made using category theory makes
development of the general theory more appealing than the rather cumbersome process of
working out specific examples. On closer inspection, and with some guidance from string
theory, it is however not too hard to find examples. In particular, a consistent and wellmotivated description of non-abelian analogues of self-dual strings using the framework of
higher gauge theory was given in [4].
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The prejudice against non-abelian higher gauge theory is certainly one reason for the
general belief that the (2,0)-theory has no description in terms of a classical Lagrangian,
cf. [53]. Another, more relevant argument goes as follows: The (2,0)-theory is a conformal
field theory, so it does not have any dimensionful parameters. Moreover, the singularities
in the moduli space at which the theory of self-dual strings becomes conformal are isolated.
Therefore, there are no continuous dimensionless parameters either. This clearly suggests
that there is no classical limit and therefore no Lagrangian description. Note that the
fact that there is no continuous parameter that can act as a coupling constant and thus
as a continuous deformation of the abelian theory was also derived by computing the
appropriate BRST cohomology group [54, 55].
We can simply address this concern by pointing to the successful construction of M2brane models [5, 6, 7] since very similar arguments are valid in their case. Note that in
M2-brane models, the Chern–Simons coupling was given by a discrete geometric parameter
k ∈ N arising from an orbifold C4 /Zk , circumventing the lack of continuous dimensionless
parameters. We do expect an analogous argument to apply to the case of M5-branes.
This parallel suggests also another point about classical descriptions, previously observed in [17]. Just as there are no general N = 8 supersymmetric M2-brane models3 but
only ones with N = 6 supersymmetry, we should merely expect N = (1, 0) supersymmetric
M5-brane models and none with full N = (2, 0) supersymmetry.
A final argument that makes the existence of a Lagrangian description of the sixdimensional (2,0)-theory implausible stems from dimensional reduction [53, 8]: We know
that the six-dimensional (2,0)-theory should reduce to maximally supersymmetric Yang–
Mills theory in five dimensions after compactification on a circle of radius R, which leads
to a volume form 2πR d5 x in the action. On the other hand, conformal invariance in
six dimensions as well as dimensional analysis of the Yang–Mills term in the Lagrangian
requires a volume form R1 d5 x. We think that this is a valid point; however, we show
that a direct and classical reduction to four dimensions can be performed in section 5.1.
Combined with some dimensional oxidation, this can lead to the five-dimensional super
Yang–Mills theory, albeit in an indirect fashion.
Having addressed all common arguments against a Lagrangian description, let us continue with the discussion of some of the features we should expect.
An M5-brane model should be able to capture the process of separating individual or
stacks of M5-brane from another stack. In particular, it should be able to describe the
Coulomb branch given by a separation of all individual M5-branes from each other. This is
perhaps the most difficult property to model since it is unclear, already at a mathematical
level, how an analogue of the branching U(n) → U(1)×n relevant for D-branes should work
in the case of categorified Lie groups.
Furthermore, the (2, 0)-theory on a manifold M6 = M4 × E, with E an elliptic curve,
dimensionally reduces to N = 4 gauge theory on M4 with complex coupling constant τ
determined by E. The type of the Dynkin diagram classifying the K3-singularity determines the gauge algebra of the four-dimensional theory, an important feature we wish to
3

once certain reasonable conditions are imposed
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reproduce. Indeed, the (2, 0)-theory can be used to gain insights into four-dimensional
gauge theories and their BPS states, cf. [1, 56].
Similarly, there may be a reduction of the (2, 0)-theory to the above mentioned M2brane models. In such a reduction, one would have to explain in particular the origin of
the discrete Chern–Simons coupling.
As in the case of supersymmetric Yang–Mills theories, interesting classical configurations of the (2,0)-theory would be given by BPS states, which are also known as self-dual
string solitons, see also [57] and [58]. We should expect that these BPS states also feature
in our classical Lagrangian description.
Altogether, we arrive at the wish list of features given in the introduction.
3. Mathematical tools
In this section, we concisely summarize the mathematical tools relevant for discussing
a higher gauge theory in order to be reasonably self contained and to provide relevant
references. Readers familiar with this material may directly jump to section 4, others might
want to consult also the reviews [49, 50] and in particular the papers [59, 60, 15, 61, 9].
3.1. Higher gauge theory
Ordinary gauge theory describes the parallel transport of point particles and higher gauge
theory is the natural analogue for extended objects [49, 62]. This is of central interest in
string and M-theory given that their fundamental objects are higher dimensional. Similarly,
it will be crucial in our description of self-dual strings.
Parallel transport of ordinary point particles transforming under a gauge group G assigns to each path a group element in G. Mathematically, this gives rise to the holonomy
functor from the path groupoid of the base manifold to BG = (∗ ⇔ G), the one-object
groupoid of the gauge group G. For the parallel transport of strings we should then, analogously, assign some group data for each surface swept out by the string. Such an assignment
has to satisfy various consistency conditions. In particular, the different ways of composing
the parallel transports in the diagram
g1

•




g2


/•
?


g10



g20


/•
?

should agree. In equations, this means that
(g1 g2 )(g10 g20 ) = (g1 g10 )(g2 g20 ) ,

(3.1)

which forces G to be abelian, due to an argument by Eckmann and Hilton [63]. This
argument was rediscovered, in infinitesimal form, e.g. in [64]. However, there is a wellknown generalization of this equation in 2-categories with their two ways of composing
morphisms, ⊗ and ◦, known as the interchange law :
(g1 ◦ g2 ) ⊗ (g10 ◦ g20 ) = (g1 ⊗ g10 ) ◦ (g2 ⊗ g20 ) .
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(3.2)

This is also natural from the point of view of parallel transport along surfaces: we have
1-morphisms, denoted by →, together with 2-morphisms, denoted by ⇒, which are morphisms between morphisms. Also, parallel transport becomes a 2-functor.
The gauge group is analogously replaced by a Lie 2-group, which is a monoidal category with invertible morphism and objects that are weakly invertible with respect to the
monoidal product. A detailed discussion of a rather general notion of Lie 2-groups, their
properties and a classification result is found in [65].4
There is a Lie functor differentiating Lie 2-groups to Lie 2-algebras, where the latter
are given in the form of the L∞ -algebras familiar from BRST/BV quantization as well
as string field theory [67], see also [39]. Since we shall be exclusively interested in the
local description of the (2,0)-theory over contractible patches in this paper, infinitesimal
symmetries are sufficient for our purposes and we can ignore Lie 2-groups and turn to the
somewhat simpler Lie 2-algebras.
Before giving the precise definition of these in section 3.2, let us briefly outline the
global geometric picture underlying higher gauge theory, which is encoded in higher principal bundles with connection. To arrive at definitions of categorified principal bundles we
replace all notions in the various definitions of principal bundles by more or less straightforwardly categorified analogues: A smooth 2-space is a category internal to Diff, the category
of smooth manifolds with smooth morphisms. Note that any manifold M naturally gives
rise to the trivial smooth 2-space M ⇔ M in which all morphism are identities. A smooth
G -space is a smooth 2-space on which we have a smooth action of the Lie 2-group G . A
principal G -bundle over a manifold M is then a locally trivial G -space over the 2-space
M ⇔ M [68].
An equivalent viewpoint is given by looking at the transition functions of principal
G-bundles for G some Lie group. These are described via functors from the Čech groupoid
C (Y ) = (Y ⇔ Y [2] ) of a surjective submersion σ : Y  M to the groupoid BG. This
readily extends to the categorified case: here the transition functions arise as 2-functors
from the Čech groupoid, trivially viewed as a 2-category, to the delooping BG of the 2group G , which in turn give rise to a principal G -bundle [68]. For G = BU(1), we recover
abelian gerbes or principal BU(1)-bundles. Topologically, these are characterized by an
element of H 3 (M, Z), called the Dixmier-Douady class. This is the analogue of the first
Chern class of line bundles, which is an element in H 2 (M, Z).
The parallel transport of particles and strings on a principal G -bundle is then encoded
in a connection with associated curvature. The connection can either be described by
global forms on the total 2-space of the principal 2-bundle, see e.g. [69], or by local forms
over patches of the base 2-space, which are glued together by the cocycles describing the
principal 2-bundle, see e.g. [39].
For the local description, there exists an elegant and useful framework of higher gauge
theory, where these connection and curvature forms are described in terms of morphism
of differential graded algebras. This formalism allows to deduce the relevant local data
4

