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Abstract

Given a homomorphism 7 from a suitable finite group I' to SU(4) with image ",
we construct a cohomological gauge theory on a non-commutative resolution of
the quotient singularity C*/I'* whose BRST fixed points are I'-invariant tetrahedron
instantons on a generally non-effective orbifold. The partition function computes the
expectation values of complex codimension one defect operators in rank » cohomo-
logical Donaldson-Thomas theory on a flat gerbe over the quotient stack [C*/ ¥ ]. We
describe the generalized ADHM parametrization of the tetrahedron instanton moduli
space and evaluate the orbifold partition functions through virtual torus localization.
If I is an abelian group the partition function is expressed as a combinatorial series
over arrays of I'-coloured plane partitions, while if [ is non-abelian the partition func-
tion localizes onto a sum over torus-invariant connected components of the moduli
space labelled by lower-dimensional partitions. When I = 7Z,, is a finite abelian sub-
group of SL(2, C), we exhibit the reduction of Donaldson-Thomas theory on the toric
Calabi—Yau four-orbifold C?/ T x C? to the cohomological field theory of tetrahedron
instantons, from which we express the partition function as a closed infinite product
formula. We also use the crepant resolution correspondence to derive a closed formula
for the partition function on any polyhedral singularity.
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1 Introduction
Background

Tetrahedron instantons [1-4] are particular solutions of generalized instanton equa-
tions in eight dimensions. They are defined by BRST fixed point equations for a
generalized cohomological gauge theory on a singular stratification of spacetime
which glues together different quantum field theories through real codimension two
supersymmetric defects; the gluing is mediated by bifundamental matter fields on the
codimension four junctions formed by intersections of the strata. These generalize the
spiked instantons introduced by Nekrasov [5] as extensions of instanton configurations
from four dimensions to include the most general supersymmetric local and surface
defects. They can be regarded as an intermediary step between instanton solutions in
six and eight dimensions, thereby linking six- and eight-dimensional cohomological
gauge theories. The premise is that one can recover them from eight-dimensional field
configurations through certain specializations of the moduli, analogously to how the
six-dimensional theories are obtained from eight dimensions.

Similarly to spiked instantons [6, 7], tetrahedron instantons find their physical real-
ization in type IIB string theory as bound states of D1-branes probing configurations
of intersecting stacks of D-branes which wrap smooth strata of a singular threefold
inside a local Calabi—Yau fourfold M, while preserving a suitable number of super-
symmetries. In this paper we focus mostly (but not exclusively) on the case M = C*,
where intersecting D7-branes span the four complex codimension one coordinate
hyperplanes in C*, with an appropriate constant Neveu—Schwarz B-field turned on.
These have a description as solutions to non-commutative instanton equations in the
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Tetrahedron instantons on orbifolds Page30f99 11

presence of the most general complex codimension one supersymmetric defects (see
[8] for areview of spiked and tetrahedron instantons in non-commutative field theory).
Given a single stack of D7-branes, we regard its bound state with the D1-branes as a
non-commutative instanton of the gauge theory. The remaining D7-branes with differ-
ent spatial orientations then generate defects in its worldvolume theory. The moduli
space of tetrahedron instantons is isomorphic to a Grothendieck Quot scheme which
parametrizes quotients of a torsion sheaf on the possibly singular threefold formed by
the union of the hyperplanes C? in the Calabi—Yau fourfold C* [1, 3, 9, 10].

Generally, BPS state counting in six and eight dimensions is related to Donaldson—
Thomas theory which enumerates virtual invariants of moduli spaces of coherent
sheaves; more generally, Donaldson—Thomas invariants count objects in Calabi—Yau
categories, where the relevant category in the former case is the derived category of
coherent sheaves. From the perspective of cohomological gauge theory, the moduli
space of U(r) instantons on a toric background M is compactified by deforming
the BPS equations to instanton equations in non-commutative field theory and by
introducing an 2-deformation of M. This enables evaluation of the instanton partition
function exactly through virtual toric localization by reducing the path integral of the
cohomological gauge theory to an equivariant integral over the instanton moduli space.
Itlocalizes onto isolated torus fixed points of the moduli space which are in one-to-one
correspondence with higher-dimensional partitions [1, 8, 11-14]. An important role
in this computation is played by the definition of suitable virtual fundamental classes
through an obstruction theory defined by integration over antighost fields.

In eight dimensions, the Donaldson—Thomas invariants have been studied from
the perspective of generalized instanton counting and the related BPS state counting
of D-branes in [4, 13, 15-24]. The compactification of the instanton moduli space
in this case results in a maximal holonomy group SU(4) and sets the cohomological
gauge theory on a toric Calabi—Yau fourfold. The virtual cycles for the Donaldson—
Thomas invariants are constructed in gauge theory by Cao and Leung [25], in derived
differential geometry by Borisov and Joyce [26], as well as in algebraic geometry by Oh
and Thomas [27]. These cycles depend on a choice of local orientations of the moduli
space, requiring a selection of signs that enter into the computation of the partition
function. The choice is unique up to overall orientation; it was conjectured by Nekrasov
and Piazzalunga [15] for instanton counting on C*, and subsequently proven by Kool
and Rennemo [28] for the Donaldson—Thomas theory of C*. Related mathematical
developments of Donaldson—Thomas invariants on Calabi—Yau fourfolds are found in
e.g. [29-39]. An adaptation of the proof of [28] is presented by Fasola and Monavari
for tetrahedron instantons in [3], where the instanton partition function computes
expectation values of codimension one defect operators in the Donaldson-Thomas
theory of C3.

Our current understanding of instanton counting in six and eight dimensions, as
well as its relation to Donaldson-Thomas theory, is limited to abelian configura-
tions. In both dimensionalities the matrix equations that result from non-commutative
U(r) instanton equations [12, 18] contain more degrees of freedom (and equations)
than what appear in the generalized ADHM equations from the D-brane picture or
in the non-commutative Quot scheme construction, unless one restricts to solutions
in the maximal torus U(1)" C U(r) in which case stability implies that the extra
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operators vanish. Thus our higher rank computations are limited to Coulomb branch
invariants, for which the non-abelian U(r) gauge symmetry is broken to the abelian
subgroup U(1)", mirroring the geometric property that the framed Quot schemes which
are well-defined in these dimensions parametrize only split vector bundles (see [10,
Corollary 1.6]).

The geometric moduli problem associated with genuine non-abelian instanton
counting is not currently understood, nor how to compute invariants as the standard
equivariant localization techniques no longer apply. When M is a Calabi—Yau three-
fold, the Coulomb branch invariants of [12] are interpreted by [40] as a degenerate
central charge limit of higher rank Donaldson-Thomas invariants for pure DO-D6
bound states, which enumerate rank r torsion free sheaves on M that are locally free
in codimension three. Higher rank Donaldson—Thomas invariants for U(r) gauge the-
ory on any toric threefold M are constructed from M-theory considerations by [41].

This paper

As a first extension of the original model of [1] beyond flat space, in this paper we pro-
vide a detailed and exhaustive analysis of tetrahedron instantons on local Calabi—Yau
orbifolds of C* (when they exist). We extend the computations for spiked instantons
on orbifolds in [6, 42] to evaluate partition functions for tetrahedron instantons defined
on orbifolds C*/ T, where T is a suitable finite group whose action on C* is defined
by a homomorphism t : [ —> SU(4) to the holonomy group SU(4). The choice of
a general homomorphic image I'" rather than a subgroup embedding of I in SU(4)
allows for more freedom in a description of broader classes of stable ground states, and
technically it enables the application of the virtual localization formula, even when I
is non-abelian.

When the kernel K* C T of t is non-trivial, the group I acts non-effectively on
C*, i.e. it contains a non-trivial subgroup which acts trivially on C*. Nevertheless, the
subgroup K' can still act non-trivially on the field content of the cohomological gauge
theory. This sets the field theory on a K”-gerbe over the quotient stack [C*/'*] and is
equivalent to a twist of the theory on a disjoint union of several copies of [C*/'*]. We
interpret the corresponding enumerative invariants of the quotient singularity C*/ T'®
as the orbifold Donaldson-Thomas invariants ‘twisted’ by a K*-gerbe. The gerbe may
be viewed as a flat B-field and the theory enumerates K*-projectively I'" -equivariant
coherent sheaves on C*, which correspond to boundary states of D-branes supporting
twisted Chan—Paton gauge bundles.

Our computations produce the instanton partition function of the cohomological
gauge theory on a non-commutative resolution of the quotient singularity C*/T7,
described by a certain non-commutative algebra A. The algebra A is the path algebra
of a generalization of the bounded McKay quiver determined by the representation
theory data of I together with the homomorphism 7, whose relations provide a gener-
alized ADHM parametrization of the orbifold non-commutative tetrahedron instanton
equations. The gauge theory is then defined by projecting onto the [-invariant field
configurations on C*, whose instanton moduli space is identified as a quiver variety
associated with the generalized McKay quiver, or equivalently as the moduli space of
stable framed representations for the bounded derived category of the McKay quiver.
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This bridges the cohomological gauge theories for orbifold instantons in six and eight
dimensions, considered for the case of toric Calabi—Yau orbifolds in [43] and [18],
respectively.

When T is abelian, the image ' of T commutes with the maximal torus Tz of
the holonomy group SU(4). Consequently, through toric localization, the equivariant
partition function localizes onto isolated fixed points of the T¢ -action which are also
I-invariant. The orbifold partition functions in this case describe the twisted orbifold
Donaldson—-Thomas theory of €3/T7 in the presence of general codimension one
defects which are invariant under the maximal toric symmetry of the C2-deformation.

The case where I is non-abelian presents some technical complications, as I'* does
not commute with Tz and it is necessary to work with the centralizer of I'* in Tz in
order to apply torus localization. The gauge theory is then equivariant with respect to
a smaller torus, and torus localization only reduces the partition function to a sum over
contributions from the connected components of the moduli space of torus-invariant
tetrahedron instantons, which generally admit continuous deformations, i.e. the torus
fixed points are no longer isolated. We demonstrate that the partition function is still
well-defined in these instances by proving that these components are compact in their
natural complex analytic topology inherited from the ADHM parametrization, and
we describe how to compute it. The orbifold partition functions in these cases again
describe the twisted orbifold Donaldson-Thomas theory of €3/ I'?, with or without a
single codimension one defect and with reduced toric symmetry.

In both abelian and non-abelian cases, in addition to the generalizations to twisted
orbifold Donaldson—-Thomas invariants, another novelty of our approach that it is
general enough to deal with orbifolds by arbitrary finite subgroups I'" C U(3), and
hence it computes the (twisted) Donaldson—-Thomas theory of general local Kéhler
three-orbifolds.

