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Abstract
Previous theoretical and experimental studies have shown that some vibrating
systems can be stabilized by zero-averaged periodic parametric excitations. It
is shown in this paper that some zero-mean random parametric excitations can
also be useful for this stabilization. Under some conditions they can be even
more efficient compared to the periodic ones. Two-mass mechanical system with
self-excited vibrations is considered for this comparison. The so-called bounded
noise is used as a model of the random parametric excitation. The meansquare stability diagrams are obtained numerically by considering an eigenvalue
problem for large matrices.
Keywords: Self-excited vibration, parametric excitation, bounded noise,
mean-square stability

Preprint submitted to Elsevier

September 12, 2017

Nomenclature
m1
m2
x1
x2
k1
k2
c1
c2
Q
U
ξ(ωt)
τ
η
β
α2
ui , i = 1..10

top mass
base mass
deflection of the top mass
deflection of the base mass
spring of the top mass
mean spring of the base mass
damping of the top mass
damping of the base mass
ratio of the natural frequencies
incoming flow velocity
excitation of k2
nondimensional time
nondimensional mean frequency of the excitation
excitation amplitude
Gaussian white noise intensity
second order moments of the response
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1. Introduction
A zero-mean random excitation usually is interpreted as a random noise.
The noise is typically thought of as the nuisance rather than as a constructive
influence. However, it has been shown that under certain circumstances the
noise may be considered as a useful phenomenon. The examples are the noiseinduced transitions [1, 2], stochastic resonance [3, 4], noise-induced transport
[5], noise-enhanced synchronization in dynamical systems [6].
Self-excited vibrations are a dangerous phenomenon in most mechanical and
electrical systems. Self-excitation of a structure can be caused by a steady wind
flow or dry friction. Also, some slender structures, like tubes in heat exchangers
or rods between two walls, are often self-excited. It is worth to note that the
self-excited vibrations may be also useful as a source of vibration-based energy
harvesting (see e.g. [7-9]).
There are active and passive means for suppressing self-excited vibrations
(see e.g. [10]). Recently a new active mean has been intensively investigated
(see [11-17] and references therein). Periodic zero-averaged parametric excitations are considered as a tool for vibration suppressions in this paper. The
self-excitation mechanism considered here is of linearized van der Pol or Rayleigh
type, which are well-established models for simulating wind load onto a structure. Both types lead to a linear but negative damping coefficient in the main
diagonal of the damping matrix.
It is shown in this paper that zero-mean random parametric excitations (random noises) may be more efficient in some cases. The problem is reduced to the
stabilization of an unstable linear system by noise. This stabilization has been
studied extensively starting with work by Samuels [18] where the stabilization
of an unstable linear single-degree-of-freedom system by a parametric Gaussian
white noise was considered. His paper originated a discussion (see [19]) and as a
result it has been demonstrated that the stabilization in the mean square sense
of the system by this noise is impossible [20]. However if the system has at least
two-degree-of freedom then under some conditions the stabilization is possible
(see e.g. [21-28]). It is worth noting that the results of these cited papers can
not be applied to the systems considered in [11-17] since they use parameters
which are not present in this systems. Moreover, Gaussian white or colored
noise with large variance violates the condition of the parameter’s positiveness.
The approach used in the present paper allows overcoming these obstacles and
it uses the numerical analysis based on the results of the papers [29, 30].
2. Periodic parametric excitation
The above mentioned method of periodic parametric stabilization has been
mainly presented in the case of two-mass mechanical systems. The system
presented in Fig.1 is an example of such a system [11]. It consists of two masses
m1 and m2 and their vertical deflections are x1 and x2 respectively. The top
mass m1 is connected by a spring k1 to the base mass m2 which is attached
to the inertial element reference frame by a spring element k2 [1 + ξ(ωt)] and a
3

viscous damping element c2 . The top mass m1 is self-excited by flow having a
constant velocity U . This is expressed by negative damping of Rayleigh type
fse = [b0 − b1 U 2 (1 + b2 x˙1 2 ]x˙1

(1)

fse = [b0 − b1 U 2 (1 + b2 x21 )]x˙1 .