Note, however, that the string 2-group model of [66], which becomes relevant when globalizing our
model, requires a more general definition of Lie 2-groups than that given in this reference.
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defining a connection, the appropriate corresponding notions of curvature forms, the gauge
transformations as well as the Bianchi identities.5 Thus, the full local kinematical data of
higher gauge theory results from a morphism of differential graded algebras. For a concise
review, see e.g. [4].
Let us stress that up to technicalities in global descriptions, these constructions readily
generalize to the parallel transport of membranes and even higher dimensional objects.
In fact, our model is based on a principal 4-bundle, an extension necessary to describe a
generalized self-duality condition in six dimensions.
3.2. Categorified Lie algebras: L∞ -algebras
The infinitesimal symmetries underlying higher gauge theory are captured by categorified
Lie algebras. For all our purposes, these can be regarded as equivalent to L∞ -algebras [70,
71], which also underlie closed string field theory [72].
Let us begin with Lie 2-algebras. Just as a Lie algebra has an underlying vector space,
a Lie 2-algebra L has an underlying categorified vector space L = (L0 ⇔ L1 ). The most
appropriate definition of a 2-vector space is still under dispute, but sufficient for us is a
category in which both objects and morphisms are vector spaces and all maps are linear. In
addition, we have a Lie bracket functor [·, ·] : L × L → L and a natural isomorphism, the
Jacobiator, that relaxes the Jacobi identity and satisfies some higher coherence axiom [73].
As shown in that paper, Lie 2-algebras are categorically equivalent to 2-term L∞ -algebras,
and we now switch to this more convenient and familiar language.
Strong homotopy Lie algebras, or L∞ -algebras for short, are given by a Z-graded vecP
tor space L =
k∈Z Lk together with a set of totally antisymmetric, multilinear maps
i
µi : ∧ L → L, i ∈ N, of degree i − 2, which satisfy the higher or homotopy Jacobi relations
X X
(−1)ij χ(σ; `1 , . . . , `n )µj+1 (µi (`σ(1) , . . . , `σ(i) ), `σ(i+1 , . . . , `σ(n) ) = 0
(3.3)
i+j=n σ

for all n ∈ N and `1 , . . . , `n ∈ L, where the second sum runs over all (i, j)-unshuffles, that
is, permutations whose image consists of ordered sets of length i and j: σ(1) < · · · < σ(i)
and σ(i + 1) < · · · < σ(i + j). Additionally, χ(σ; `1 , . . . , `n ) denotes the graded Koszul sign
defined by the graded antisymmetrized products
`1 ∧ · · · ∧ `n = χ(σ; `1 , . . . , `n )`σ(1) ∧ · · · ∧ `σ(n) ,

(3.4)

where any transposition not involving only odd degree elements acquires a minus sign. An
n-term L∞ -algebra is an L∞ -algebra that is concentrated (i.e. non-trivial only) in degrees
0, . . . , n − 1.
In this paper we are mostly interested in Lie 2- and 3-algebras. The lowest homotopy
5

Local expressions that globalize to topological invariants (i.e. higher analogues of Chern classes) are
also readily derived.
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Jacobi relations read as follows:
0 = µ1 (µ1 (`1 )) ,
0 = (−1)|`1 ||`2 | µ2 (µ1 (`2 ) , `1 ) + µ1 (µ2 (`1 , `2 )) − µ2 (µ1 (`1 ) , `2 ) ,
0 = (−1)|`2 ||`3 |+1 µ2 (µ2 (`1 , `3 ) , `2 ) + (−1)|`1 |(|`2 |+|`3 |) µ2 (µ2 (`2 , `3 ) , `1 )

(3.5)

+ (−1)|`1 ||`2 |+1 µ3 (µ1 (`2 ) , `1 , `3 ) + (−1)(|`1 |+|`2 |)|`3 | µ3 (µ1 (`3 ) , `1 , `2 )
+ µ1 (µ3 (`1 , `2 , `3 )) + µ2 (µ2 (`1 , `2 ) , `3 ) + µ3 (µ1 (`1 ) , `2 , `3 ) ,
where `i ∈ L. These relations show that µ1 is a graded differential compatible with µ2 , and
µ2 is a generalization of a Lie bracket with the violation of the Jacobi identity controlled
by µ3 .
An elegant and particularly useful way of describing L∞ -algebras is a dual description
in terms of differential graded algebras arising from functions on Q-manifolds, which also
feature prominently in BRST and BV quantization. A Q-manifold is a Z-graded manifold M together with a homological vector field Q, i.e. a vector field of degree 1 satisfying
Q2 = 0. Now, given an n-term L∞ -algebra L we can grade-shift the individual homogeneously graded vector spaces by 1 yielding the graded manifold
L[1] = (∗ ← L0 [1] ← · · · ← Ln−1 [1]) .

(3.6)

The degree of the maps µi is accordingly shifted from i − 2 to −1, and this allows one to
define the codifferential
X
D=
µi ,
(3.7)
i

which has degree −1 and acts on the graded symmetric tensor algebra Sym• (L[1]). Dualizing to the algebra of functions on L[1] yields a corresponding differential Q of degree 1. Thus, L[1] becomes a Q-manifold, and we arrive at a differential graded algebra
CE(L) = (C ∞ (L[1]), Q), known as the Chevalley-Eilenberg algebra of L. The condition
Q2 = 0 corresponds precisely to the homotopy Jacobi relations (3.3).
In order to write down action principles for gauge theories, we use mostly metric matrix
Lie algebras with the metric given by the trace. More generally, there is a compatibility
relation between metric and Lie bracket,
(a, [b, c]) = (c, [a, b]) .

(3.8)

In the case of L∞ -algebras, we need an analogous concept. Such a cyclic structure on an
L∞ -algebra L over R is a graded symmetric, non-degenerate bilinear form
h−, −i : L

L→R

(3.9)

satisfying the following compatibility condition for all `i ∈ L:
h`1 , µi (`2 , . . . , `i+1 )i = (−1)i+|`i+1 |(|`1 |+···+|`i |) h`i+1 , µi (`1 , . . . , `i )i .

(3.10)

That is, we can cyclically permute the `i while respecting the usual Koszul convention for
permuting graded elements.
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3.3. The string Lie 2-algebra
Non-trivial examples of Lie 2-algebras which are interesting and relevant to physical applications are rare. The most prominent ones are perhaps the abelian Lie 2-algebra
bu(1) = (∗ ← u(1)) underlying infinitesimal gauge transformation on abelian gerbes as
well as the resulting semidirect product with infinitesimal diffeomorphisms encoded in the
famous exact Courant algebroid T M ⊕ T ∗ M for some manifold M , see [74] and references
therein. This lack of useful examples is perhaps one of the key reasons for the skepticism
that higher gauge theory meets in applications to string theory.
However, a small set of reasonable examples can also be an advantage (as long as the
set is not empty): it suggest some form of uniqueness. Indeed, from certain perspectives it
seems that the Lie 2-algebra associated to the exact Courant algebroid, its Lie 2-subalgebras
and combinations thereof are essentially all the examples that are needed: bu(1) is included,
as is the string Lie 2-algebra string(n), cf. [75]. The latter will be the one underlying our
action. In the following, we briefly outline its origin from a Lie 2-group model of the string
group String(n). For more details, see [73, 76, 4].
Recall that the spin group Spin(n) fits into a sequence of Lie groups, known as the
Whitehead tower of O(n), which is linked by group homomorphisms inducing isomorphisms
on all homotopy groups except for the lowest non-trivial one. The string group String(n)
is simply an element in the sequence
· · · → String(n) → Spin(n) → Spin(n) → SO(n) → O(n) ,

(3.11)

rendering it a 3-connected cover of Spin(n). This sequence defines String(n) only up to
certain equivalences, which leads to a variety of models of the string group. Particularly
useful ones are models as Lie 2-groups, and a first one was given in [76]. This model is a
strict Lie 2-group StringΩ̂ (n) consisting of the based path space as well as a Kac–Moody
central extension of the based loop group of Spin(n). A second model which is finite
dimensional but relies on Segal–Mitchison cohomology was presented in [66]. It can be Lie
differentiated to a Lie 2-algebra of the following form [77]:

0
stringsk (n) = spin(n) ←−− R
(3.12)
with non-trivial products
µ2 : spin(n) ∧ spin(n) → spin(n) ,