Outline and summary of results

In the following sections, we shall begin with a review and extension of the pertinent
cohomological gauge theories in six dimensions, which are then naturally extended
to the field theories whose BPS states are tetrahedron instantons in eight dimensions.
The structure of the remainder of this paper and its main results are summarized as
follows:

e In Sect.2, we review the construction of a six-dimensional cohomological gauge
theory for the holonomy group U(3), following [12] (see also [44]). We study the
generalized instanton equations and we evaluate the equivariant instanton partition
function from the tangent-obstruction deformation complex of the instanton moduli
space. It is expressed as a combinatorial expansion in plane partitions which can be
summed to a closed form in terms of the MacMahon function.

e In Sect.3, we analyse instanton configurations on orbifolds €3/ T, where T is a
finite group acting on €3 by a homomorphism 7 : I — U(3) to the holonomy
group U(3), vastly generalizing the treatment for toric Calabi—Yau three-orbifolds
considered in [43] (see also [44, 45]). We describe the instanton moduli space as a
quiver variety through an ADHM-type parametrization. In the case where I is an
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abelian group, we evaluate the equivariant instanton partition functions explicitly

as combinatorial series over [-coloured plane partitions.
e In Sect. 4, we study tetrahedron instantons. We construct their ADHM equations in

analogy with the six-dimensional case. We evaluate the instanton partition function
from both a quiver matrix model for the ADHM data and from the tangent-
obstruction deformation complex of the instanton moduli space. Using the ADHM
matrix model we further recover the partition function for tetrahedron instantons
from the equivariant partition function for instantons on C*, considered in [18],
after a suitable specialization of variables. Using this relation we derive a closed
formula for the tetrahedron instanton partition function in terms of the MacMahon

function which agrees with the generating functions computed by [2, 3].
e In Sect.5, we generalize our discussion to tetrahedron instantons on orbifolds ct /T

with a homomorphism 7 : I — SU(4). For orbifolds of the type €2/ I' x C2, where
I = 7Z, is a finite abelian subgroup of SL(2, C), we extend the relation between
the equivariant partition functions for tetrahedron instantons and instantons in eight
dimensions, and hence derive closed formulas for the orbifold tetrahedron instanton
partition functions in terms of MacMahon functions based on the results from [18]
for instantons on local toric Calabi—Yau four-orbifolds. When I is a finite abelian
subgroup of SL(3, C), we recover the instanton partition functions for local toric
Calabi—Yau three-orbifolds €3/ I with U(3) holonomy.

Finally, we consider the case of a finite non-abelian orbifold group I', with a gen-
erally non-faithful representation in SU(4). We discuss in detail the two admissible
classes of -actions which permit the application of virtual localization techniques,
and show that the torus-invariant connected components of the moduli space are
parametrized, respectively, by linear partitions and integer points. We compute, for
each case, the equivariant orbifold partition functions for tetrahedron instantons.
We explain how to explicitly unravel the formulas for Kleinian singularities in C*
using geometric crepant resolution techniques, and we derive a closed formula in

terms of MacMahon functions for any polyhedral singularity.
e In Sect.6, we recapitulate our findings and comment on the physical and mathe-

matical relevance of our results.

e Two appendices at the end of the paper contain some technical results complement-
ing the analysis of the main text. In Appendix A we summarize the classification of
the finite subgroups of SU(3), which play a prominent role throughout this paper. In
Appendix B we prove that, for the smaller tori T C Tz which act on our theories,
the T’-fixed components of the moduli space for orbifold tetrahedron instantons
are compact in the natural complex analytic topology inherited from the ADHM
parametrization.

2 Donaldson-Thomas Theory on Kahler threefolds

In this section, we review the computation of Donaldson-Thomas invariants of a
Kéhler threefold from the perspective of instanton counting in a six-dimensional
cohomological gauge theory. This sets the stage and notations for all subsequent com-
putations in this paper.
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2.1 U(3)-instanton equations

Let (M3, w) be a Kihler threefold. We define a cohomological gauge theory on M3
through a topological twist of the maximally supersymmetric N© = 2 Yang-Mills
theory in six dimensions. It can be obtained by dimensional reduction from ten-
dimensional A/ = 1 supersymmetric Yang-Mills theory on M3 with gauge group
U(r) and holonomy group U(3). The bosonic field content is valued in the adjoint rep-
resentation of U(r) and consists of a U(r) gauge connection .4 with curvature two-form
F = Vj =dA + A A A, which we assume has vanishing first Chern class, as well
as a (3, 0)-form ¢ and a complex Higgs field ®. We denote the associated covariant
derivatives with a subscript 4.

The path integral of the gauge theory localizes onto solutions of BRST fixed point
equations known as generalized instanton equations. They are given by [11, 12, 46]

.7:2’0+5j‘<p=0,
oAoAF  +ong=0, 2.1
Vo =0.

Here F = F>0 + FL.1 4 F0.2 i5 the decomposition of the field strength in the basis
of (1, 0)- and (0, 1)-forms with respect to the underlying complex structure of M3.

When M3 is a Calabi—Yau threefold, the holonomy group is reduced to SU(3) C
U(3) and uniqueness of the holomorphic three-form of the SU(3)-structure implies
¢ = 0in (2.1). Then, the first two instanton equations reduce to the Donaldson—
Uhlenbeck—Yau equations which describe stable holomorphic vector bundles on M3
with finite characteristic classes.

The finite action solutions of (2.1) are labelled by the third Chern class

1

k= —— | Teyn FAFAF. 22
4873 ./M3 fum (@2

which is a topological invariant called the instanton number, as well as Kihler charges
determined by the second Chern class which we suppress. For each charge k € Z~,
we define the instanton moduli space 91, ;. They form the connected components of
the stratification of the moduli space

m, =] | M. 23)
k>0

of solutions A to the U(r) instanton equations (2.1) modulo gauge transformations.
The moduli space has a global colour symmetry under PU(r) = U(r)/U(1), where
U(1) is the centre of U(r).
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2.2 ADHM data

The BPS equations (2.1) on the affine Kéhler threefold M3 = ©3 describe the low-
energy interactions of k DO-branes inside r D6-branes in type IIA string theory in
the limit where the D6-branes are heavy. From the perspective of the theory on the
DO0-branes, bound states corresponding to supersymmetric vacua are solutions to cer-
tain quadratic matrix equations, generalizing the celebrated ADHM equations [47],
deformed by a Fayet-Iliopoulos coupling { € IR related to a suitable large nonzero
constant background B-field [48]. They arise as F-term and D-term equations. The
Neveu—Schwarz B-field induces a non-commutative deformation of the gauge theory
on the D6-branes obtained by Berezin—Toeplitz quantization of the constant Poisson
structure 6 = ¢ o~ [44].

Generalized ADHM equations
Let V and W be Hermitian vector spaces of complex dimensions k and r, respectively;

from the perspective of the DO-branes, V is the Chan—Paton space while W is a flavour
representation. Then, the ADHM equations are

1S = [Ba, Byl — L eape [BI, Y1 =0,

W= (B B+ YT Y1+ 11T =¢ 1y, (2.4)
ae3
a::ITY:0,

where B,,Y € Endg(V) for
a€3:={,23 ad (ab) €3 :={12),13, 23}, @53

while I € Homg (W, V). Here g4, is the Levi—Civita symbol in three dimensions
with €123 = +1, and throughout implicit summation over repeated indices is assumed
unless otherwise explicitly indicated.

The ADHM equations (2.4) are invariant under the natural action by unitary auto-
morphisms g € U(V) =~ U(k) of the vector space V given by

g (Ba.Y. Dae3=(¢Bag™' . gYg . gNacs. (2.6)
The instanton moduli space 9, ; is then equivalently described as the quotient by
this U(V')-action of the subvariety of the affine space of ADHM data cut out by the

equations (2.4). There is additionally a natural action on the moduli space by unitary
automorphisms 7 € U(W) >~ U(r) of the vector space W given by framing rotations

h-(Ba,Y,Daes= By, Y, ITh ge3. 2.7)
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Stability and Quot schemes

By standard arguments the second equation of (2.4) (the D-term relation) is equivalent
to the following stability condition: there is no proper subspace S C V such that
B.(S) Cc Sforalla € 3,Y7(S) ¢ Sandim(/) C S.

We write

ITI? := Trg, (T7T) = Try, (T T7) (2.8)

for the Frobenius norm of alinear map 7' € Homg¢ (U, U,) between Hermitian vector
spaces U1 and U;. Then

1 1 .
Y WGP =L Y hEes el Y eyl eo)

(a,b)e3+ (a,b)e3t ae3
This vanishes by the first equation of (2.4), which implies
[Bs, Bb]=0 and [Bg,Y'1=0, (2.10)

foralla,b € 3.
Using the relations (2.10) and the third equation of (2.4), the stability condition is
thus equivalent to

V = CI[By, B2, B3] (W) . (2.11)

This implies, by the first equation of (2.10) and the third equation of (2.4), that YT =o.
If we denote /,LC = (,uf?b) (@.b) e3> then the instanton moduli space 90,  is equiva-
lently expressed as the non-commutative Quot scheme

M, = unClO) e /GL(V), (2.12)
where the superscript $2°'¢ indicates the stable solutions of the first equation of (2.4)
with ¥ = 0 (the F-term relations), and g € GL(V) >~ GL(k, C) acts on the ADHM
data as in (2.6).

It now follows from [10] that the instanton moduli space 91, x is isomorphic to the
Quot scheme Quotlr‘(@3) of zero-dimensional quotients of the free sheaf O%ﬁ on C3
with length k,

M, ; ~ Quott(C?), (2.13)
which parametrizes framed torsion free sheaves £ on complex projective space P>
of rank r and ch3(£) = k. When r = 1 the quotients are structure sheaves of closed

zero-dimensional subschemes of €3, and in this case the Quot scheme is the Hilbert
scheme Hilb* (C3) of k points on C3.
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2.3 Tangent-obstruction theory

The local geometry of the instanton moduli space 91, ; is described by the instanton
deformation complex [46]

AT M3 ® g
A T*M; @ g -S> o LA N2 @ g, (2.14)
AT M ® g

whose differentials are defined by linearized complex gauge transformations C and
the linearization D 4 of the first equation in (2.1), respectively.

We assume that the degree zero cohomology of the complex (2.14) vanishes,
i.e. ker(C) = 0, which amounts to restricting to irreducible connections A with
only trivial automorphisms. The first cohomology ker(D 4)/im(C) of the complex
(2.14) describes the tangent bundle 790, y — 9N, x over a fixed holomorphic
connection A. The second cohomology coker(D 4) defines the obstruction bundle
Ob;, x —> M, x whose fibres are spanned by the zero modes of the antighost fields.