(2)

or van der Pol type

x1

m1
U
k1

x2

m2
c2
k2@1+ΞHΩtLD

Fig. 1. Two-mass system 1 with flow-generated excitation.

Then the governing equations of motion for the corresponding deflections can
be written as a set of coupled nonlinear equations [11]:
m1 x¨1 + fse + k1 (x1 − x2 ) = 0,
m2 x¨2 + c2 x˙2 − k1 (x1 − x2 ) + k2 [1 + ξ(ωt)]x2 = 0.

(3)

It is known that the asymptotic stability (the full suppression of vibration) of
the trivial solution to Eqs. (3) is governed by the stability of the trivial solution
of the following linearized equations:
m1 x¨1 + (b0 − b1 U 2 )x˙1 + k1 (x1 − x2 ) = 0,
m2 x¨2 + c2 x˙2 − k1 (x1 − x2 ) + k2 [1 + ξ(ωt)]x2 = 0.

(4)

To transform Eq. (4) to the non-dimensional form the following parameters are
introduced:
r
k1
b0 − b1 U 2
c2
ω1 =
, τ = ω1 t, d1 =
, d2 =
,
m1
m1 ω1
m2 ω1
ω
m1
k2
η=
, M=
, Q2 =
.
ω1
m2
m2 ω12
4

The following differential equation in R2 can be obtained for vector x(τ ) =
(x1 (τ ), x2 (τ ))0 , [7,10]:
ẍ + Dẋ + [K0 + ξ(ητ )K1 ]x = 0,

(5)

where

D=

d1
0

0
d2




, K0 =

−1
M + Q2

1
−M




, K1 =

0
0

0
Q2


.

There are effective methods for studying the stability to Eq. (5) in the case
of periodic excitation ξ(s). They are based on Floquet-Lyapunov theory for
dynamical systems with periodic coefficients [31, 32]. This equation is often
linearly transformed to the quasi-normal form [14]:
z̈ + D1 ż + Ω2 z + R(τ )z = 0,

(6)

where diagonal matrix Ω2 is a matrix of squared natural frequencies Ω2j ,
Ω21,2

1 + M + Q2
±
=
2

r

1
(1 + M + Q2 )2 − Q2 ,
4

It follows from this theory that Eq. (5) may exhibit the principal parametric
resonance at the frequencies
2Ωj
η=
,
n
and the parametric combination resonance at the frequencies
η=

|Ωj ± Ωk |
,
n

where Ωj are natural frequencies of the undamped system and j, k = 1, 2, j 6= k,
n ∈ N . According to the above-mentioned approach the stability of Eq. (5)
may be observed for the values of η near the value of parametric combination
resonance
η = |Ωj ± Ωk |, j 6= k.
One can easily represent Eq. (5) as the linear differential equation in R4
ẏ = A(τ )y.

(7)

If the excitation ξ(s) is periodic with period T then the matrix A(τ ) is also
periodic with period T /η. Let F(τ ) be a monodromy matrix of Eq.(7), i.e. it is
a matrix solution of Eq. (7) with initial condition F(0) = I, where I is a 4 × 4
identity matrix. It follows from Floquet-Lyapunov theory [31, 32] that the trivial
solution of Eq.(7) is asymptotically stable if all eigenvalues of the matrix F(T /η)
have modulus less than one. If at least one eigenvalue has modulus greater
than one, then the trivial solution is unstable. Therefore we have a numerical
algorithm for studying the stability of Eq. (5) based on the eigenvalue problem
5