µ2 (x1 , x2 ) = [x1 , x2 ] ,

µ3 : spin(n) ∧ spin(n) ∧ spin(n) → R ,

µ3 (x1 , x2 , x3 ) = (x1 , [x2 , x3 ]) ,

(3.13)

where (−, −) is the Cartan–Killing form on spin(n). Clearly, such a Lie 2-algebra exists for any metric Lie algebra g, in particular, for those of types A, D, and E, and we
write stringsk (g) for the corresponding Lie 2-algebra with non-trivial Lie 2-algebra products (3.13).
Note that the string Lie 2-algebra itself does not carry a cyclic structure as defined in
the previous section; this is only possible for Lie 2-algebras L0 ← L1 with L0 ∼
= L1 . We do,
however, need such a structure for defining an action, and we therefore have to work with
an extension of the string Lie 2-algebra which we shall develop in section 4.3.
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4. A six-dimensional superconformal field theory
In this section, we use the formalism summarized in the previous section to combine the
constructions of [17, 22, 23] into an interesting N = (1, 0) superconformal action, which
satisfies all the criteria collected in the wish list of the introduction. We start with an outline
of the ingredients before we discuss the action, its supersymmetries and the equations of
motion.
4.1. Context
Our starting point is the N = (1, 0) superconformal model presented in [17], which we
simply call the (1,0)-model. The (1,0)-model was obtained by writing down an ansatz for
suitable supersymmetry transformations for a non-abelian tensor multiplet and deriving
algebraic and dynamic conditions for their closure. This is the same method that led to
the BLG M2-brane model [5, 6].
The gauge structure of the (1,0)-model and its gauge field contents were derived from the
non-abelian tensor hierarchy, see e.g. [78] and references in [17]. Maximal supergravities
can be constructed by compactifying 10- and 11-dimensional supergravities on a torus.
Each maximal supergravity exhibits a duality group G, and the theory can be deformed
by rendering the one-form gauge potentials non-abelian with the gauge group being a
subgroup of the duality group G. The precise structure is encoded in a representation of
the subgroup of G and the embedding tensor Θ. The algebraic structure yields covariant
derivatives and field strengths which, however, may not transform covariantly. In such
cases, one is led to introduce a compensating non-abelian 2-form gauge potential, whose
3-form curvature may also not transform covariantly. This, in turn, forces the introduction
of a compensating non-abelian 3-form potential and so on.
As explained in [19], the algebraic structures underlying the non-abelian tensor hierarchy are categorified Lie algebras and the iterative construction of higher form potentials
leads essentially to the same formulas for curvatures, gauge transformations and Bianchi
identities as found in higher gauge theory, see also [35] and [20]. The (1,0)-model provides
therefore a useful starting point for our constructions.
To achieve our goal, we have to address a few issues with the action of the (1,0)-model.
First, we have to complete the field content to contain that of the full (2, 0)-theory, even
though we are just looking for an N = (1, 0) superconformal action. This is analogous to
the ABJM model, which is only N = 6 supersymmetric, but has the same field content as
the full N = 8 BLG model. For this, we can rely on the results of [22]. Second, we would
like to incorporate the PST formalism [79, 80] to include self-duality of the 3-form curvature
as an equation of motion of the action. For the bosonic part of the (1, 0)-model, this has
been done in [23]. An extension to the supersymmetric case was announced, but this has
not appeared yet in the literature. It is actually not clear to us, that such a construction
is possible in the general gauge structure considered in [17]. In fact, the details of our PST
mechanism seem to differ in some points from those of [23].
Third, we have to specify a useful, more explicit form of the gauge structure of the
14

(1,0)-model. It is here where we draw on results from higher gauge theory, in particular
our discussion in [4]: For each metric Lie algebra, we construct a string Lie 2-algebra
model that can be extended to a Lie 3-algebra and yields a suitable gauge structure for
the (1,0)-model as explained in section 4.3. This will also solve most of the issues with the
(1,0)-model and its PST extension: The cubic interactions will vanish and the PST and
hypermultiplet extensions are rather straightforward.
4.2. String structures
As argued in detail in the literature, the most obvious candidate for the appropriate Lie
2-algebra describing multiple M5-branes is the string Lie 2-algebra. Let us collect and
summarize a few of these arguments before detailing the algebraic structure. Recall that
the gauge potential on stacks of D-branes in a topologically non-trivial B-field background
is described by a connection on a twisted principal bundle. In [81], the higher analogue for
M-theory was identified with twisted gerbes, and the relevant gauge group was given by
the central extension of the based loop space of E8 . Also, appropriate degrees of freedom
have been derived from a boundary ABJM model in [82], which form a U(2N ) × U(2N )
Kac–Moody current algebra. The Kac–Moody central extension of the based loop group of
E8 , is indeed the important ingredient in the string 2-group model for E8 of [76]. A much
more explicit and extended version of this argument is found in [35].
Also, as argued in [4] within the context of non-abelian extensions of the self-dual string
soliton, the string Lie 2-algebra of spin(3) ∼
= su(2) is the direct higher analogue of su(2) in
various ways. Most importantly, just as the manifold underlying the Lie group Spin(3) ∼
=
3 is the total space of the fundamental circle bundle (the Hopf fibration) over
SU(2) ∼
S
=
S 2 , the categorified space underlying the Lie 2-group String(3) is the total space of the
fundamental abelian gerbe over S 3 .
Further arguments stem e.g. from expectations such as higher analogues of the fuzzy
funnel which opens when D1-branes end on D3-branes. The worldvolume of the D1-branes
polarizes into fuzzy 2-spheres, whose corresponding Hilbert spaces carry representations
of the double cover Spin(3) of the isometry group SO(3). Similarly, we expect that the
worldvolume of M2-branes ending on M5-branes polarizes into fuzzy 3-spheres. The latter
should be quantized in a categorified way as discussed in [83]. As argued in that paper,
the string group acts naturally on the categorified Hilbert spaces expected in a categorified
quantization of S 3 .
A last argument for using the string Lie 2-algebra is simply the lack of suitable alternatives. The appropriate notion of equivalence between Lie 2-algebras is that of quasiisomorphisms, and we expect that correctly formulated physical applications do not make
a distinction between quasi-isomorphic Lie 2-algebras. This, however, renders most naively
constructed examples of Lie 2-algebras either equivalent to ordinary Lie algebras or essentially abelian.
A string structure is basically a categorified principal bundle whose structure Lie 2group is a 2-group model of the string group [11, 12, 13, 14, 15]. We shall always consider
string structures carrying a categorified connection. This geometrical data underlies het15

erotic supergravity as well as the gauge theory description of stacks of multiple D-branes
in the background of a B-field belonging to a topologically non-trivial gerbe.
The global picture of such a bundle in terms of cocycle data is readily derived for the
strict 2-group model of [76]; for the model of [66], the global description was given in [77].
In the following, we shall focus on the local description and work over the contractible
space R1,5 .
The relevant data here was identified long ago in the context of heterotic supergravity [84, 85]. In d dimensions, we start from the gauge algebra g := spin(d) × h, where h
should be thought of as one of the gauge Lie algebras e8 × e8 or so(32). Both Lie algebras
spin(d) and h are endowed with the Cartan–Killing form.6 We introduce the gauge potential 1-forms ω and A, taking values in spin(d) and h, respectively. Additionally we have
a potential 2-form B taking values in u(1). The appropriate curvature 2- and 3-forms of
these gauge potentials read as
Fω = dω + 21 [ω, ω] ,

FA = dA + 12 [A, A] ,

H = dB + cs(ω) − cs(A) ,

(4.1a)

where cs(A) = (A, dA) + 31 (A, [A, A]) is the usual Chern–Simons form.
Note that the 3-form gauge potential is a 3-form taking values in u(1). This might be
one reason why higher gauge theory with the string Lie 2-algebra as gauge Lie 2-algebra
has been underappreciated: This situation is too familiar from heterotic supergravity and
does not seem like a truly non-abelian version of higher gauge theory at first glance. Nevertheless, a slight extension of string structures will prove to be rich enough for all our
purposes.
Infinitesimal gauge transformations of string structures are parameterized by functions
α0 and α1 with values in spin(d) and h, respectively, as well as a u(1)-valued 1-form Λ.
They act according to
δω = dα0 + [ω, α0 ] ,
(4.1b)

δA = dα1 + [A, α1 ] ,
δB = dΛ + (α0 , dω) − (α1 , dA) .

These gauge transformations leave H invariant. The higher Bianchi identities are readily
found to read as
dFω + [ω, Fω ] = 0 ,

dFA + [A, FA ] = 0 ,

dH = (Fω , Fω ) − (FA , FA ) .

(4.1c)

Note that the last identity is the Green–Schwarz anomaly cancellation condition [86].
The above formulas for gauge transformations, curvatures and Bianchi identities differ
from those canonically derived in higher gauge theory, see e.g. the discussion in [4]. A
comprehensive mathematical interpretation of these was given in [15], see also [59], and we
refer to those papers, as well as the review in [4], for a more detailed explanation of string
structures and their twist.
6

If we want to homogenize the formulas in the following in order to work with g, we have to invert the
sign of the Cartan–Killing form on h.
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This form of kinematical data of higher gauge theory is also recovered, in a slightly
generalized form, from the discussion of tensor hierarchies, cf. section 4.1. Therefore, it
provides the higher gauge structure underlying the (1,0)-model of [17], which will be the
foundation of our action.
As a final remark, recall that global string structures are usually defined with the
additional constraint that the first Pontrjagin class of Fω + FA vanishes.
4.3. The higher gauge algebra
Following the arguments of the previous section, we start from the string-like Lie 2-algebra
stringsk (g) = ( g ← R ) with non-trivial brackets (3.13). Since the total space of stringsk (g)
is not a symplectic Q-manifold, it does not carry a cyclic structure, the appropriate form of
an inner product for L∞ -algebras. We therefore have to minimally extend this Lie 2-algebra
to a cotangent space. One possibility would be the Lie 2-algebra g ⊕ R∗ ← g∗ ⊕ R.
A better solution is motivated by the fact that the gauge structure underlying the
(1,0)-model is indeed a Lie 3-algebra refined by additional structures as explained in [19]
and later in [20]. Moreover, string structures are most conveniently defined starting from
a Lie 3-algebra quasi-isomorphic to spin(n) [60, 15]. This suggests to use a Lie 3-algebra
first considered in [4]: Given a metric Lie algebra g, this Lie 3-algebra is