The virtual tangent bundle TV™ON, i is the two-term elliptic complex

TV, = [T, x =25 Ob, 4] . 2.15)

where the fibrewise Kuranishi map D 4 is the linearization of the first two equations in
(2.1) composed with the projector onto the subspace orthogonal to the tangent space to
the gauge orbit of .A. Accordingly, we define the complex virtual dimension of 91,
as

vdim M, = tk(TM, ;) — 1k(Ob, ;) = dimker D4 — dimcokerD 4, (2.16)
and the Euler class of its virtual tangent bundle as

e(Tmr,k)

e(TV'M, ;) = Z(Obs)

(2.17)

The complex (2.15) defines a virtual fundamental class [, ]I roughly speaking,
it can be thought of as the Poincaré dual of the Euler class e(Ob,, k) of the obstruction
bundle. The Atiyah—Singer index theorem computes its virtual dimension (2.16) as
the Euler character of the deformation complex (2.14). When M3 = €3, the virtual
dimension can also be computed from the ADHM parametrization by subtracting the
number of equations and gauge symmetries from the total number of ADHM variables
(Bg, I, Y)q 3, which vanishes:

vdim 9, = Gk>+rk+k*) — Gk +rk)—k>=0. (2.18)
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The ADHM parametrization of the instanton deformation complex is described by
introducing two complex vector bundles over 91, x whose fibres over a gauge orbit
[A] are, respectively, the complex vector spaces V and W introduced in Sect.2.2: the
tautological rank k vector bundle

o MC—I(O)stable XGL(V) 174 , (219)
and the trivial rank » Chan—Paton framing bundle
W =M, xW. (2.20)

Then, the tangent-obstruction theory is equivalently described by the cochain com-
plex of vector bundles

Hom(¥, 7 ® Q3)

® Hom(¥, v ® N2 03)
End(7) 35 Hom#,v) %, @ .2
® Hom (¥, # ® A° 03)

Hom(7, ¥ @ A* 03)

where the differentials d; and d; act fibrewise as an infinitesimal GL(V) gauge
transformation and the linearization of the two complex ADHM equations of (2.4),
respectively, while the three-dimensional Hermitian vector space Q73 is the fundamen-
tal representation of the U(3) holonomy group. The stability condition implies that the
degree zero cohomology is trivial: ker(d;) = 0.

2.4 Instanton partition function

Since the virtual dimension is zero, the instanton partition function of the six-
dimensional cohomological gauge theory is given by

zhk = / 1. (2.22)
C S, i

The integral (2.22) is understood as the T-equivariant volume of the moduli space
M, k., evaluated via the virtual localization formula with respect to the action of some
torus group T [49]. The T-action on the moduli space induces T-equivariant structures
on the vector bundles ¥ and 7.

Q-Background
The natural choice for T is associated with defining the gauge theory on Nekrasov’s

Q-background [50, 51]. The global symmetry group of the six-dimensional cohomo-
logical field theory is
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G=PU() x UQ), (2.23)

where PU(r) is the group of non-trivially acting framing rotations, and the holonomy
group U(3) acts in the fundamental representation Q3 on B = (B;)4 ¢ 3, trivially on

I, and in the determinant representation A3 QszonY.
After conjugating G to its maximal torus, the symmetry group acting on the theory
is

T=T; xTg, (2.24)

where Tz and Tz are (complex) maximal tori of PU(r) and U(3) with coordinates

= (ay,...,a,) (the vacuum expectation values of the complex Higgs field ®
parametrizing the positions of the r D6-branes) and € = (e, €, €3) (the parameters
of the Q-deformation), respectively. The Coulomb moduli are equivalence classes,
identified under simultaneous shifts a; —> a; + cbyanyce Cforl/ =1,...,r.

By the virtual localization formula [49], the full equivariant instanton partition
function is given as a function of the equivariant parameters (3, € ) by a sum over
T-fixed points

> 1
@3<q,ae>—2q ZphE, @) = I;Oq" > T (2.25)

Fem,

where g is the Boltzmann weight parameter for instantons, E)JII « 18 the set of T-fixed
points of the instanton moduli space, and et denotes the T-equivariant Euler class.

Fixed points and plane partitions

The T-fixed points of the moduli space 91, 4 are all isolated and in one-to-one corre-
spondence with arrays 7 = (ry, ..., 7, ), where each 7; for [ = 1, ..., r is a plane
partition [12]. A plane partition is an ordered sequence w = (77;, j);, j>1 of non-negative
integers m; j € Z>( decreasing along both directions:

mij = migr,; and  m >4 - (2.26)
We may view 7 as a three-dimensional Young diagram in Z>0, obtained by piling 7; ;
boxes over (i, j) € Z . The size of 7 is the total number of boxes and is denoted

| ==, =1 T The size || of 7 is defined to be the sum of the sizes of its
components ;. Then, 7 € EDT  partitions the instanton number k:

7= |ml=k. (2.27)

To explicitly compute the Euler classes in (2.25), we use the ADHM parametrization
of the instanton deformation complex. The fibre of the complex of vector bundles (2.21)
over the fixed point 7 € M , reads
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Homg(Vz, Vz ® 03)

@ Homg(Vz, Vz ® A% Q3)
Ende(V;) ﬂ_> Homg(Wx, Vz) —iz—> ® ,
@ Homa(Vz, Wz ® A 03)

Homg(Vz, Vz ® A 03)
(2.28)

where here the vector space Q3 ~ C? is regarded as the three-dimensional funda-
mental Tz -module with weight decomposition

Os=t"+1' +15! (2.29)

in the representation ring of Tz , where 7, = e,
The equivariant character of the virtual tangent bundle is computed from the index
of the complex (2.28) and is given by

Ve Ws

nnts

I-mn)A-n)d-n)
Hhiht ’

chr (T, 4) = Wi ® Vi — +VI® Vi

(2.30)

Seen as modules in the representation ring of T, it follows from the stability condition
(2.11) that, after a gauge transformation, the vector spaces V and W decompose at the
fixed point 77 € E)JTI « With respect to the T-action as

r

,
Vi=Y e 3 e and Wiz =) e, (2.31)
=1

=1 pem

where ¢; = ¢!/, The dual involution acts on the weights as 7 = ;! and ¢} = efl.

We can then extract the Euler classes from the top-form part of the character (2.30)
through the operation

@[Zn,ewl] = [T w- (2.32)
1

WI#O

@ Springer



11 Page 14 of 99 R. J. Szabo, M. Tirelli

Equivariant generating function

The full equivariant instanton partition function is given by the combinatorial formula

Zis(@a. &)=Y o7l g[ - chr(Ty" 0, 0]

Tem!
r #0 > o -
7 Pr(—ai—pi-€leiz —a)
Y T <l
S~ 1 = P (ai+ p1-€la)
TeM, =L piem
r #0
<1 [] R@—ar+Gi-p)-€l),
=1 jen

(2.33)

where p - € := ", .3 Pa€a-
In (2.33), we introduced the polynomial and rational functions

x(x —€2) (x —e23) (x —€13)
(x —€1)(x —€) (x —€3) (x —€123)
(2.34)

Py (x|w) = H(x —wy;) and R(x|€) =
I=1

along with the shorthand notation
€ab.. = €q +€p+ - . (2.35)

The superscripts 7° on the products designate the omission of terms with zero numer-
ator or denominator according to the top-form operation (2.32).

The complicated combinatorial series (2.33) can be summed to a simple closed
formula [52-54].

Theorem 2.36 The generating function Zch3 (a; &, €) for the rank r Donaldson—

Thomas invariants of C3 with U(3) holonomy is independent of the Coulomb moduli
a and can be expressed as

€12€23€13

Zis(@ ) =M((—-1) q) d2s (2.37)

where M (q) := M (1, q) is the generating function which counts plane partitions, and
= 1
M(x,q) = _ 2.38
o) =]] a7 (2.38)

n=1

is the MacMahon function.
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3 Cohomological gauge theory on local Kdhler three-orbifolds

In this section, we turn to the study of non-commutative instantons on orbifolds of
C3, i.e. on local three-orbifolds. We consider holomorphic actions on C* by finite
orbifold groups which preserve the U(3) holonomy, and hence the Kihler form w.
The orbifold cohomological gauge theory is constructed by allowing the fields to be
equivariant and gauging the orbifold group action, followed by projection to invariant
states described by equivariant decomposition of the generalized instanton equations
(2.1); this can be thought of as a field theory on the corresponding orbifold resolution
of the quotient singularity. The construction is motivated by considerations of D-
branes on orbifolds [43], and in particular it naturally incorporates ‘twisted sectors’
corresponding to conjugacy classes of the orbifold group. The orbifold BRST fixed
point equations are naturally realized in non-commutative gauge theory, along the lines
of [8, 43, 44]. Here, we describe the vacuum states via equivariant decomposition of
the corresponding ADHM parametrization.

We start by reviewing the construction of the generalized McKay quiver Qr for
a finite subgroup I' of SU(3). To these quivers, we associate ADHM-type equations
which parametrize the moduli space of instantons on €3 / T, viewed as the moduli space
of M-equivariant instantons on C3, as a quiver variety, that is, as the moduli space of
stable framed representations of the bounded McKay quiver. Then, we analyse the most
general admissible orbifolds which allow for the definition of a torus-equivariant gauge
theory, in both cases where [ is an abelian and a non-abelian finite group represented
in U(3); these considerations lead to more general classes of orbifold theories based
on non-effectively acting groups . Although the orbifold singularity is generally
supersymmetric only when ' embeds in SU(3) C U(3), the orbifold instanton locus
of the cohomological gauge theory is always stable and has a realization in terms of
states of D-branes.

See Appendix A for our notational conventions for finite groups, as well as for the
classification of the finite subgroups of SU(3) which we use extensively throughout
this paper. The McKay quivers Qr for finite subgroups I' C SL(3, C) are described in
[55], while for small finite subgroups I' C GL(3, C) they are detailed in [56].

3.1 Quiver varieties

Let I" be a finite subgroup of SL(3, C) which acts on C? by the fundamental represen-
tation Q3.

McKay quivers

The McKay quiver associated with I is denoted Qr (Qo Qr) where QO and Qr
denote the sets of vertices and edges, respectively, and it is constructed in the fol—
lowing way. As a set, Q; = T is the set of irreducible representations of [, which
corresponds bijectively to the set of conjugacy classes of [. We write A € T for the
irreducible representation labelled by i € Qg ; the trivial one-dimensional representa-
tion is denoted A¢. The number of oriented edges (arrows) from a vertex i to a vertex i’
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is determined by the adjacency matrix A = (aj). ~_ of tensor product multiplicities
ajy = dim Homp (A, Q3 ® Ayr) € Z>q in the de'comﬁosmon of -modules

03Q A= @ ajir Air . 3.1)
i’err

Ife e Q is an edge determined by (3.1), the source vertex of e gs denoted by s(e)
and its target vertex by t(e); this defines source and target maps Q1 Qo The quiver
Qr contains no loop edges e, i.e. s(¢) = t(e), if and only if the trl\}lal representation
Ao does not appear in the decomposition of Q3 into irreducible [-modules.

Example 3.2 Consider the non-abelian group ' = C3(1, 0) = (Z3 x Z3) X Z3 of type C,
where the action of the groups Z3 x Z3 = {c; j}i je{0,1,2) and Z3 = {1, C, C2} on
C3 is given by the SU(3) matrices

) , (3.3)

with & = e271/3 3 primitive third root of unity. As shown in [56], the group C3(1, 0)
has two three-dimensional irreducible representations, A19 = Q3 and Xy, and nine
one-dimensional irreducible representations, igo;, A12; and Azy; with i € {0, 1, 2},
where Logo = Ag.