for matrix F(T /η). In Fig. 2a the stability diagram of Eq. (5) in (η, Q2 ) space is
presented with ξ(ητ ) = β cos(ητ ) and the same values of parameters as in paper
[14], i.e. d1 = −0.002, d2 = 0.028, M = 0.5, β = 0.2. The instability regions
are shaded dark. For some values of the excitation frequencies the shaded area
expands to zero values of Q, which are often called as resonant tongues. These
tongues correspond to the values of parametric combination resonance. It should
be noted that without the excitation (β = 0) Eq. (5) is unstable when Q ≥ 1.72
and we can observe a stabilization effect by the periodic excitation.
3. Bounded noise parametric excitation
However in real-life applications the parametric excitation may not be perfectly periodic. The periodic excitation considered in the previous section is
zero-averaged. Therefore it is naturally to consider a zero-mean random excitation instead of the periodic one. This paper considers the following stochastic
modification of the periodic excitation:
ξ(ητ ) = β cos[ητ + θ + αw(τ )],

(8)

where w(τ ) is a standard Wiener process, θ is a uniformly distributed on [0, 2π]
random variable independent of w(τ ) and α, β are deterministic parameters. It
should be noted that this random process is widely used in many applications
and it is often called a bounded noise (see e.g. recent papers [33-38] and contributions to the book [39]). The study of stability of system (5) with the bounded
noise excitation is much more complicated than that under a periodic one. Here
we use a numerical method from papers [29, 30] which has been proved to be
quite efficient.
The main problem of interest is as follows: can the model (8) be more efficient
than the periodic one? In the paper we show that there is no unequivocal answer
to this question. In some cases the bounded noise excitation is more efficient
but under some conditions the periodic model is more appropriate.
Let us consider the vector u = (u1 , ..., u10 )0 in R10 determined as:
u1 = ẋ21 , u2 = ẋ1 x1 , u3 = ẋ1 ẋ2 , u4 = ẋ1 x2 , u5 = x21 ,
u6 = x1 ẋ2 , u7 = x1 x2 , u8 = ẋ22 , u9 = x2 ẋ2 , u10 = x22 ,
where x1 , x2 and ẋ1 , ẋ2 are the solutions of Eq. (5) and their derivatives. Then
the following system can be derived:
du1
= −2d1 u1 − 2u2 + 2u4 ,
dτ
du2
= u1 − d1 u2 − u5 + u7 ,
dτ
du3
= M u2 − (d1 + d2 )u3 − (M + Q2 )u4 − u6 + u9 − Q2 ξ(ητ )u4 ,
dτ
6

du4
= u3 − d1 u4 − u7 + u10 ,
dτ
du5
= 2u2 ,
dτ
du6
= u3 + M u5 − d2 u6 − (M + Q2 )u7 − Q2 ξ(ητ )u7 ,
dτ
du7
= u4 + u6 ,
dτ
du8
= 2M u6 − 2d2 u8 − 2(M + Q2 )u9 − 2Q2 ξ(ητ )u9 ,
dτ
du9
= M u7 + u8 − d2 u9 − (M + Q2 )u10 − Q2 ξ(ητ )u10 ,
dτ
du10
= 2u9 .
dτ
Thus the vector u satisfies the following linear differential equation in R10 :
du(τ )
= Bu + ξ(ητ )Cu,
dτ

(9)

where the matrices B, C are derived from the coefficients of the system. The
mean value E[u] of the solution of Eq. (9) determines all second moments of
the solution to Eq. (5). We are interested in the mean-square stability to the
Eq. (5) which implies that limτ →∞ E[u(τ )] = 0.
This solution of Eq. (9) is a functional of the Wiener process and therefore
we write u(τ ) = u(τ ; w(s)). Using the Cameron-Martin formula for the density of the Wiener measure under translation [40] one can deduce that for all
nonrandom λ,
E [exp {iλw(τ )}u(τ ; w(s))] = exp {−