L = g ⊕ R∗ ← R[1] ⊕ R∗ [1] ← g∗ [2] ⊕ R[2] ,

(4.2)

where for a vector space W , W [i] again denotes the elements in W shifted in degree by i.
The natural symplectic form ω on the Q-manifold given by the graded vector space
L[1] = g[1] ⊕ R∗ [1] ⊕

R[2] ⊕ R∗ [2] ⊕ g∗ [3] ⊕ R[3]

(4.3)

reads as
ω = dξ α ∧ dζα + dq ∧ dp + ds ∧ dr

(4.4)

in terms of coordinates (ξ α , q) of degree 1, (r, s) of degree 2 and (ζα , p) of degree 2. The
homological vector field Q is an extension of that on the string Lie 2-algebra stringsk (g)
and its Hamiltonian Q with Q = {Q, −} reads as
α β γ
Q = − 12 fβγ
ξ ξ ζα −

α β γ
1
3! fαβγ ξ ξ ξ s

+ sp ,

(4.5)

where fαβγ are the structure constants on g with an index lowered by the metric.
Translating this back to bracket notation, we have a cyclic inner product on L,
hξ1 + q1 + r1 + s1 + p1 + ζ1 , ξ2 + q2 + r2 + s2 + p2 + ζ2 i =
ζ1 (ξ2 ) + ζ2 (ξ1 ) + p1 (q2 ) + p2 (q1 ) + r1 (s2 ) + r2 (s1 ) (4.6)
with ξ1,2 + q1,2 ∈ g ⊕ R∗ , r1,2 + s1,2 ∈

R[1] ⊕ R∗ [1] and ζ1,2 + p1,2 ∈ g∗ [2] ⊕ R[2] and
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p1 (q2 ) = p1 q2 etc. The non-trivial higher products of the Lie 3-algebra L are
µ1 : R∗ [1] → R∗ : µ1 (s) := s ,
µ1 : R[2] → R[1] : µ1 (p) := p ,
µ2 : g ∧ g → g : µ2 (ξ1 , ξ2 ) := [ξ1 , ξ2 ] ,

(4.7)

µ2 : g ∧ g∗ [2] → g∗ [2] : µ2 (x, y) := y([−, x]) ,
µ3 : g ∧ g ∧ g → R[1] : µ3 (ξ1 , ξ2 , ξ3 ) := (ξ1 , [ξ2 , ξ3 ]) ,
µ3 : g ∧ g ∧ R∗ [1] → g∗ [2] : µ3 (ξ1 , ξ2 , s) := h(−, [ξ1 , ξ2 ]), si .

Furthermore, we have the following maps of degree 1, refining the Lie 3-algebra structure:
ν2 : g ⊗ g → R[1] : ν2 (ξ1 , ξ2 ) := (ξ1 , ξ2 ) from the metric on g ,
ν2 : g ⊗ R∗ [1] → g∗ [2] : ν2 (ξ, s) := 2hν2 (−, ξ), si .

(4.8)

For all other arguments, the maps µi and ν2 vanish.
This Lie 3-algebra is sufficient to write down an action. In order to encode the full
duality relations for differential forms in six dimensions, however, we have to add a nonpropagating four-form. We therefore have to extend this Lie 3-algebra trivially to a Lie
4-algebra as follows:7

R∗ o

µ1 =id

R∗ [1]

⊕

⊕

g

R[1] o

g∗ [2] o

µ1 =id

? _ g∗ [3]

⊕
µ1 =id

(4.9)

R[2]

This is the diagram to have in mind when we will discuss the field content and the action
below. The only additional maps we define are
µ2 : g ∧ g∗ [3] → g∗ [3] : µ2 (x, z) = z([−, x]) ,
ν2 : g ⊗ g∗ [2] → g∗ [3] : ν2 (ξ, ζ) := ζ([ξ, −]) .

(4.10)

\
We denote the resulting refined Lie 4-algebra simply by string(g).
The maps above indeed encode a gauge structure for a (1,0)-model as discussed in detail
in [4]. The explicit dictionary to the structure constants used in [17] is the following:
7

One can always extend a Lie n-algebra to a Lie n + 1-algebra by adding the kernel of µ1 . This is usually
problematic, as it renders the Lie n + 1-algebra quasi-isomorphic to a Lie n − 1-algebra. Here, however, the
resulting Lie 4-algebra is refined by additional structure which avoids this problem.
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Notation [17, 23]

\
Translated to string(g)

Indices
(T : general obj.)

Tr
TI
Tr
Tα

T α + Tq ∈ g ⊕ R∗
Tr + Ts ∈ R[1] ⊕ R∗ [1]
Tα + Tp ∈ g∗ [2] ⊕ R[2]
Tα ∈ g∗ [3]

Structure const.

hrI
g Ir
krα
fst r
dIrs
bIrs
ctαs

µ1 = id : R∗ [1] → R∗
µ1 = id : R[2] → R[1]
µ1 = id : g∗ [3] → g∗ [2]
µ2 : g ∧ g → g : µ2 (ξ1 , ξ2 ) := [ξ1 , ξ2 ]
−ν2 : g ⊗ g → R[1] : −(ξ1 , ξ2 )
−ν2 : g ⊗ R∗ [1] → g∗ [2] : −ν2 (ξ, s) := −2h(−, ξ), si
−ν2 : g ⊗ g∗ [2] → g∗ [3] : −ν2 (ξ, ζ) := −ζ([ξ, −])

4.4. Kinematical data: Gauge sector
The relevant field content of our action contains the categorified connection on a principal
\
4-bundle with structure Lie 4-algebra string(g),
whose field strengths are defined similarly
to those of string structures.
Given a metric Lie algebra g, the categorified connection is given by the fields
A ∈ Ω1 (R1,5 ) ⊗ (g ⊕ R∗ ) ,

B ∈ Ω2 (R1,5 ) ⊗ (R[1] ⊕ R∗ [1]) ,

C ∈ Ω3 (R1,5 ) ⊗ (g∗ [2] ⊕ R[2]) ,

D ∈ Ω4 (R1,5 ) ⊗ g∗ [3] ,

(4.11)

where D will be a non-propagating 4-form potential. Note that the difference between form
degree and Lie 4-algebra degree is always 1, cf. e.g. the discussion in [39]. The corresponding
curvatures read as
∈ Ω2 (R1,5 ) ⊗ (g ⊕ R∗ ) ,

F = dA + 21 µ2 (A, A) + µ1 (B)
H = dB − ν2 (A, dA) − 31 ν2 (A, µ2 (A, A)) + µ1 (C)

∈ Ω3 (R1,5 ) ⊗ (R[1] ⊕ R∗ [1]) ,

G = dC + µ2 (A, C) + ν2 (F, B) + µ1 (D)

∈ Ω4 (R1,5 ) ⊗ (g∗ [2] ⊕ R[2]) ,

I = dD + ν2 (F, C) + . . .

∈ Ω5 (R1,5 ) ⊗ g∗ [3] ,

(4.12)
where the definitions of all the relevant maps are found in (4.7), (4.8) and (4.10) and the
remaining terms in I are of no importance to our discussion. If familiar with such structures, one clearly recognizes an extension of the string structure to a connective structure
on a categorified principal bundle with a structure Lie 4-algebra.8 The total degree of the
curvature forms is always 2.
8

The full construction of this extension would lead us to far from the main topic of this paper. We plan
to develop this in an upcoming publication.
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The Bianchi identities are readily computed to take the following form:
∇F − µ1 (H) = 0 ,

dH + ν2 (F, F) − µ1 (G) = 0 ,

∇G − ν2 (F, H) − µ1 (I) = 0 ,

∇I + ν2 (F, G) + . . . = 0 .

(4.13)

Here, ∇ is the covariant derivative
∇φ := dφ + µ2 (A, φ)

(4.14)

\
for any field φ taking values in string(g).
The combination of ∇±µ1 as a differential operator
of total degree 1 is very natural in higher gauge theory, cf. e.g. the last section of [87]. The
additional terms involving ν2 are due to using string structure-like curvatures instead of the
canonical ones. This also motivates the introduction of the following generalized notions
of variation, cf. [17]:
∆B := δB − ν2 (δA, A) ,

∆C := δC + ν2 (δA, B) ,

∆D := δD − ν2 (δA, C) ,

(4.15)

which allows us to write
δF = ∇δA + µ1 (∆B)
δH = d(∆B) − 2ν2 (F, δA) + µ1 (∆C) ,
δG = ∇(∆C) + ν2 (δA, H) + ν2 (F, ∆B) + µ1 (∆D) ,

(4.16)

δI = dδD + ν2 (F, δC) + ν2 (∇δA, C) + . . . .
Infinitesimal gauge transformations are parameterized by
α ∈ Ω0 (R1,5 ) ⊗ (g ⊕ R∗ ) ,

Λ ∈ Ω1 (R1,5 ) ⊗ (R[1] ⊕ R∗ [1]) ,

Σ ∈ Ω2 (R1,5 ) ⊗ (g∗ [2] ⊕ R[2]) ,

Ξ ∈ Ω3 (R1,5 ) ⊗ g∗ [3] ,

(4.17)

and they modify gauge potentials and their curvatures as follows:
δA = dα + µ2 (A, α) − µ1 (Λ) ,

δF = µ2 (F, α) ,

δB = dΛ + ν2 (F, α) − 21 µ3 (A, A, α) − µ1 (Σ) ,

δH = 0 ,

δC = dΣ + µ2 (C, α) + µ2 (A, Σ) + ν2 (F, Λ) − µ1 (Ξ) ,

δG = µ2 (G, α) ,

δD = dΞ − ν2 (F, Σ) + . . . ,

δI = µ2 (I, α) .