The tensor product decompositions with the fundamental representation Q3 give

S = O

&5 01
Cij = 53_] o and C=100
E;I+J 10

2

Q3@r0=3)0 . 03®k0=EP (hooi ®rizi & A2i) 3.4)
i=0 :

03 ®xooi =03 @ A2 = 03 @ A21i = Ao -

The generalized McKay quiver Q-9 constructed from these representation theory

data is

000 001 002 120 121 122 210 211 212

(3.5)

Enhanced framed quiver representations

The McKay quiver Qr (Q0 , Q) ) serves as a powerful combinatorial device for
describing the I-equivariant decomposition of the ADHM equations (2.4), which we
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view as BRST fixed point equations for a cohomological field theory on the orbifold
crepant resolution

oy [C°/T] — C /T (3.6)

of the quotient singularity C3/T. A field on the quotient stack [C3/ '] is the same
thing as a I-equivariant field on C3; for example, we may present the quotient stack
as the action groupoid I' x €3 =2 €3 and the morphism 7o, as the quotient map to
the orbit space. The nodes i € Qor specify the basis of fractional instantons which
are stuck at the orbifold singularity. The McKay quiver will also aid in describing the
corresponding moduli space of solutions.

To implement the orbifold projection, we regard the Hermitian vector spaces V and
W as '-modules and decompose them into irreducible representations of the orbifold
group as

v=_EP vier ad W= Wier. (3.7)

ieQ(l)_ ieQ(I)-
The multiplicity spaces Vi = Hom(4;, V) and W; = Hom(%;, W) are Hermitian
vector spaces of complex dimensions k; and rj, respectively, which carry a trivial I'-
action; the dimensions kL are callgd fractional instanton charges. We assemble the

dimensions into vectors k, 7 € Z_7, . The dimensions k = dimV and r = dim W
correspondingly decompose into sums

k=lkl:=)Y dk and r=[F|=) dr, (3.8)

ierr ieQ(l)_
where d; is the dimension of the irreducible representation A;. The special case of n
freely moving instantons corresponds to taking kj = n d;, with total charge k = n#[';
when n = 1 this is called a regular instanton, as it lives in the regular representation

CII] of the orbifold group I'.
Next we regard the ADHM variables as -equivariant maps

(B,1,Y) € Homp(V,V ® Q3) ® Homp(W, V) & Homp(V,V ® A*Q3).
(3.9)

From (3.1) and Schur’s lemma, it follows that B decomposes into linear maps associ-
ated with each edge of the McKay quiver:

B=@P B. with B,: Vse)—> Vi) - (3.10)
eEer

Thus the ADHM datum B defines a linear representation of the McKay quiver Ql
with dimension vector k.
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Similarly, I decomposes into linear maps associated with each vertex:

I=@ 1 with L:W,— V. (3.11)
ieQ(I)_
Thus, I defines a framing of the representation of the McKay quiver Qr with dimension
vector 7.
Finally, since ' C SL(3, C), it follows that the determinant representation A3 03 ~
Ag is trivial as a [-module and hence
Y = @ Y; with Y € Endg(Vj) . (3.12)
ieQ(I)_

We may depict the decomposition of ¥ by the addition of a single edge loop at each
vertex. We call this an enhancement of the framed quiver representation of Q' .

Orbifold ADHM equations

The set of maps (Be, I;, Y;) Q|- ] Q|- satisfy ADHM-type equations which are derived
e 0

eeQ ,
by decomposing the equations (2.4) as [-equivariant maps

(u®, 1B, 5) € Homp(V,V ® A*Q3) @ Endr(V) & Homp(V, W @ A*Q3).
(3.13)

Since /\3Q3 >~ Xp, the second and third equations have isotypical components
which live at the vertices i € Qg . Writing their equivariant decompositions

/LR = @ ,ui]R and o = @ ai, (3.14)
ieQ(l)— ieQ(I)-
with /LiR € Endg (Vi) and o7 € Homg (V;, W), these equations read explicitly as

= 3" BB — Y BiB.A+[Y W]+l =1y,
eet™l() ees~l() (3.15)

oj = IiTYi =0,

foralli e Qg , where the Fayet-Iliopoulos parameters ¢ € R are determined by the
decomposition of the Neveu—Schwarz B-field into twisted NS—NS sectors of type IIA
string theory on C3/T.
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The isotypical decomposition of the equations u® e Homp(V,V ® /\2Q3) is
more complicated. We start by rewriting it in a basis independent form as

uC=BAB— (BT, Y)p, +(Y.B")p, =0, (3.16)

where (-, -) g, is the Hermitian inner product on Q3. The equations ,ug% = 0 from
(2.4) follow by expanding B in the canonical basis of Q3 = 3.

The tensor product decomposition (3.1) together with triviality of the determinant
representation imply

NQ3@r=05@h= ) arki. (3.17)
i’eQ(l)_

Hence, the multiplicities of linear maps from V; to Vi given by the isotypical decom-
position of the equations u® is equal to the number of oriented edges connecting the
vertex i’ to the vertex i; that is, the number of arrows i’ — i in the opposite direction.
. . . C r
In particular, the isotypical components of 4™ can be labelled by the edges e € Q; .
Writing the equivariant decomposition u© = 0 as

n =P (3.18)
eeQ{_

the ADHM equations MLD = 0 can be inferred from unravelling (3.16) in a basis
tailored to the particular [-action on €3, by multiplying matrices in the equivariant
decompositions (3.10) and (3.12). In concrete examples, the equations are always

I.Z

independent of all choices made for a particular quiver Q' .

Example 3.19 Let I be a finite subgroup of SU(2) acting in the fundamental representa-
tion Q, on an affine plane C?> C €3 and trivially on the affine line C = C3\ €. Then,
C3/T ~ C?/T x C. Since the representation Q5 ~ Q3 is self-dual, the adjacency
matrix A of the McKay quiver Qr is symmetric, i.e. ajy = ayj. Thus, Qr = Dynk[ is
the double of a quiver Dynk[, i.e. the quiver with the same set of nodes Q([)— = Dynkr,
and with arrow set er = Dynkp, u Dynk°pl, where the opposite quiver Dynklo-ID is
obtained from Dynk- by reversing the orientation of the edges. By the classical McKay
correspondence [57], the quiver Dynk[ is associated with any choice of orientation of
an affine Dynkin diagram of type ADE [58, 59], with an additional edge loop at each
vertex. In this case we label the vertices of the McKay quiver as Q(l)_ ={0,1,...,r1},
where 0 indicates the trivial representation and r is the rank of the corresponding
simply laced Lie algebra g

To each arrow e of the extended Dynkin diagram underlying Dynk-, we associate
two linear maps B, : Vse) —> Vi) and B, : Vieey —> Vs(e)- To each vertex i of
Dynkp, we associate three maps L;, [;, ¥; € Endc (V). Then, the ADHM equations
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(3.15) and (3.16) can be expressed as
/’LiCZ Z BeBe_ Z Beée+[LiT’Yi]=0a
ees (i) eet1(i)
€ = Ly Be — B Lge) — B Y. Yeey Bl =0
M t(e) De e Ls(e) e Ys(e) T Yte) B, )

ﬂ? = Ls() Be — By Ly(e) + B} Ys(e) — Yiey B) =0,

W= Y (BB -BB)- Y (BB BB

eect1(i) ees1(i)

SN VAR IR B YANS T

(3.20)

oi=1IY=0.
This construction is independent of the choice of orientation of the Dynkin diagram.
Moduli spaces of orbifold instantons

The action of I on the decompositions (3.7) is defined by group homomorphisms
yy : I —> U(k) and yy : [ —> U(r) with

W@ ®6)=v e (@) and ()W @) =w ® (A ()W),
(3.21)

forall g €T, ¢ € Af, vl e Viand w' € W, where A (g) € U(d;). These break the
U(k) and U(r) symmetries to the subgroups

U(k):= X Utky) and UG) = X Um) (3.22)
ieQ(I)_ ieQ(I)_

commuting with the respective -actions in (3.21). In the type IIA picture, the isotyp-

ical components of (3.7) specify fractional DO-branes and D6-branes, respectively,

whose bound states can be identified geometrically with -equivariant sheaves on C3.
The action of a unitary automorphism

g= (ga)ieQOr € U(k) (3.23)

on the orbifold ADHM data, given by

-1 -1
g (Be. I, Yi)ieog,eeor = (gte) Be 8y &ilis &iYig )ieog,eeo!_ , (3.24)
leaves the ADHM equations (3.15) and (3.16) invariant. Let
- ._ (,C R AN 3
n = (l‘(’ ) M| ’ GI)iGQ()r and C i (01 CI ’ O)IEQOr . (325)
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r
. . . > Q . .
For each pair of dimension vectors k, r € Z>‘(’), we define the quiver variety as the

quotient
M. ;=i ') /Uk). (3.26)

The quiver varieties form the connected components of the stratification of the
moduli space

Fl=r . Ik |=k

of charge k non-commutative U(r) instantons on the Calabi—Yau orbifold 3 /T It
can be regarded as a moduli space of modules over a corresponding path algebra of the
quiver Qr, which is Morita equivalent to the skew group algebra C[ Q3] x I". We view
this algebra as a non-commutative crepant resolution of the quotient singularity C3/ T,
and identify 9, ; as the moduli space for the non-commutative Donaldson-Thomas
theory of C3/T.

Remark 3.28 (Framing Symmetry) The quiver variety (3.26) is invariant under the
framing rotations

h = (hi)ieor e U®F) (3.29)
0

which act on the orbifold ADHM data as

LY — 1 d
h-(Be, I, Y,)ierr’eter = (B., Iih; ", Y.)ieQOr’eter . (3.30)
The maximal torus of the global colour group U(7#) is
T:= X Tz, (3.31)

ierr
where T3, is the maximal torus of U(rj).

Remark 3.32 (Trivial Orbifold) The McKay quiver associated with the action of the
trivial group I' = 1 on €3 is the three-loop quiver L3:

D2
Y

(3.33)
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Its enhanced framed ADHM representation is

By By
N
W3 [7] 334

In this case the equations (3.15) and (3.16) reduce to the ADHM equations (2.4) of
Sect.2.2, and 9!  1s the moduli space 91, x of rank r non-commutative k-instantons
on C3. Note that (3.34) is identical to the framed ADHM quiver representation for
SU(4)-instantons on C* [18]. This is not a coincidence; it will be explained through
the introduction of tetrahedron instantons in Sect. 4.

Stability and Quot schemes

A set of maps (3.10) and (3.11) is said to be stable if there are no proper -submodules

s=@ s (335)
ieQOr

of V such that B.(Sse)) C St(e)s YiT(Si) C Sjand im(f;)) C S;, foralli € Qg and
e € Qll_. The stability condition is equivalent to the condition that the actions of the

operators B, and YiT fore € Qf andi € Q([)_ on I" (Wy) generate the subspaces Vjr.
Similarly to the proof of [5], we can show that the D-term equations MgR =¢ily in
(3.15) for generic Fayet—Iliopoulos parameters ; > O can be traded for the stability
condition.

Let IT; be the orthogonal projection of V, to the orthogonal complement SL of the

invariant subspace Si C V,, foreachi e QO Then IT; I} = 0, ITy) Be Is(e) = Iye) Be
andH,Y IT; _H,Y ,

0 < Z ¢ dim $+ = Z Try, (1T wY)
|EQ0 |eQ0

= Y Tryg, (Me Be B — Be llse) BY) + Y Try (IL Y Yi — I i ¥;)

eEer ieQOr

= = 2 | Wny = M) Be Tsio ;= - v —my ¥ w7 < 0
etel_ iEQOr
(3.36)
This implies that S; = V; for all i € Q.
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The equations u® = 0 from (3.16) arise as the complex moment map equations
ufb = 0 from (2.4) for the I-equivariant decomposition (3.18). Since the equations
be = ( are equivalent to the commuting relations [B,, By] = 0 and [B,, Y =0,
we can replace (3.16) with the equations

BAB=0 and (B',Y)p,=(Y,B)p,. (3.37)
In particular, the second equation in (3.37) implies

B Yi) = Ys(o) B, | (3.38)

forall e € er. Then the relations (3.37) and the equations o; = 0 from (3.15) enable
us to restate the stability condition as the condition that the actions of the operators

B, fore € er on I'(W;) generate the subspaces Vj. As a consequence, Y;f = 0 for all
ie Qg .