√
λ2 τ
}E[u(τ ; w(s) + iλs)], i = −1. (10)
2

Since
cos(θ + ητ + αw(τ )) =

exp {iθ + iητ + iαw(τ )} + exp {−iθ − iητ − iαw(τ )}
,
2

we use (10) to obtain the following infinite hierarchy of linear differential equations for the mean E[u(τ )], [29, 30]:
dE[u]
= BE[u] + C(u1 + v1 ),
dτ
du1
α2
1
= (−
+ iη)u1 + Bu1 + βCu2 + CE[x(t)],
dτ
2
4
dv1
α2
1
= (−
− iη)v1 + Bv1 + βCv2 + CE[x(t)],
dτ
2
4
7

duk
k 2 α2
1
= (−
+ ikη)uk + Buk + βCuk+1 + Cuk−1 ,
(11)
dτ
2
4
dvk
k 2 α2
1
= (−
− ikη)vk + Avk + βCvk+1 + Cvk−1 , k = 2, 3, ... ,
dτ
2
4
E[x(0)] = x(0), uk (0) = vk (0) = 0, k = 1, 2, 3, ... ,
where

k 2 α2 τ
1
exp {ikητ −
}E[eikθ u(τ ; w(s) + ikαs)],
k
2
2
k 2 α2 τ
1
vk (τ ) := k exp {−ikητ −
}E[e−ikθ u(τ ; w(s) − ikαs)], k = 1, 2, 3, ....
2
2
By doing this the problem of the mean square stability of Eq. (5) is reduced to
the asymptotic stability of this hierarchy. Of course, this set of equations must
be closed to obtain the stability diagrams. A natural way to close hierarchy
(11) is by neglecting the terms un+1 , vn+1 in the equations for un , vn . Then
an index n is called the truncation index.
uk (τ ) :=

Q

Q

4.0

4.0

3.5

3.5

3.0

3.0

2.5

2.5

2.0

2.0

1.5
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

1.5

Η

0.0

0.5

1.0

1.5

a)

2.0

2.5

3.0

3.5

Η

Q
4.0

4.0

3.5

3.5

3.0

3.0

2.5

2.5

2.0

2.0

0.0

2.5

b)

Q

1.5

2.0

Α=0.5
0.5

1.0

1.5

2.0

2.5

3.0

3.5

1.5

Η

0.0
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Α=1
0.5

1.0

1.5

3.0

3.5

Η

c)

d)

Fig. 2. Fig.2a demonstrates a stability diagram for Eq. (5) in the periodic case (ξ(τ ) =
β cos(ητ ). Others plots are mean-square stability diagrams in the bounded noise case (8).
Values of parameters are d1 = −0.002, d2 = 0.028, M = 0.5, β = 0.2.

After applying this procedure we obtain the closed system of linear differential equations of first order with constant coefficients. Note that this procedure quickly converges as it has been proven in [29]. It is well-known that the
asymptotic stability of the closed system exists if and only if the matrix of its
coefficients has all eigenvalues with negative real parts. For sufficiently large
truncation index, the asymptotic stability or instability of this system determines the mean square stability or instability for Eq. (5). The plots in Fig.
2b-d represent the mean-square stability diagrams for Eq. (5) with bounded
noise parametric excitation (8) for α = 0.1, α = 0.5 and α = 1 respectively.
It follows from Fig. 2 that the bounded noise model can be more efficient for
η ∈ [0, 1] and moderate α because it increases the stability region. On the other
hand the periodic model can be more efficient for η > 1.5. The bounded noise
model also broadens the white narrow band with greater Q compared to the
periodic one if α = 0.5. The diagrams are obtained by numerical analysis of
the matrix eigenvalue problem for the closed systems of hierarchy (11) with the
truncation index equal to 50, although for the index equal to 30 similar diagrams
have been observed. Paper [41] has also studied a similar mechanical system
but subjected to a telegraphic noise parametric excitation ξ(ητ ). This model
has also some advantages as compared with periodic one (see [41]).
4. Another two-mass mechanical system
Now consider another two-mass mechanical system [12], where the coupling
k1 is time-varying, k1 (t) = k1 [1 + ξ(ωt)], but the coupling k2 is constant (Fig.
3).

9

m1

c1

x1

k1 HtL

U
x2

m2

c2

k2

Fig. 3. Two-mass system 2 with flow-generated excitation.