(4.18)

4.5. Kinematical data: Supersymmetry partners
Let us now complete the above extension of a string structure by adding the remaining
fields of the full N = (2, 0) tensor supermultiplet and introduce N = (1, 0) superpartners
for the 1-form gauge potential. We use the same fields and spinor conventions as in [17, 22],
see also [88].
The R-symmetry group for N = (1, 0) supersymmetry is Sp(1), and therefore all fields
arrange in representations of this group. We use i, j as indices for representations of
Sp(1). R-symmetry indices are raised and lowered using the Levi–Civita symbol εij and
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its inverse εij : λi = −εij λj and λi = εij λj . Also, we abbreviate NW-SE contractions of
indices: λ̄ψ = λ̄i ψi .
First, we have the vector supermultiplet containing the one-form gauge potential A,
a doublet of symplectic Majorana–Weyl spinors λi , satisfying γ7 λi = λi , as well as a
triplet of auxiliary scalar fields Y ij = Y (ij) , all taking values in g ⊕ R∗ . Supersymmetry
transformations are parameterized by a doublet of chiral spinor εi with γ7 εi = εi and read
as
δA = −ε̄γ(1) λ ,
δλi = 18 γ µν Fµν εi ,

(4.19)

δY ij = −ε̄(i γ µ ∇µ λj) + 2µ1 (ε̄(i χj) ) ,
where we used the notation γ(p) = dxµ1 ∧ · · · ∧ dxµp γµ1 . . . γµp . We also suppressed all
evident R-symmetry index contractions.
Infinitesimal gauge transformations, parameterized by (α, Λ, Σ, Ξ), act on the additional
fields in the vector multiplet according to
δλ = µ2 (λ, α)

and

δY ij = µ2 (Y ij , α) .

(4.20)

Second, we have the tensor supermultiplet containing the two-form gauge potential B,
a doublet of Majorana–Weyl spinors χi satisfying γ7 χi = −χi and a single scalar field φ,
all taking values in R[1] ⊕ R∗ [1]. The supersymmetry transformations read as
δφ = ε̄χ ,
δχi =

1 µνρ
Hµνρ εi
48 γ

+ 14 /dφεi + 21 ν2 (γ µ λi , ε̄γµ λ) ,

(4.21)

∆B = −ε̄γ(2) χ .
Note that gauge transformations act trivially on the fields χ and φ.
We also have the following supersymmetry transformation for the 3-form potential C:
∆C = ν2 (ε̄γ(3) λ, φ) .

(4.22)

Next, we come to the matter fields which form hypermultiplets. A detailed review of
the general situation is found in [22]. In the following, we only repeat what is necessary
for our construction which has a flat target space.
We start by embedding our gauge Lie algebra g into sp(n). Recall that the group
Sp(n) ∼
= USp(2n) is given by 2n × 2n-dimensional unitary complex matrices m such
T
m Ωm = Ω and we choose
!
0
1n
Ω=
(4.23)
−1n 0
for the symplectic form. Therefore the Lie algebra sp(n) = usp(2n) consists of complex
block matrices
!
A
B
u=
with
A† = −A
and
BT = B
(4.24)
−B ∗ −AT
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and as a vector space, it has dimension n2 + n(n + 1) = n(2n + 1). By putting B = 0
in (4.24), we obtain an embedding u(n),→sp(n). Demanding that A is a real matrix leads
to an embedding so(n),→sp(n) and considering subgroups of u(n) leads to the E-series.
Altogether, we can indeed embed any of the Lie algebras of types ADE into sp(n), and
we denote the generators of the original Lie algebra g in this matrix embedding by uα a b ,
where again α = 1, . . . , dim(g) and a, b = 1, . . . , 2n.
We are particularly interested in the cases g = su(N ) and g = u(N ) × u(N ) and we
shall embed both cases into u(N 2 ) ⊂ sp(N 2 ) to obtain adjoint and bifundamental repre2
sentations9 . Correspondingly, we have R2×2N scalar fields encoded in 2 × 2n-dimensional
matrices q ia , i = 1, 2, a = 1, . . . , 2n, where the index i labels a vector of the R-symmetry
group Sp(1). The superpartners of the scalar fields are 2n antichiral, symplectic Majorana
spinors ψ a , satisfying γ7 ψ = −ψ.
This choice of the number of hypermultiplets arises from doubling the degrees of freedom
in the su(N )-valued (1, 0)-vector multiplet and the u(1)-valued (1, 0)-tensor multiplet that
we have in our theory. More justification arises from the various dimensional reductions
discussed in section 5.
We now define the obvious action of the gauge Lie algebra g on R2n by
B: g × R2n → R2n ,

((ξ α τα ) B x)a = ξ α uα a b xb ,

(4.26)

where τα are the generators of g. We shall also use the bilinear pairing
≺ −, − : R2n × R2n → R ,

≺ x, y := Ωab xa y b

(4.27)

for all x, y ∈ R2n . Infinitesimal gauge transformations, parameterized again by (α, Λ, Σ, Ξ),
act then on the fields in the hypermultiplets as
δq i = α B q i

and

δψ = α B ψ ,

(4.28)

and

∇µ ψ := ∂µ ψ + A B ψ .

(4.29)

and the covariant derivatives are given by
∇µ q i := ∂µ q i + A B q i

The supersymmetry transformations for the fields in the hypermultiplets read as
δq ia = ε̄i ψ a

and

/ q ia εi .
δψ a = 21 ∇

(4.30)

Finally, we introduce duality invariant supersymmetric extensions of the curvature
forms (4.12), which will become convenient later:
H := ∗H − H − ν2 (λ̄, γ(3) λ) ,
G := G − ν2 (∗F, φ) + 2ν2 (λ̄, ∗γ(2) χ) ,

(4.31)

I := I + µ2 (ν2 (λ̄, φ), γ λ)volµ + 2 ≺ − B q, ∗∇q  −2 ≺ ψ̄, − B γ ψ  volµ ,
µ

µ

9

Recall that this can be done via vectorization and the Kronecker product: given matrices A, B, C, D,
we have
ABC = D ⇔ (C T ⊗ A)vec(B) = vec(D) ,
(4.25)
where vec(B) is the vector consisting of the columns of A stacked on top of each other. In particular, if
λα is a generator of su(N ) in the fundamental representation, then 1 ⊗ λα − λTα ⊗ 1 is the corresponding
generator in the vectorization of the adjoint.
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where volµ = ι ∂µ vol is the contraction of the volume form on R1,5 by ∂x∂ µ and terms
∂x
like ≺ − B q, ∗∇q  denote elements of g∗ [3]. We choose a convention such that γ(3) is
anti-self-dual.
4.6. Dynamics: Action
Our action is composed of ingredients collected from [17, 22, 23] and consists of four parts:
Z
S=
Ltensor + Ltop + Lhyper + LPST .
(4.32)

R1,6

We shall now explain these terms in detail, using the notation, maps and fields defined in
sections 4.3, 4.4 and 4.5.
The first part, Ltensor , consists of the terms coupling the (1, 0)-tensor multiplet to the
(1, 0)-vector multiplet and reads as
Ltensor = −hdφ, ∗dφi − 4volhχ̄, /dχi − 21 hH, ∗Hi + hH, ν2 (λ̄, ∗γ(3) λ)i
− 2 φ , ν2 (F, ∗F) − 2vol ν2 (Yij , Y ij ) + 4vol ν2 (λ̄, ∇
/ λ)
i

j

+ 8 ν2 (λ̄, F), ∗γ(2) χ − 16vol ν2 (Yij , λ̄ ), χ

(4.33)

.

Most of this action is expected, given our gauge structure. The term hφ, ν2 (F, ∗F)i, e.g.,
was essentially used already in [45], and Ltensor contains its supersymmetric completion.
The second part, Ltop , is a complementing topological term,
Ltop = hµ1 (C), Hi + B, ν2 (F, F) .

(4.34)

This topological term is due to the presence of the additional, Chern–Simons-like terms in
the curvatures (4.12). It can also be seen as arising from the boundary contribution of a
manifestly gauge invariant 7-form given by
dLtop = hµ1 (G), Hi + hH, ν2 (F, F)i .