The quiver variety (3.26) may now be equivalently described as the non-
commutative [-Quot scheme

M. ~ uElO) /G (3.39)
where 2Pl¢ designates the stable solutions of (3.15) with ¥ = 0, and

= X GL(k;, ©) (3.40)
ieQ(l)_

is the complex gauge group of the -module V, acting on the orbifold ADHM data as
in (3.24). In this holomorphic description, the orblfold instanton moduli space sm,r i
parametrizes zero-dimension-al quotients of O Wlth length k. When r = 1 these
correspond to properly supported substacks ofI <[fyle orbifold resolution [C3/ I'], which
may be regarded as zero-dimensional I'-invariant closed subschemes of C3.

3.2 Non-effective orbifolds

The global symmetries of the cohomological gauge theory which are used to define
equivariant instanton partition functions severely restrict the allowed [-actions. In
order to preserve the holonomy, [ must be a subgroup of U(3), whereas to preserve
the maximal torus T = T3 x T it must commute with the action of the maximal torus
Tz € U(3). These conditions force I to be an abelian diagonally embedded subgroup
of U(3), and if ' C SU(3) it is of the form I = Z,,, x Z,, with order n = n1 ny. The
orbifold instanton partition functions in this case have been thoroughly analysed in
[43].

However, we can relax the condition that I is an embedded subgroup of the holon-
omy group and consider generic finite abelian groups I by defining the action of I on
C3 via a homomorphism 7 : I — U(3) whose image lies in the maximal torus Tz ;
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this provides a (not necessarily faithful) representation of I in the holonomy group.
Even more generally, we can still define an equivariant gauge theory for any finite
group I as long as the theory has a torus action commuting with the I-action, in
order to enable the application of the virtual localization formula. The quotient stacks
obtained from these more general quotients of C? yield ‘twisted” orbifold resolutions,
in a sense which we momentarily explain.

Let

:T— U®) (3.41)

be a homomorphism from a finite group I to the holonomy group. Although I is not
necessarily a finite subgroup of U(3), the image 7 (I) is. To identify this subgroup, we
note that the kernel

K" :=ker(7) (3.42)
is a normal subgroup of I, and the First Isomorphism Theorem for groups implies
(M) ~ /K. (3.43)

We write " —— U(3) for the embedding of '/ K" in the holonomy group by the
isomorphism (3.43).
We can collect the finite groups introduced so far into a short exact sequence

]l K —T—T"—1. (3.44)

Whereas 7 acts effectively on €3, because it is represented faithfully in U(3), its
extension I acts non-effectively, because the subgroup K acts trivially on C> by
construction. The extension (3.44) means that I acts on C by first projecting to I'",
and the quotient stack [C3/ '] is a principal BK? -bundle, i.e. a K -gerbe, over [C3/ ]
the classifying stack

BK® = [1 /K] (3.45)

may be presented as the delooping groupoid K* =X 1. Since t(I') € U(3), it is a
Kihler K*-gerbe.

To implement the quotient by the trivially acting kernel in (3.43), we take the semi-
direct product of the groupoids presenting [C3/ '] and BK® [60]. Since the K™ -action
on C3 is trivial, this is just the direct product [C3 /1 x BK®, which has the same
orbit space as the quotient stack [C>/ '*]. Hence, we regard it as a ‘twisted’ orbifold
resolution

niy [ /T] x BK® — €3 /T° (3.46)

orb -
of the quotient singularity C3/'*.
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The cohomological gauge theory on the non-effective orbifold [C3/ '] is not the
same as the theory on [C3/ '*], even though the kernel K* C T acts trivially on C3:
gauging a non-effective group action is not equivalent to gauging an effective group
action [61]. This will become evident in our ensuing constructions of quiver varieties
below, as well as in explicit computations of orbifold instanton partition functions. If
Z(K7) denotes the centre of K, then the 2-group BZ(K) acts on BK® and on [C3/ '].
In the modern language of generalized global symmetries [62], in addition to '*-
equivariance, the fields of the non-effective orbifold theory are equivariant under a
one-form symmetry corresponding to the action of BZ(K®) by translations along the
fibres of the K”-gerbe [(D3/ ] over [@3/ re.

We interpret this theory as the orbifold Donaldson-Thomas theory of [C3/ ]
twisted by a K¥-gerbe, which computes the ordinary (untwisted) Donaldson—Thomas
invariants of €3/ " if and only if 7 is a monomorphism. This is supported by the
general statement [63] that a sheaf on a gerbe is the same thing as a twisted sheaf on
the underlying base. Whence a I'-equivariant coherent sheaf on C? is a K*-projectively
['*-equivariant coherent sheaf on C3. Similarly to [64], where the Donaldson-Thomas
invariants of gerbes over projective Calabi—Yau orbifolds are studied in this setting, we
shall find that the cohomological gauge theory on the K*-gerbe [C3/ I'] is equivalent
to a suitable twist of the cohomological gauge theory on a disjoint union of #K* copies
of the base [C3/T7].

This picture is in agreement with the structure of boundary states of D-branes in
non-effective orbifolds, which is discussed in [61, 63]. Although the subgroup K* acts
trivially on €3, in general K® can act non-trivially on the Chan—Paton bundles, as in
(3.21). This is consistent as long as one distinguishes boundary states in each of the
twisted sectors corresponding to conjugacy classes in K*. The combination of a trivial
K”-action on € and a non-trivial K”-action on the Chan—Paton bundles means that
the worldvolume theories of D-branes on the non-effective orbifold support twisted
gauge bundles, as in the more familiar cases of D-branes in flat non-trivial B-field
backgrounds [65].

Remark 3.47 (Banded Gerbes) If I is a central extension of ", then Z(K*) = K® and
[C3/T] — [C3/T"]is a banded K®-gerbe. It is trivial if and only if the principal
I -bundle ©3 — [C3/ 7] has a lift to a principal '-bundle on [C3/ 7] [63].

Notation 3.48 We write [}, for a general finite abelian group. It takes the form
P
Fab= X Zn, . (3.49)
i=1

with order n = nj---np. The set fab is also an abelian group, isomorphic to [,
under the tensor product of irreducible representations.

If we use a homomorphism 7 to represent the action of a finite non-abelian group
I on ©3, then there are two possible classes of groups which are of the form

T ="TmxTap, (3.50)
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where T, is a finite non-abelian subgroup of SU(m) for m = 2,3. We call the
corresponding twisted orbifold resolution of the quotient singularity €3/T,, an
SU(m) x abelian orbifold. In contrast to the abelian orbifolds based on I, alone,
neither of these orbifold actions commute with the maximal torus Tg .

In general, the maximal torus is broken to the centralizer C* of the image of I in T¢
under the homomorphism t. The maximal torus of the equivariant gauge theory thus
becomes

T =Tz xC". (3.51)

We proceed to study each of the three cases of Notation 3.48 in turn.

Abelian orbifolds
Since the irreducible representations of an abelian group are all one-dimensional, the
most general representation of [; in U(3) which commutes with the maximal torus
Tz is through a homomorphism 75 : [y, —> U(3) specified by a triple of weights
5 = (s1, 52, 53). It is defined by

75 (Tab) = Py (Tab) X sy (Map) X o5 (Tap) € U™ € UB), (3.52)

where p;5 : I35 —> U(1) is the unitary irreducible representation of I';, with weight
5. This defines the action of 'y, on €3 as the three-dimensional I ,-module

03 = pyy, ® ps, ® s - (3.53)
The kernel of 5 is the subgroup of '3, given by

KS = ker(t3) = ker(pos,) N ker(ps,) N ker(ps,) (3.54)

The McKay quivers Q% (Tab) are built similarly to the construction in Sect.3.1. To
each irreducible representation of [ ,,, we associate a vertex s € [;p. Using

ps ® pyr = psyy and  pf > o, (3.55)

the number ayy of arrows connecting vertex s to vertex s’ is determined by the tensor
product decomposition of [ ;,-modules

Qg & Ps = Psi+s D Psy+s D Psz+s (3.56)

to be

gy = 35’,s+s1 —+ 85/,S+52 + Ss/,s+s3 . (357)
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Example 3.58 Let 'y, = Zp x Zy x Zj be represented in SO(3) C U(3) as
% (Z5°) = pa,00/(Z5) x po.1.0(Z57) x paa0(Z5) . (3.59)
with
Py (851 E)2, &) = e T himabtns ) (3.60)
where &; is the generator of Z and [;, n; € {0, 1}. The kernel of 73 is
K =17, , (3.61)

generated by (1, 1, &) € ZZX3 . It follows from (3.43) that the image of 3

(233 ~ 7y x s (3.62)

is the Klein four-group in SO(3), generated by (&3, 1, 1) and (1, &2, 1).
The generalized McKay quiver Q% (Z57) s the disconnected quiver

(0,1,0)—>(],0.0) (],0,1)—>(1,1,1)
N:,o, 0% &(0:,0, ;D% (3.63)
TJ’O (OTILL)
) .1

1,1,
Thus,

Qv %) = %7 Ly Q%7 (3.64)

where Q%2 ? is the McKay quiver for the toric Calabi—Yau three-orbifold €3 /Z, x Z»
considered in e.g.[43, Sect. 6]. This represents the twisted orbifold resolution

7S [C3 ) T X o x To) x BZy —> C3 [T x s . (3.65)

orb *

Since 75 ([,p) commutes with T = U(1)*3, the maximal torus of the equivariant
gauge theory is unbroken and is again

T=T; xT;z. (3.66)
We study this gauge theory in detail in Sect. 3.3.

@ Springer



11 Page 28 of 99 R.J. Szabo, M. Tirelli

SU(2) x Abelian orbifolds

Let I, = Ty x I,p, where T is a finite non-abelian subgroup of SU(2) acting on
€2 in the fundamental representation ;. Let [, act on €3 via the homomorphism
75 : [ —> U(3) defined by

5 (M) = (T2 % py5, (Tab)) X ps5,(Tab) € U2) x U(1) € UB), (3.67)

where s = (s1, 52) and as before p; : 'y —> U(1) is the unitary irreducible represen-
tation of I',, with weight s. This defines the action of ', on €3 as the three-dimensional
[p-module

05 =(Q2® py)) & (Ao ® pyy) » (3.68)

where Ag is the trivial one-dimensional representation of T,. The kernel of z; is the
normal subgroup

K :=ker(t5) = {(8.£) € T2 x Tap | § = p—yy () 12 € T2, & € ker(py,)}
(3.69)

of 5.

When § = (0, 0), the kernel is K©0.0) — 15 xI'3p and the McKay quiver Qf“’vo)(rﬂ =
Q'T‘2 is constructed in Example 3.19 as the double of an oriented affine Dynkin diagram
Dynk-y, of type ADE.