A flow-generated self-excited force gse is acting on mass m2 and has the form
gse = b1 U 2 [1 − b2 x˙2 2 ]x˙2 ,

(12)

where b1 , b2 arep
positive parameters and U is a flow velocity. The critical flow
velocity is Uc = c2 /b1 . This structure can appear in the attempt to reduce the
vibrations of the main mass by adding a tuned mass damper [42] with actively
controlled stiffness. Then nonlinear equations for deflections are as follows [12]:
m1 x¨1 + c1 (x˙1 − x˙2 ) + k1 [1 + ξ(ωt)](x1 − x2 ) = 0,
m2 x¨2 + c2 x˙2 − c1 (x˙1 − x˙2 ) − gse + k2 x2 − k1 [1 + ξ(ωt)](x1 − x2 ) = 0.
Using linearization of this system and the substitutions
r
k2
c1
c2 − b0 U 2
ω2 =
, τ = ω2 t, d1 =
, d2 =
,
m2
m1 ω2
m2 ω2
ω
m1
k1
η=
, M=
, Q2 =
,
ω2
m2
m1 ω22
one obtains again Eq. (5) but



d1
−d1
Q2
D=
, K0 =
−M d1 d2 + M d1
−M Q2
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−Q2
M Q2 + 1


,

(13)


K1 =

Q2
−M Q2

−Q2
M Q2


.

(14)

This system with periodic ξ(ωt) has been considered in [12, 14], where a similar
problem of stabilization under a parametric excitation has been considered. It
is interesting to compare the results of these papers with the case of a bounded
noise parametric excitation. One can use the approach from the previous sections to obtain the stability diagrams. The plot of Fig. 4a presents the stability
diagram in the periodic case for ξ(τ ) = β cos(ητ ). In the plot of Fig. 4b the
mean-square stability diagram is presented for the bounded noise parametric
excitation (8) with α = 0.2. The stability regions are white.

Q

Q

1.4

1.4

1.2

1.2

1.0

1.0

0.8

0.8

0.6
0.1

0.6
0.2

0.3

0.4

0.5

Η

0.1

0.2

a)

0.4

0.5

0.4

0.5

Η

b)

Q

Q

1.4

1.4

1.2

1.2

1.0

1.0

0.8

0.8

0.6
0.1

0.3

0.6
0.2

0.3

0.4

0.5

Η

0.1

c)

0.2

0.3

d)

Fig. 4. The stability diagram in the periodic case (a)) and in the bounded noise case (b)-d)).
The values of parameters are d1 = 0.01, d2 = −0.01, M = 0.1, β = 0.2. The values of
parameter α = 0.2, α = 0.5 and α = 0.6 in the case b), c) and d) respectively.
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Η

One can observe from Fig. 4b a better stabilization effect in the case of the
bounded noise compared to the periodic model. Nevertheless, it follows from
our numerical analysis that for α > 0.2 this effect is not so good. The appropriate diagrams are presented in Fig. 4c and Fig. 4d for α = 0.5 and α = 0.6
respectively. It is worth to note that the bounded noise excitation leads to
instability if α ≥ 1.7.
5. Conclusions
The two-mass self-excited systems with the parametric excitations, applied
through the system stiffness, are numerically studied. It has been previously
shown that a zero-averaged periodic excitation can suppress the self-excited vibrations in the systems. In this paper it has been shown that a similar effect
can also be observed in the case of a zero-mean random excitation, represented
by the so-called bounded noise. Moreover, it has been shown that under certain
conditions the random excitation can be more efficient as compared to the periodic one, reflected in the widening of the stability domain(s). This result carries
an important implication that under certain circumstances there is no need to
tune the system to a certain frequency to mitigate the adverse vibrations, but
rather apply a bounded random signal to stabilize the system. This strategy
does not work in the SDOF systems, but based on the results of this paper can
potentially be extended to a multi-degree-of-freedom systems.
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