(4.35)

The third part, Lhyper , contains the kinetic and coupling terms for the (1, 0)-hyper
multiplet:
Lhyper = − ≺ ∇q, ∗∇q  +2vol ≺ ψ̄, ∇
/ ψ  +8vol ≺ ψ̄, λi B q i  +2vol ≺ q i , Yij B q j  .
(4.36)
This part of the Lagrangian can be multiplied with any factor without breaking the supersymmetry. Here, we normalize such that the kinetic terms of q and φ have the same
coefficient, as would be the case if the Spin(5) = Sp(2) R-symmetry of the (2,0)-theory was
realized.
Finally, the PST mechanism which lets the self-duality of H appear as an equation
of motion is implemented by adding the last part, LPST . In order to be explicit, let us
introduce the pairing
Φ : g∗ [2] ⊕ R[2] → g ⊕ R∗ ,
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Φ(ζ + p) :=

1
(ζ, −) ,
φs

(4.37)

where (−, −) : g∗ × g∗ → R∗ is the inverse of the metric (−, −) on g and φs := φ|R∗ [1] .
Clearly, Φ is only defined if φs 6= 0, and this is the first time we encounter the tensionless
string phase transition. The PST term of the action then reads as
LPST =

1
2

ιV H , H ∧ v + hΦ(ιV ∗ G ), ∗ ιV ∗ G i ,

(4.38)

where the duality invariant supersymmetrically extended higher curvatures H and G were
defined in (4.31), v is a nowhere vanishing exact auxiliary one-form and V its corresponding
dual vector field:
v = vµ dxµ = da, ιV v = 1 , ιV ∗ v = 0
(4.39)
for some auxiliary scalar field a. These additional terms allow for a manifestly Lorentzinvariant Lagrangian that includes the expected duality equations in its equations of motion
without having to impose these by hand, see [79, 80] for original references and, furthermore, [89, 90, 91, 92] for follow-ups.
4.7. Dynamics: Equations of motion
Since we extend the purely bosonic computations of [23] to the supersymmetric case and
\
because our use of the Lie 4-algebra string(g)
introduces simplifications, let us present the
PST mechanism in a little more detail. Before starting we list a few identities that prove
very useful in all subsequent calculations. First, let us note that
hν2 (λ̄, γ(3) λ), ν2 (λ̄, γ(3) λ)i = 0

(4.40)

\
in string(g).
Also, using the non-vanishing non-null one-form v and its dual vector field
V , we can write any p-form ω(p) ∈ Ωp (R1,5 ) as ω(p) = v ∧ α + ∗(v ∧ β). This implies the
identity
ω(p) = (−1)p+1 (ιV ω(p) ) ∧ v + ∗((ιV ∗ ω(p) ) ∧ v)
(4.41)
because
(−1)p+1 (ιV ω(p) ) ∧ v + ∗((ιV ∗ ω(p) ) ∧ v) = (−1)p+1 α ∧ v + (−1)p+1 ∗ (β ∧ v) .

(4.42)

For p = 6, the identity reduces to
ω(6) = −(ιV ω(6) ) ∧ v .

(4.43)

Moreover, a direct computation shows that for any ω(p) ∈ Ω3 (R1,5 ),
ιV ∗ ω(p) = ∗(ω(p) ∧ v) .

(4.44)

The relevant part of the action, LPST , is complemented by the terms including H from
Ltensor . We can combine both into
L0PST = LPST − 12 hH, ∗Hi + hH, ν2 (λ̄, ∗γ(3) λ)i
= − ιV (∗H − H − 2ν2 (λ̄, γ(3) λ)), H ∧ v + Φ(ιV ∗ G ), ∗(ιV ∗ G ) ,
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(4.45)

where we also use the fact that γ(3) is anti-self-dual. The variation of this expression is
readily computed to be
δL0PST = −2 ιV H , δH − 12 δv ∧ ιV H ∧ v + hH, δHi
− 2hΦ(ιV ∗ G ), ιV G i ∧ v ∧ δv + 2hΦ(ιV ∗ G ), δGi ∧ v

(4.46)

− 2hΦ(G ), ν2 (δF, φ)i − 2hΦ(ιV G ), ν2 (δF, φ)i ∧ v
+ δφ,λ,χ L0PST ,

where we take into account that ιV δv = 0 as ιV v = 1. Inserting the variations of the
curvatures given in (4.16) and using the Bianchi identities (4.13) to simplify expressions
leads to
δL0PST = 2 Φ(ιV ∗ G ∧ v), µ1 (∆D) + µ1 (2ιV H ∧ v + H) − 2∇Φ(ιV ∗ G ) ∧ v, ∆C
+ 2d(ιV H ∧ v) − ν2 (F, F) + µ1 (G ) + 4ν2 (Φ(ιV ∗ G ∧ v), F), ∆B
− ν2 (F, 2ιV H ∧ v + H) + 2∇(ν2 (Φ(G ), φ) + ν2 (Φ(ιV G ∧ v), φ))
+ 2ν2 (Φ(ιV ∗ G ∧ v), H), δA − ( ιV H , ιV H + 2 Φ(ιV ∗ G ), ιV G ) ∧ v ∧ δv
+ δφ,λ,χ L0PST .
(4.47)
Note that we can cancel some of the terms originating from hH, δHi by adding the variation
of the topological term, which is given by
δLtop = ν2 (F, F) + µ1 (G), ∆B − µ1 (H), ∆C − ν2 (F, H), δA .

(4.48)

Furthermore, there are additional terms for the variation with respect to the gauge potential
A coming from both Ltensor and Lhyper . After including these terms, and again using the
Bianchi identities (4.13) to simplify expressions, we arrive at
δL = 2 Φ(ιV ∗ G ∧ v), µ1 (∆D) + 2µ1 (ιV H ∧ v) − 2∇Φ(ιV ∗ G ) ∧ v, ∆C
+ 2d(ιV H ∧ v) + 2µ1 (G ) + 4ν2 (Φ(ιV ∗ G ∧ v), F), ∆B
+ µ1 (I ) − 2ν2 (F, ιV H ∧ v) + 2∇(ν2 (Φ(ιV G ∧ v), φ))
− 2ν2 (Φ(ιV ∗ G ∧ v), H), δA −

ιV H , ιV H + 2 Φ(ιV ∗ G ), ιV G



∧ v ∧ δv

+ δφ,χ,λ,Y,q,ψ L ,
(4.49)
where we also used ∇(G + ν2 (Φ(G ), φ)) =
= 0. Given this, it is immediate that the
Lagrangian is invariant under any one of the symmetry transformations
d2 C

δA = ϕA ∧ v ,

∆B = ϕB ∧ v ,

∆C = ϕC ∧ v ,

∆D = ϕD ∧ v ,

(4.50)

where ϕC and ϕD are free parameters taking values in g∗ [2] ⊕ R[2] and g∗ [3], respectively,
while ϕA is restricted to lie in R∗ and ϕB is restricted to lie in R[1]. Furthermore, it can
be shown using the above variation that the Lagrangian is invariant under the combined
transformations
δv = dϕv (x) ,

δA = ϕv (x)Φ(ιV ∗ G ) ,

∆B = ϕv (x)ιV H ,

∆C = −ϕv (x)ιV G ,

∆D = 21 ϕv (x)ιV (I ) ,
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(4.51)

where ϕv is a function on R1,5 . This symmetry transformation exposes the auxiliary nature
of v, guaranteeing that no additional degrees of freedom are introduced.
Let us now come to the derivation of the duality equations from the variation (4.49).
Starting with the variation with respect to µ1 (∆D) we have
Φ(ιV ∗ G ) ∧ v

g

=0.

(4.52)

Since, by construction, ιV ∗ G has no common directions with v and, furthermore, the
kernel of Φ lies in R[2], this is equivalent to
ιV ∗ G

g∗ [2]

=0.

(4.53)

Additionally, we can use the last symmetry in (4.50) to gauge away ιV G
from (4.16) we have,
ιV δD G ∧ v = ιV µ1 (∆D) ∧ v = −µ1 (ϕD ) ∧ v .
Thus, choosing µ1 (ϕD ) = −ιV G we gauge-fix ιV G
equation (4.53) implies
G g∗ [2] = 0 .

g∗ [2]

g∗ [2]

. Indeed,

(4.54)

= 0, which in conjunction with
(4.55)

This reduces the variation with respect to ∆C to the equation
µ1 (ιV H ∧ v) = 0 .

(4.56)

As, again by construction, ιV H does not share directions with v, we can write this as
ιV H

R∗ [1] = 0 .

(4.57)

Taking (4.55) into account and turning our attention to the variation with respect to ∆B
we have
d(ιV H ∧ v) + µ1 (G ) = 0 .
(4.58)
This immediately implies µ1 (G ) ∧ v = 0 which is equivalent to
ιV ∗ G

R[2] = 0 .