When s # (0, 0), the associated McKay quiver Q% () is formed from #I 5 copies
of the vertices of the McKay quiver Q ' 2, one for each irreducible representation pg
of [;p. An irreducible representation

Ris) = 2 ® ps (3.70)

of I, is labelle/c\l by a pair (i, s), where i € Q(’)T‘ ? labels an irreducible representation A;
of Ty and s € 5. The number aj 5 (v, sy of arrows from the vertex (i, s) to the vertex
(i, s’) in Q% (2)'is determined by the tensor product decomposition of [;-modules

Q§ ® Riis) = @ ai'i/fz R si+s) D Risots) » (3.71)
i'eqQ, 2

where Ay = (ai’iT,‘ 2) is the adjacency matrix of the simply laced extended Dynkin
diagram corresponding to ;. Thus,

T
A(i,s) ((,s") = Gy : 8s’,s+s1 + ai’,i 8&’,s+s2 . (3.72)

Example 3.73 Let T, = $5 C SU(2) be the generalized quaternion group of order
12; this is the binary extension of the symmetric group $3 C SO(3) of degree three,
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which corresponds to the dihedral group D3 = Z3 x Z; of the triangle in the ADE
classification. It has a pair of two-dimensional irreducible representations, Ay = Q2
and A3, and four one-dimensional irreducible representations, Ag, A1, A4 and A5. Given
an orientation for the affine Dynkin diagram of type Ds, the McKay quiver Q% is

C] 4@
>2\OCQ// a7t
SN

Letl, = S; X Z, acting on C3 as in (3.67) with weights s;1 = 1 and 5o = 0. The
kernel of 7(1,g) is

KOO =7, x Z, , (3.75)

embedded as the central subgroup {£1,} x Zy C S}‘ X Zn. It follows from (3.43) that
the image of 7(1 ) is given by

(%% x 210 ~ g5, (3.76)
where $3 = $3 / Z under the double covering

$r > SUQ)

]

$; = S0(3)
The McKay quiver Q7.0 (83x%2) jg

do ob

(3.78)

ot U0 v

where the empty (filled) vertices carry the irreducible representation pg (p1) of Zo,.
This represents the twisted orbifold resolution

mSy [C3 ) 8% x 2] x BZY? — ©° /%5 (3.79)

orb *
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of the dihedral singularity €3 / $3, whose standard non-commutative Donaldson—
Thomas theory is studied in [66].
Indeed, the quiver (3.78) is a four-cover lift of the McKay quiver Q%s:

()E g (3.80)

which can also be obtained from (3.74) by removing representations of SU(2) which
are not pullbacks of representations of SO(3) by (3.77).

The centralizer of 75 (I'2) is

¢ =Um? C Te=Um*?, (3.81)

(“ Iz ) , (3.82)
5]

where € = (€1, ;) are the equivariant parameters and 7, = ei€a Tt follows that the
maximal torus of the equivariant gauge theory is broken to

consisting of diagonal matrices

T =Tz x U122, (3.83)

In the notation of Example 3.19, the action of U(l)g<2 on the ADHM data
(B,B,L,1,Y)1is

(B,B,L,1,Y)— (t;" B, t]'B, ;' L, I, 1;7%1;'Y). (3.84)

Remark 3.85 (SU(3)-Holonomy) Restricting the holonomy to SU(3) C U(3) imposes
the constraint

szl(E) psz(é) =1, (3.86)

for all £ € [,p. This implies 251 4+ so = 0. In this sector of the equivariant gauge
theory the centralizer is broken to U(1), with € := €y = —2¢€].

SU(3) x Abelian orbifolds
Let '3 = T3 x [,p, where T3 is a finite non-abelian subgroup of SU(3) acting on
C3 in the fundamental representation Q3. Let '3 act on C3 by the homomorphism

73 : ['3 —> U(3) defined by

7:(M3) = T3 x ps(Fap) € UQA). (3.87)
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This defines the action of '3 on C? as the three-dimensional '3-module
Q5= 03®p; . (3.88)
The kernel of t; is the normal subgroup of '3 given by

K® :=ker(ts) = {(g.£) € T3 x Tap | g = p_5(£) 13 € T3} (3.89)

The McKay quiver fo(r” is constructed in a completely analogous way to the
McKay quivers for the SU(2) x abelian orbifolds above, starting from the general

construction of the McKay quivers QT3 for finite subgroups T3 < SU(3) dis-

cussed in A?ect. 3.1. Again there are #[ 5 copies of the vertices of QT3, labelled by
(i, 5) € Q) ° X ap. The number of arrows agj s (v,sy from the vertex (i, s) to the vertex
(. s") in Q5 () is given by

T
Ag,s) (i',s") = Gy } 8s’,s+§ s (3.90)

where Ay, = (ai%) is the adjacency matrix of QT3.
The centralizer of 73 (I'3) is

¢ =u). c Tz, (3.91)

consisting of diagonal matrices ¢ 13 where r = e'€. The maximal torus of the equiv-
ariant gauge theory is thereby broken to

TS =T; x U(D)e . (3.92)
In the notation of Sect. 3.1, the torus U(1), acts on the ADHM data (B, I, 7Y) as
(B, 1,Y)— (t7'B, 1,177Y). (3.93)
Unlike the previous case of SU(2) x abelian orbifolds, it is not possible to define
a twisted Calabi—Yau quotient stack for the cohomological gauge theory. Indeed, if

the holonomy group were reduced to SU(3), then the centralizer would be Z3, and the
only Zs3-fixed pointis B =Y = 0.

3.3 Abelian orbifold partition functions

In the remainder of this section, we define and evaluate the instanton partition functions
for the twisted quotient stacks [C / Map] x BK®, where I3p is a generic finite abelian
group acting on 3 by the homomorphism 5 : [, —> U(3) defined in (3.52). Then,
the image 3 (I'3p) commutes with Tz, and both the holonomy group U(3) as well as
the maximal torus T = Tz x T¢ are preserved. This generalizes the cases where 3 is
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a monomorphism (K§ = 1) and I,y is a finite abelian subgroup of SL(3, C), which
were exhaustively discussed in [43].

We do not treat the non-abelian SU(m) x abelian orbifolds in this section. They
will appear in Sect.5 as special cases in our treatment of tetrahedron instantons on
orbifolds.

Moduli spaces

We follow closely the construction of quiver varieties from Sect. 3.1, except that now
we carefully relax the Calabi—Yau condition of SU(3) holonomy by using the isomor-
phisms of ;,-modules

N2 QS 2 pyy @ Py ® Py, and  APQS = pyyy (3.94)
where we introduced the shorthand notation
Sab-. = Sq +Sp+ -+ . (3.95)

The vertices of the McKay quiver Q’f(rab) are labelled by the weights s € ’F\ab of
irreducible representations p of "5, while the edge structure is given by (3.57).

It follows that the isotypical components of the ADHM data (B, I, Y) are linear
maps

B; Ve — Vg, s r:w, — Vs and YV, — Vitsios » (3.96)

for a € 3. In the quiver picture, the maps (B}, Y*, I*) constitute the field
ac3

content of the quiver variety 9. . They are required to satlsiby the T 5p- equlvarlant ver-

sion of the ADHM equations (2 4) where the isotypical components of (/L , ul o)

are linear maps

p v — Vi, B iVe— Ve and 0 Ve — Wiign,, (3.97)

for (a, b) € 3*.
The component equations then read
Mg& — BZ“I‘Sb B;) _ BV+9a Bb 1 eabc (BS+SabT YS — yS—Sc BZ_VL}) =0,

M]R; _ Z (B;—su B;—s,n‘ _ B‘;T B;) +ystys —ys—siz3 yps—sist s pst = & Ly, ,
ae3

ot = 1SHmTys =g,
(3.98)
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These equations are invariant under the action of unitary automorphisms g € U(l;)
given by
g (By I'. Y")

(gx+saB 85 Yog I, 8s+s13 ¥ 8y )Serab,aei'

(3.99)

serab ael

As in Sect. 3.1, the D-term relation can be traded for a stability condition.

The maximal torus Tz of the usual framing symmetry from Remark 3.28 givesrise to
an equivariant decomposition of the Coulomb moduli & = (ay, ..., a,) = (ab) =,
which associates ry = dim W parameters a; to the irreducible representatlon ,os This
defines a map

si{l,....r} —Tap, I+—s(). (3.100)

Fixed points and coloured plane partitions

Since the actions of [ 5, and T commute, the T-fixed points of the moduli space im[ ‘;:’
are all isolated and are in one-to-one correspondence with arrays of plane partitions
7 = (w1, ..., ) of size k. Each plane partition 7; is coloured accordirlg to the [ 4p-
colouring defined through the homomorphism 3 and the isomorphism I, >~ ['5p of
finite abelian groups by

28y — Tap, it = (n1,m2,n3) — p&" ® pS" @ p™ (3.101)

where the box of m; situated at p € Z3>0 carries an irreducible representation of the
orbifold group I, given by

1 1 1
p — ,Os(l) ® p®(17| )® Os 2(172 ) ® p®(173 ) (3102)
When 7 € ! e the total number of boxes of colour pg in 7 for each s € Fab is the
fractional instanton number |77 |5 = k.

The 1nstant0n deformation complex for the quiver variety 901 ;- at a fixed point
e fm 2 is the [ ;p-equivariant version of the complex (2.28) glven by

Homp (Vi Vz ® 0%)

- V-9 A28
o ® b Homp (V7. Vz ® A" 03)
Endr (Vi) ——  Homp (Wi Vi)  —— ® :
® Homp | (Vz. Wz ® A” 0F)

Homp (Vs Vz ® A’ 0)
(3.103)

where the map dlrab is an infinitesimal G; gauge transformation, and d2r b js the

linearization of the complex ADHM equations in (3.98).
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The instanton partition function is obtained by computing the character of the
complex (3.103). Since 73 (Tap) C Tz, this may be calculated by taking the I,p-
invariant part of the character (2.30), with the weight decomposition

05 =1 py +13 " ooy + 15" 0y (3.104)

in the representation ring of Tz x [;p. It reads as

. VE® W
(T3, ) = [WE @ vy — 2Ly
’ 1213 (3.105)
1—1p5)A =t p*) (1 —13pF r ’
+V;®Vﬁ ( lp_yl ( t 21032)( 31053) px123:| ab
1013

The decompositions of the vector spaces V and W at the fixed point 7 € 9)?; ; are
given by '

r

,
—1 —1 —1
=Y X AT s, wa =Y ae s,
=1

pEm =1

(3.106)

as elements of the representation ring of the group T x ;. The character (3.105) is
evaluated by projecting onto the trivial representation pg, leaving an element in the
representation ring of T.