(4.59)

Additionally, using the third symmetry in (4.50) we have
ιV δC G ∧ v

R[2] = ιV d∆C ∧ v R[2] = −dϕC ∧ v R[2] ,

(4.60)

which when choosing ϕC = −ιV G R[2] allows to gauge-fix to ιV G R[2] = 0. This, together
with (4.55) and (4.59), leads to the first duality equation G = 0 .
Using this leaves the variation with respect to ∆B with the equation
d(ιV H ∧ v)

R[1] = 0 ,

(4.61)

which has the general solution
ιV H ∧ v

R[1] = dϕ̃ ∧ v ,
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(4.62)

where ϕ̃ ∈ Ω1 (R1,5 ) ⊗ R[1] . Note, that using (4.16) we also have under the first symmetry
in (4.50) that
ιV δH = ιV (∗(dϕB ∧ v) − dϕB ∧ v) ∧ v = −dϕB ∧ v ,
(4.63)
where ϕB is also an element of Ω1 (R1,5 ) ⊗ R[1] . As this has the same form as the general
solution above, we can gauge-fix to ϕB = −ϕ̃ and arrive at the self-duality equation H = 0.
Lastly, looking at the variation with respect to δA and taking into account all equations of
motion we have derived so far, we are left with the last duality equation I = 0. Note that
this leaves the equations coming from the variation with respect to δv trivially satisfied.
The remaining equations of motion are straightforward to calculate and, altogether, we
arrive at the set of equations
H = ∗H − H − ν2 (λ̄, ∗γ(3) λ) = 0 ,
G = G − ν2 (∗F, φ) + 2ν2 (λ̄, ∗γ(2) χ) = 0 ,

(4.64)

I = I + µ2 (ν2 (λ̄, φ), γ λ)volµ + 2 ≺ − B q, ∗∇q  −2 ≺ ψ̄, − B γ ψ  volµ = 0 ,
µ

µ

together with the remaining equations of motion for the tensor multiplet,
ν2 (∇
/ λi , φ) + 21 ν2 (λi , /dφ) = − 12 ∗ ν2 (F, ∗γ(2) χi ) − ν2 (Yij , χj ) +

1
8

∗ ν2 (∗γ(3) λi , H)

+ µ1 (≺ − B qi , ψ ) ,
ν2 (Y ij , φ) − 2ν2 (λ̄(i , χj) ) = − 21 µ1 (≺ q (i , − B q j) ) ,
/dχi =

1
2

(4.65)
j

∗ ν2 (F, ∗γ(2) λi ) + 2ν2 (Yji , λ ) ,

φ = − ∗ ν2 (F, ∗F) − ν2 (Yij , Y ij ) + ν2 (λ̄, ∇
/ λ) ,
as well as the equations for the hypermultiplet,
qi = −4λ̄i B ψ − 2Yij B q j ,

(4.66)

∇
/ ψ = 2λ B q .

Note that these equations of motion become partially degenerate for φs = 0; in particular, the duality equation linking G and F breaks down. This is again a reflection of the
tensionless string phase transition [25, 16], see also [22].
4.8. BPS states
Recall that abelian self-dual string solitons are described by a 2-form B ∈ Ω2 (R4 ) ⊗ u(1)
and a Higgs field φ ∈ Ω0 (R4 ) ⊗ u(1) which satisfy the equation
H := dB = ∗dφ .

(4.67)

They form BPS states of the (2,0)-theory [58]. An appropriate non-abelian generalization
of (4.67) using string structures was derived in [4]. The resulting equations are
H := dB − (A, dA) − 31 (A, [A, A]) = ∗dφ ,
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FL = ∗FL ,

FR = − ∗ FR ,

(4.68)

where A ∈ Ω1 (R4 ) ⊗ (gL ⊕ gR ) is a Lie-algebra valued one-form with curvature
F = FL + FR ,

FL = dAL + 21 [AL , AL ] ,

FR = dAR + 12 [AR , AR ] .

(4.69)

For A, B to be a connection on a global string structure, we need to demand that the first
Pontrjagin class 12 p1 (F ) of F vanishes, which is the case if
1
2 p1 (FL )

+ 21 p1 (FR ) = 0 .

(4.70)

Note that closely related constructions have been discussed in the past, see e.g. [16] or [93].
Equations (4.68) passes many consistency checks and fulfills expectations that one
would have from a non-abelian generalization of the self-dual string soliton [4]. First,
it is indeed a well-motivated analogue of the ’t Hooft–Polyakov monopole on R3 for
g = spin(3) ∼
= su(2). The string Lie 2-algebra string(su(2)) is a categorified analogue
of su(2) = spin(3) and the equations (4.68) dimensionally reduce to the non-abelian Bogomolny monopole equations. Topological considerations also work as expected. Finally,
these equations are formulated in the language of the string 2-group model Stringsk (n). As
shown in [4], they can be rephrased in the string 2-group model StringΩ̂ (n) such that gauge
orbits and gauge transformations are mapped consistently into each other.
Considering now the supersymmetry transformations (4.21) and (4.19), it is clear that
equations (4.68) are indeed the equations for BPS states constant along the temporal and
one spatial direction, see [93] for a closely related observation. Solutions to (4.68) also
satisfy the equations of motion of our model. For this to work, however, we have to regard
φ as the scalar field arising from B in the constant directions: φ = B05 .
If we now believe that our action can be quantized (which would require the full machinery of BV quantization), we might speculate that it is useful to include self-dual string
operators into the path integral as categorified analogues of monopole operators. In particular, recall that monopole operators were shown to enhance the N = 6 supersymmetry
of the ABJM model to the full, expected N = 8 supersymmetry, see [94] and references
therein. Something similar might happen in our model, but it remains unclear how the
phase transition at φs = 0 should be addressed.
4.9. Formulation for other string 2-group models
In the above, we have used the skeletal model stringsk (g) as the basis of our gauge structure
as this readily translates to the (1, 0)-gauge structures of [17]. However, as described in
section 3.3, there are multiple categorically equivalent models for the string 2-group and
one would expect that our Lagrangian admits equivalent formulations based on these other
string 2-group models.
In particular, there should be an equivalent formulation for the string 2-group model
based on path and loop spaces of [76]. The corresponding string Lie 2-algebra is given by
stringΩ̂ (g) =

P0 g ←−−− Ωg ⊕ R
µ1
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,

(4.71)

where P0 g and Ωg are based path and based loop spaces of the vector space g, respectively,
and µ1 is the embedding of Ωg into P0 g. The obvious Lie brackets give rise to the following
non-trivial higher products:
µ1 : Ωg ⊕ R → P0 g ,

µ1 ((λ, r)) = λ ,

µ2 : P 0 g ∧ P 0 g → P 0 g ,

µ2 (γ1 , γ2 ) = [γ1 , γ2 ] ,

µ2 : P0 g ⊗ (Ωg ⊕ R) → Ωg ⊕ R ,

(4.72)


µ2 γ, (λ, r) =




Z 1 
d
[γ, λ] , −2
dτ γ(τ ), λ(τ )
.
dτ
0

To define string structures using this string Lie 2-algebra model, one needs to introduce
the additional maps [4]
ν2 : P0 g × P0 g → Ωg ⊕ R ,

Z
ν2 (γ1 , γ2 ) := χ([γ1 , γ2 ]) , 2

1


dτ (γ̇1 , γ2 ) ,

(4.73)

0

where χ : P0 g → Ωg ⊕ R is given by χ(γ) = λ − f · ∂λ for an arbitrarily chosen, smooth
function f : [0, 1] → R with f (0) = 0 and f (1) = 1. With this the appropriate expressions
for the two- and three-form curvatures are then given by
F = dA + 21 µ2 (A, A) + µ1 (B) ,

(4.74)

H = dB + µ2 (A, B) − ν2 (A, F) ,

where the term −ν2 (A, F) can be regarded as the counterpart to the Chern–Simons term
ν2 (A, dA) + 31 ν2 (A, µ2 (A, A)) in the expression for H in the skeletal case.
Analogously to the skeletal case we can now minimally extend this Lie 2-algebra to a
cyclic Lie 3-algebra, which leads us to the complex

R∗ o

µ1 =(0,id)∗

⊕

P0 g o

Ω̂g∗ [1] o

µ1 =(id,0)∗

⊕
µ1 =(id,0)

Ω̂g[1] o

P0 g∗ [2] o
⊕

µ1 =(0,id)

µ1 =∂ ∗

? _ g∗ [3]

(4.75)

R[2]

where ∂ : P0 g → g is the endpoint evaluation map, ∂ ∗ its dual, etc.
However, given the curvatures as in (4.74) above, this picture cannot be realized as a
(1, 0)-gauge structure of [17]. In particular, the (1, 0)-gauge structure requires the map ν2
to be symmetric and does not allow an anti-symmetric term of the form µ2 (A, B). Both
of these requirments are not satisfied for stringΩ̂ (g). This indicates that the (1, 0)-gauge
structure is too strict and does not encapsulate the full picture. A full formulation of our
model in this picture should therefore shed more light on the situation and we plan to
develop this in a future publication.
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5. Dimensional reduction
5.1. Reduction to super Yang–Mills theory
Let us begin with a first consistency check: the dimensional reduction of our model to a
supersymmetric Yang–Mills theory. This is an extension of the discussion in [4], where the
(1, 0)-tensor multiplet part of the action (4.32) was considered.
\
We start from the Lie 3-algebra string(su(n)).
We then compactify R1,5 along two
spatial directions on a torus T 2 with radii R9 and R10 and modular parameter
τ = τ1 + iτ2 =

θ
i
+ 2 ,
2π gYM

(5.1)

where we already indicated the expected identification with coupling constants in four dimensions. We assume that, analogously to the case of M2-brane models [24], the component
φs ∈ R∗ [1] of φ develops a vacuum expectation
hφs i = −

1
1
1
τ2
=−
,
2
2
2
32π R10
32π R9 R10

(5.2)

which matches the inverse length dimension 2 of the scalar field φ. In order to get the full
θ-term, we also put a constant 2-form field on the torus:
hBs i =

τ1
1
vol(T 2 ) .
2
16π R9 R10

(5.3)

We are then interested in the double scaling limit of small radii R9 and R10 with the ratio
R9 /R10 constant. Note that
Z
Z
1
1
θ
τ1
2
−2
vol (T )hφs i =
= 2
=
.
(5.4)
and
hBs i =
4gs
4
8π
4gYM
T2
T2
according to the usual relation between compactification radii, string coupling constant
and Yang–Mills coupling in four dimensions.
We can regard φs as the radial coordinate on a cone over the target space R2×2n , and
scaling φs involves a dilation of the hyper Kähler cone R2×2n . Considering the underlying
geometric structures as presented e.g. in [22], we note that the homothetic Killing spinor
rescales the metric on R2×2n , which is readily identified with a rescaling of the symplectic
form Ω defining the bilinear pairing ≺ −, − , again by a factor of π2 R19 R10 . In the small
radius limit, the dominant terms in the Lagrangian are therefore
hτ
1
τ2 
1
LR→0 = 2
(F, F ) +
(F, ∗F ) − 2vol(Yij , Y ij ) + 4vol(λ̄, ∇
/ λ)
π R9 R10 4
4
i
− ≺ ∇q, ∗∇q  +2vol ≺ ψ̄, ∇
/ ψ  +8vol ≺ ψ̄, λi B q i  +2vol ≺ q i , Yij B q j 
,
(5.5)
where we used the fact that ν2 (F, ∗F)|R[1] = (F, ∗F ) and ν2 (F, F)|R[1] = (F, F ) in the case
at hand. We can now reduce the six-dimensional gauge potential A to a four dimensional
one, Ǎ, with curvature F̌ together with two scalar fields σ̌, which are the components of A
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along the torus. We also rotate the field content in the hypermultiplet to obtain scalar fields
q i and spinors ψ taking values in the adjoint representation of su(n). Finally we integrate
out the auxiliary field Y and integrate over the torus to implement the compactification.
This yields the Lagrangian
L4d =

1 
ˇ ∗∇σ̌)
ˇ + 4vol(λ̄, ∇
ˇ ∗∇q)
ˇ + 4vol tr (ψ̄, ∇
(F̌ , ∗F̌ ) + tr (∇σ̌,
/ˇ λ) + tr (∇q,
/ˇ ψ)
2
4gYM
+ 4vol tr (λ̄, [σ̌
/ , λ]) + 4vol tr (ψ̄, [σ̌
/ , ψ]) + 8vol tr (ψ̄, [λ, q])

θ
+ tr ([σ̌1 , σ̌2 ]2 ) + tr ([σ̌, q]2 ) + tr ([q 1 , q 2 ]2 ) +
(F, F ) ,
8π

(5.6)
which is a supersymmetric gauge theory in four dimensions with an N = 2 vector multiplet
coupled to an N = 2 hypermultiplet and has underlying gauge Lie algebra su(n).
\
Analogous reductions are clearly possible for the Lie 3-algebras string(g)
with g any
other Lie algebra of type D or E. The four-dimensional theory will then have gauge Lie
algebra g.
It is not too surprising that we are able to reduce our model to super Yang–Mills theory
in four dimensions because it contains a free vector multiplet in six dimensions. The fact,
however, that this reduction is compatible with the supersymmetry mixing the vector and
tensor multiplets and that it reproduces the expected θ-term is very satisfying.
5.2. Reduction to supersymmetric Chern–Simons-matter theories
There is no direct argument within M-theory that an effective description of M5-branes
should be reducible to one of M2-branes. However, one would expect that some form of Tduality which allows for analogous reductions in string theory should still exist, cf. e.g. [31].
Moreover, the fact that M2-branes can end on M5-branes has led to attempts of constructing M5-brane models from the M2-brane models, see e.g. [26, 27], which again suggests
a link between M5-brane and M2-brane models. Finally, note that while the M2-brane
models seem very different from the M5-brane models, the former can be recast in the
form of a higher gauge theory [95].
\
× u(n)), but in particular
We start from our model (4.32) for Lie 3-algebra string(u(n)
\
the case string(su(2)
× su(2)) should be interesting for further investigations. We choose a
metric of split signature on u(n) × u(n), anticipating this to become the gauge Lie algebra
of the M2-brane model. We then compactify R1,5 to R1,2 × S 3 , but a more general choice
of compact 3-dimensional spin manifold M 3 than S 3 should also suffice.
The general dimensional reduction will yield a rather general deformation of the ABJM
model. For simplicity, we shall restrict the fields rather severely. While this reduces the
supersymmetry of the model, it makes the interpretation of the resulting action clearer.
We decompose the fields (B, φ, χ) in the tensor multiplets taking values in R[1] ⊕ R∗ [1] as
φ = φr + φs , etc. We then restrict to
Br = 0 ,

φr = 0 ,
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χr = 0 .

(5.7)

Also, Bs is the potential for a gerbe over S 3 with Dixmier–Douady class k such that
Z
k
dBs =
(5.8)
2π
S3
and Bs has no further components. We also restrict the gauge potential such that its
components A3,4,5 along S 3 vanish. Correspondingly, we demand that the spinors satisfy
ι ∂ ∗ λ̄γ(3) λ = 0. With these constraints, the kinematical term for the 3-form curvature
∂x0,1,2

reduces according to
Z
Z
1
1
hH, ∗Hi = − 2
−2
S3

S3

2hdBr , −(A, dA) − 13 (A, [A, A])i

k
(A, dA) + 31 (A, [A, A]) .
=
2π

(5.9)

We thus obtain the Lagrangian for Chern–Simons theory, and the quantized coupling
constant arises from the topological class describing the gerbe over the compactifying 3manifold M 3 .
Let us also consider the PST terms in the action (4.32). It makes sense to restrict the
non-vanishing vector field V to be a section of the tangent bundle of R1,2 . Then
1
2

ιV H , H ∧ v =

k
k
cs(A) − (λ̄, ∗γ345 λ) ,
π
π

(5.10)

and we merely get a further contribution to the Chern–Simons term. Altogether, we
obtain a supersymmetric Chern–Simons-matter theory coupled to an additional Yang–
Mills component with coupling constant φs , just as in the last section. Again, it makes
sense to set φs = 4g12 to obtain an interacting Chern–Simons-matter theory.
YM

5.3. Comment on a reduction to an L∞ -algebra model
Finally, let us briefly comment on a full dimensional reduction of the action (4.32). The
resulting model is a categorified matrix model or L∞ -algebra model of the type studied
in [96, 29]. It may be regarded as a deformed M-theory analogue to the IKKT model [97].
In particular, it is rather obvious that the mechanism described in section 5.1 can be
applied to the fully reduced model to obtain a deformation of the IKKT model.
The resulting L∞ -algebra model is very interesting as it should be able to shed some
light on the so far rather opaque problem of higher quantization, cf. [83]. This quantization
procedure starts from a multisymplectic phase space where the multisymplectic form describes the topological class of a categorified prequantum line bundle. Many aspects of this
procedure remain poorly understood. In particular, it is unclear how a polarization should
be imposed on sections of categorified line bundles and for spaces with multisymplectic
forms which are not torsion, even the unpolarized sections are hard to control. Nevertheless, quantized multisymplectic spaces appear within M-theory. For example, lifting the
fuzzy funnel of D1-branes ending on D3-branes to M-theory suggest that the worldvolume
of M2-branes ending on M5-branes polarizes into 3-spheres quantized as multisymplectic
phase spaces with the multisymplectic form being the volume form.
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Recall that the IKKT model has interesting noncommutative spaces as stable classical
solutions. Correspondingly, we would expect a suitable L∞ -algebra model to allow for
interesting higher quantized spaces as classical solutions. This would circumvent the construction of a categorified Hilbert space in higher quantization and jump directly to the
higher analogue of an operator algebra. We shall leave the exploration of these reductions
to future publications.
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