Equivariant generating functions

The full instanton partition function is defined as

7 2.2 2y — =k 7.k 5 o
2103 Typixpis (4520 €) = ). @ 2o T pxBic @ €) (3.107)

EEZZEab

where g = (qs)ser is a set of fugacities for the fractional instanton sectors
b E ab
k= (ks)serab with

=] <. (3.108)
SErab
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The equivariant partition function for the quiver variety 9i; ; is given by

v]_é > o —~ r . .
Z[rC3/rab]><BK3 @ ¢€):= Z e[ — chy ™ (13" )]
7eml .
r.k
_ Z - ﬁ 053( a; — pi- €€z — a)
feml 1=l prem  Prod 0+ fi-€13)
£0
XH 1_[ Ro}$ ab(éu—az/Jr(pz pr)-€l€),
=1 pemy

(3.109)

where the operation (Sor  acts on a combination of equivariant parameters x as the
identity if x is associated with the trivial representation pg and returns 1 otherwise;
for example

r . L, ar—ay +(pr—pp)-€ if pry®pp. 5 > po,
8o (au —ar+ (pr—pj) €)= _
1 otherwise .

(3.110)

Example 3.111 Let [y, = Zo x Zy = {1, g1, g2, g3} be the Klein four-group repre-
sented faithfully in SO(3) C U(3) by the matrices

—1 —1
g1 = ( -1 ) and & = ( 1 ) s (3.112)
1 —1

together with g3 = g1 g2. The four irreducible representations /I:ab = {po, o1, P2, P3}
have weights so = (0, 0, 0), 51 = (1 1 ,0),5=(1,0,1)and s3 = s1+s2 = (0, 1, 1),
respectively. The McKay quiver Q% s displayed in Example 3.58.

Consider the U(1) theory on [@3/22 x 7] with dimension vector 7 = (1, 0, 0, 0).
Then, s(1) = 0 in (3.106), and the equivariant instanton partition function in this
case gives the generating function for rank one non-commutative Donaldson—Thomas
invariants of the toric orbifold C3/Z, x Z, with holonomy group U(3). It evaluates
to the closed formula [18, Proposition 5.12]

€1ep€3 —612 52*512 €3 —e% €3—€] e% —€1 e%—ez e%

Z?=3(1,0,0,0) @:8) = = M(—QZ _ c1e2€ _
(O /22 % 2] M(qy, —Q) M(aa, —Q) M (a3, —Q) M(qy @2 a3, —Q)
N S(ps)= P
< J] Mya.-9 e,
1<p<s<3

(3.113)
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where

M(x,q)=M(x.q) M(x~", q) (3.114)
is the MacMabhon tilde function, and we introduced the notation

Q=dodI A3, (3.115)

along with (ps)™ =3\ {p, s}.
Example 3.116 Let 75 be the representation of the group a3y = Zp X Zo X Zp in
SO(3) C U(3) from Example 3.58, and consider the cohomological U(2) gauge theory
on[C? [ Zio X 7y X 7] X B Zp. We focus on the contributions to the generating function

from the array of Z;d-coloured plane partitions

=0 , ) (3.117)

with |Ig | = 2 boxes and the following 2;3-colourings:

a2 — 62

N 12
Pk 2 2 T000 =700 =1. k000 =kao0n=1.

[C3/Zz><Z2><Z2]><BZ2(a’€): at— €

L, r@©,00 =r©01 =1, k0,0 =ko,01n=1,
(3.118)

where a := a| — a». In the first case, the Eartition function (3.118) coincides with the
contribution to the partition function Z[r(ij3 TaxTs (&, €) of Example 3.111 from the
Zz X Zz—colouring with r0,0,00 = ¥(1,1,00 = 1 an k((),o’()) = k(l,l,O) = 1, whereas in
the second case there is no correspondence.

This example serves to demonstrate that the non-effective orbifold theory is not
generally equivalent to the theory defined solely by the action of a finite subgroup of

U(3). On the other hand, there is an equivalence of partition functions

-

7 =22y o7 =22
[@3/22XZ2XZ2]XBZZ(q’ a,e) - Z[C3/ZQ><Z2](q’ a, 6) (3119)

for all dimension vectors ¥ whose nonzero entries are coloured by [, in the same
connected component of the McKay quiver.

4 Tetrahedron instantons in cohomological field theory

Tetrahedron instantons were introduced in [1] as a generalization of non-commutative
instantons on M3 = C3. Roughly speaking, they correspond to configurations of
instantons on the codimension one coordinate hyperplanes C? inside the affine Calabi—
Yau fourfold My = C*. In this section, we elaborate on the analysis of tetrahedron
instantons and their generalized ADHM parametrization.
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Notation 4.1 The set of coordinate labels of the four complex lines C, C C* is
denoted by

a € 4:={1,2,3,4}. 4.2)
There are four complex codimension one hyperplanes

Ci=X C, c C" with A e 4t:={123), (124), (134), (239)},
acA

4.3)

and for any A € 4* we define A € 4 to be its complement

A=4\A. (4.4)

The lexicographically ordered sets 4 and 4, respectively, label the vertices and faces
of a tetrahedron. We will denote by A1 N A, = (aj az) the unique pair of vertices
ai, ay € 4 joined by the common edge of two distinct faces A1, Ay € ﬂL; note that
Aj € Ayand Ay € A).

We introduce the following vector spaces:
e (Q4: a four-dimensional Hermitian vector space which forms the fundamental

representation of the group SU(4).
e Q4 : a three-dimensional Hermitian vector space which forms the fundamental

representation of the subgroup U(3)4 C SU(4) acting on the hyperplane (13134 cct
for A € 4*.

e 04, A,: atwo-dimensional Hermitian vector space which forms the fundamen-
tal representation of the subgroup U(2)4,,4, C SU(4) acting on the intersections
(DZALAZ = (D?A. N @/342 C C* for distinct A, Ay € 4+

e O : the one-dimensional representation of U(1),) C SU(4) acting on the line
C, c C*forae4.

4.1 SU(4)-Instanton equations

Tetrahedron instantons are solutions of BRST fixed point equations for a cohomo-
logical gauge theory with two supercharges on a Kéhler fourfold (M4, ) with SU(4)
holonomy, which can also be obtained through dimensional reduction of N' = 1
supersymmetric Yang—Mills theory with gauge group U(r) in ten dimensions [18].

Let £2 be the nowhere-vanishing holomorphic four-form associated with the SU(4)-
structure. Define the involution

xo t AP2CH — AP0, ar— xpai=x (@A R) 4.5)
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for o € A2 C4, where  is the Hodge duality operator compatible with the Kihler
form w. It gives an orthogonal decomposition of the space of (0, 2)-forms

A2t = NP2t @ A2 (4.6)

into real £1-eigenspaces /\8;2 C* of xg. This induces a decomposition of the (0, 2)-
form part of the field strength tensor F0-2 = fﬂ*Z + 7% into eigencurvatures as

FPP =L (FO2 40 FO2)  with xF? = £ 797, (4.7)

The BRST symmetry localizes the path integral of the gauge theory onto the space
of solutions of the generalized instanton equations

F2 =0,
a)/\a)/\a)/\]-'U:O, (4.8)
Vi@ =0,

where again we assume the first Chern class vanishes.
Tetrahedron instantons correspond to particular solutions of (4.8) on a singular
threefold M, embedded in a local Calabi—Yau fourfold M, as a stratification

M = U My C My . 4.9)
Aesgt

For instance, Mp = @ ~'(0) may arise as the central fibre of a toric degeneration
w : My —> C with gluing data along intersections of strata M4 prescribed by a
polyhedral complex which forms a tetrahedron [3]. The U(r) gauge connection .4 and
complex Higgs field @ are constrained to assume the forms

A= Ax and o= P 4. (4.10)

Ae4t A4t

where A4 and ®4 are supported on the smooth stratum M4 C M, with values
in the adjoint representation of U(r4) for A € 4. The restrictions of the fields to
the codimension two transverse intersections Ma, 4, := Ma, N My, C Mp yield
bifundamental multiplets of the product group U(r4,) x U(ra,).

The solution (4.10) is labelled by an array of ranks

ri=(ra)pecqt = (1123, 7124, 7134, 1234) (4.11)

which partitions the rank r of the cohomological gauge theory:

r=lrl:= ) ra=ris+ros+rize+rss. (4.12)
Aes4t
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It breaks to the U(r) gauge symmetry to the subgroup

Uer) = X U@ra) . (4.13)

Aesgt

The nonzero entries of the dimension vector r also determine the unbroken holonomy
group of the solution (4.10) preserving the codimension one defects as

H, = ﬂ UB)a C SUM). (4.14)
FA#O

We can further group the solutions according to their instanton number (fourth
Chern class)

1

kszM4 Tryy FAFAFAF, (4.15)
which is again a topological charge of the theory. The moduli space of solutions of
(4.8) with charge k € Zx¢ is called the moduli space of tetrahedron k-instantons of
type r, denoted M, . The group PU(r) = U(r)/U(1) remains a global symmetry of
the moduli space, where U(1) is the diagonal subgroup of X, .o U(1) corresponding
to the common centre of the groups U(ry) for A € 4.

4.2 ADHM data

Similarly to non-commutative instantons on C3, tetrahedron instantons appear in the
context of type IIB string theory [1], where the ten-dimensional spacetime R!? is
identified with R1'! x C* through a choice of complex structure. When My = C*,
the singular divisor

ci=J ¢ cc! (4.16)
Ae4t

has strata corresponding to the codimension one coordinate hyperplanes ([3134 c C.
In this case, tetrahedron instantons describe bound states of k D1-branes along
R"! which probe intersecting stacks of » D7-branes located in the four different
spatial orientations labelled by A € 4+, with r4 D74-branes wrapping the stratum
(Df‘ C Cz. The worldvolume R!! x @,34 of the r4 D7 4-branes for fixed A € 4+

supports k D1-branes. It is intersected by r40 D7 4o-branes, labelled by A° € 4\ A,
in hyperplanes which produce defects in (DZ of codimension one or two.

In the low-energy two-dimensional N" = (0, 2) field theory on the D1-branes, the
Higgs branch is described by generalized ADHM equations, deformed again by a
Fayet-Iliopoulos parameter ¢ € R.q related to an appropriate large constant Neveu—
Schwarz B-field. This breaks supersymmetry, while the D1-D7-brane states decay to
a supersymmetric string theory vacuum via tachyon condensation [48].
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Generalized ADHM equations

Let V and W4 be Hermitian vector spaces of dimensions k and r 4, respectively; from
the perspective of the D1-branes, V is the Chan—Paton space and W4 are flavour
representations. Then, the ADHM equations are [1]

18 =By, Byl — Y eupea [B], BJ1 =0,

R._ i =
phi= 3 [BaB1+ ) Ialy=¢1ly, @17
acd Aes4t

oA = (BA IA)T =0,

where a,b € 4 and A € 4%, while B, € Endg(V) and Iy € Homg(Wy, V).
Here, £4pcq is the Levi—Civita symbol in four dimensions with £1234 = +1. Note that
only three of the first set of equations are independent and we may restrict them to
(a, b) € 3%, or equivalently any other triple of distinct pairs of vertices from 4 .

If there is only a single nonzero rank r4 = r, for some A € 4+, then upon set-
ting ¥ = B} and I = I4 the equations (4.17) reduce to the ADHM equations
(2.4) for instantons on ([313‘1 with holonomy U(3) 4. On the other hand, by neglect-
ing the last equation in (4.17) and combining the linear maps /4 into a single map
I =, cat In e Homg(W, V) with W := P, _ 4. Wa, we recover the ADHM
equations for the magnificent four model, i.e. the Donaldson-Thomas theory of the
affine Calabi—Yau fourfold C* with SU(4)-holonomy [13, 15, 16, 18].

The ADHM data provide a framed linear representation of the four-loop quiver Ly
with one vertex and four edge loops:

Wi23
By ll%pl?z
1234 @ 1124

> [ V] <

By 11134 B3

Wa34

(4.18)

This generalizes the enhanced framed representation of Lz from (3.34) as well as the
framed representation of L4 from [18, eq. (2.45)].
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Stability and Quot schemes

As pointed out by [13], the complex ADHM equations MS; = 0 are equivalent to the
EJ-term equations

[By, By] =0 (4.19)

for all a, b € 4, through the identity

Yoo luGli= > (B B} (4.20)

1<a<b<4 1<a<b<4
where || - || is the Frobenius norm on End¢ (V).
Instead, the D-term equation u® = ¢ 1y of (4.17) is equivalent to a stability

condition similar to the stability condition of Sect.2.2: there is no proper subspace
S C V such that

B,(SYCcS and I,(Wa)CS (4.21)

foralla € 4and A € 4+.
It follows that the moduli space of tetrahedron instantons 9, ; is given by the
non-commutative Quot scheme
M, = pC O /GL(V), (4.22)
where u© := (ug, 0A) (4.p)e3L . A cals the superscript stable jndjcates the stable solu-

tions of (4.19) and the third equation in (4.17), while g € GL(V) =~ GL(k, C) acts on
the ADHM data as

8 (BarIn)ycq peat =@ Bag ' 81 uca acat - (4.23)

Remark 4.24 The stability condition is equivalent to the statement

V=) Va:= )  ClBu By B]Ia(Wa). (4.25)
Aest A=(abc) st

The vector space V4 is the smallest subspace of V containing im(/4) which is invariant
under the actions of B,, B and B.; its complex dimension k4 := dim Vj is the
instanton number on the stratum (Df1 C (D-Z. The equation o4 = 0 in (4.17) together
with (4.19) then imply

Bi(Va) =0, (4.26)
forall A € 4+.
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Let iy : (Di [ (D3A be the inclusion of the irreducible codimension one strata
in the singular threefold (4.16) for each A € 4. Let &, be the torsion sheaf on C3A
defined by

& = A :
r= P a Oy 4.27)
Aes4t

As shown by [3], the description (4.22) implies that the moduli space of tetrahedron
instantons 9, x is isomorphic to the Quot scheme Quotlr‘ ((D-Z) of zero-dimensional
quotients of &, with length k:

M, x ~ Quoti(C3) . (4.28)

There are natural closed immersions among Quot schemes

M, 1 —> Quot () — Quoth(CH), (4.29)

where r = |r| and Quot],‘ (CH is isomorphic to the moduli space of U(r) instantons
on C* with charge & [10, 18].

Remark 4.30 (Instantons on Ci’t) In the sector where only 74 = r is nonzero, for some
A€ é_ll, the Quot scheme (4.28) coincides with the Quot scheme

Quotf(C3) ~ Quot‘(C3), (4.31)

which is isomorphic to the moduli space 9, x of U(r) instantons on (DZ with charge
k (cf. (2.13)).

4.3 Tangent-obstruction theory

The local geometry of the tetrahedron instanton moduli space 90,  is captured by the
instanton deformation complex [46]

] -
AT My @g -2 A T M, @ g -2 A2 T M, @4 (4.32)

The first differential is a linearized complex gauge transformation, while the second
differential is the linearization of the first equation in (4.8), where 8 4 := P 09 4 and

Po=1@—xg): AV2C* — A2 (4.33)

is the projection onto the real —1-eigenspace of the involution .

The degree one cohomology ker(E_);‘) /im(d 4) of the cochain complex (4.32)
describes the complex tangent bundle 790, y — 901, x over a fixed holomorphic
connection A of the form (4.10). The second cohomology coker(é;t) defines the real
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self-dual obstruction bundle Ob k> SJJI, &, Which is orientable. We assume the
degree zero cohomology vamshes i.e. ker(d 4) = 0, so that there are no infinitesimal
automorphisms.

The virtual tangent bundle T"ir?)ﬁ,, k 1s the two-term elliptic complex

TV, g := [Ty, —> Ob, ] . (4.34)

When M, = C#, it is easy to show using the ADHM parametrization that the complex
virtual dimension of the moduli space 2, x vanishes:

vdimsm,,k:<4k2+ Z rAk)—(3k2+ Z rAk>—k2=O. (4.35)

Aec4t Aes4t

The definition of the Euler class of TVirSJT, & 1s a bit more involved now because
the self-dual obstruction bundle Ob ok is areal vector bundle. As explained in [18], we
identify its Euler class through a square root of the Euler class of the complexification
Ob, i = Obr,k R C:

e(Ob, ;) = Ve(Ob, ) . (4.36)

The square root is defined up to a sign determined by a choice of orientation of
Ob; &> the virtual fundamental class [0, IV also depends on this choice, though it
is customary not to indicate the dependence explicitly. In the cohomological gauge
theory, the sign choice corresponds to a choice of lexicographic ordering of the real
antighosts in the path integral measure. We now define the Euler class

e(Tﬁ)ﬁr,k)
Je(Obra)

The tangent-obstruction theory can also be described in terms of ADHM data. For
this, we introduce vector bundles

Ve(T "M, ) = (4.37)

Y = uCN0) gy V. oand W4 =Mesx x Wa (4.38)

on the moduli space 9, x, whose fibres over a gauge orbit [A] are the complex
vector spaces V and Wy, for A € 4+, which are part of the generalized ADHM
parametrization of 21,  discussed in Sect.4.2.

Then there is a three-term cochain complex of vector bundles over 91, ; given by

Hom (¥, 7 ® Qu) Hom(?, ¥ @ A% Qu)
End(¥) 25 ® N @ . (4.39)
@ Hom(#a,?) @ Hom(¥,#s® A Q4
Ae4t Ae4t
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where the vector bundle homomorphisms d; and dy act fibrewise over a point
[(Ba. 1a), caA eﬂL] of M, 1 as

d1(¢) = ([Baa d)]v _¢1A)a€ﬂ,A€ﬂL )

da(basin)gea acat = ((bas Byl + [Bas byl Ixb5 ik BY) () cat acat -
(4.40)

Again the stability condition implies ker(d;) = 0.

4.4 Equivariant generating functions

Since the virtual dimension is zero, the tetrahedron instanton partition function is given
by

zrk = / 1, (4.41)
o (901 x ]V

which again we interpret as the T-equivariant volume of the moduli space 9, ; with
respect to the action of some torus group T on M, x, i.e. as the pushforward of 1
to a point in T-equivariant cohomology. The T-action on the moduli space induces
T-equivariant structures on the vector bundles ¥ and #4 for A € 4. Let DJII i be the
subscheme of T-fixed points of 9, . As a set, it stratifies into T-invariant connected
components as

m= || M. (4.42)

Femo@! ;)

In Appendix B, we prove that the moduli schemes M for F € o (M;. ;) are com-
pact in the complex analytic topology induced by the Frobenius norm on the affine
space of ADHM data (B, 14),, ¢ 4, 4 < 41 fOr the torus actions considered in this paper.
Since the only fixed point of our toric actions is 0 € C*, we believe that this is also
true in the Zariski topology, i.e. that 91 are proper. This enables application of the
virtual localization formula from [27, 49] to evaluate the partition function (4.41) as
follows.

The T-fixed part of the pullback of the two-term complex (4.34) over M is the
virtual tangent bundle TV = TViri)JT,, k |§; , which defines a virtual fundamental
class [9tx]Y". The equivariant virtual normal bundle to Mr C M, is the T-moving
part

mov

iy (4.43)

Ao = T My kg = [Ty —> Oby, ]

of the pullback of the virtual tangent bundle 7V, ; over 9. The partition function

(4.41) is then evaluated as a sum over the T-invariant connected components 9z of
M, « given by [27, 49]
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Zrk = / '
4 — 9ﬁF]‘“r JVvlr)

Femg (zmT

(4.44)

The equivariant square root Euler class /et (JVgr}’t‘r) is defined up to a sign that
depends explicitly on the orientation of the pullback of the obstruction bundle Ob, ",
to the connected component 9ig. It can be obtained from the square root of the
equivariant Chern character of the virtual tangent bundle 7", , which is computed
from the index of the complex of vector bundles (4.39), regarded as an element in the
T-equivariant K-theory of the moduli space 91, ;. This index bundle is given by

Ind, , ==7*@7®(C=- Qi+ ALQs)+ Y V{0V -7 8@/ Q4.
Aest

(4.45)

where here C denotes the trivial T-representation.
The T-equivariant Euler class is now extracted along the lines discussed in [42].
We expand the index bundle (4.45) as

nd, = 3 &.- Y & . (4.46)

ipely i_eI_

where &;, are T-equivariant vector bundles on 9, ; labelled by two sets of indices
I.. After a gauge transformation, the character of the pullback of (4.45) to 9z can
then be expressed in terms of ordinary Chern characters as

\/chT(TVirSUIr,k’ng) = chT(Ind;k‘m Z € Wiy ch éaF Z e i ch éaF

iyeIy i—el_

(4.47)

where w;, are the corresponding T-weights of &7 := &, |zm

Since the virtual normal bundle 4oy Vit involves only nonzero T-weights, it follows by
computing the T-equivariant top Chern class from (4.47) that its T-equivariant square
root Euler class reads

. c(&F wl)
vel) = T (4.48)
i+ €I4 ( 177W[7)
wi, #0
where
k(&)
c@w) =Y W ewe— (&) (4.49)
j=0

is the usual Chern polynomial of the vector bundle &, with ¢ (&) its j-th Chern class.
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The character (4.47) is a square root of the equivariant Chern character
chr (7Y, &) of the virtual tangent bundle

TY"0M, « = Ind;, +Ind, =Ind, + (Ind, )*

=707 e (C- ) (1) AT 04)
ac4d
+ Y HFRVR(C—Qui)+ 7 @Wa®(C— A Q4).
Aest
(4.50)

regarded as an element of the T-equivariant K-theory of 9, ;, where we used triviality
of the determinant representation A4 Q4 =~ C to identify N2 o) ~ /\3_ Q4 and

A3 0 = Q4)- Every sign choice for the square root is equivalent to a choice of
local orientation on each T-invariant connected component M1 of the instanton moduli
space, which produces a sign factor (—1)°F,

Finally, the partition function assumes the form

e |

c(&Fwh)
Zgi= D (—1)°F/ [ 5 (4.51)
C* _ .
Fem@! ) (M7 el C(gziwi)
’ w}, #0

The full instanton partition function is given by a weighted sum over the instanton
number k as

oo
Zi@=) o 75 (4.52)
k=0

Q-background

As in Sect.2.4, the natural choice for the torus group T comes from defining the
equivariant gauge theory on an Q2-deformation of the affine Calabi—Yau fourfold [50,
51]. The global symmetry group of the tetrahedron instanton moduli space is

G= PU(r) x H,. (4.53)
It can be rotated to its maximal torus

T=Ts x Tz (4.54)
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where

Tz = X Tz, - (4.55)
Ac4t

The maximal torus of the unbroken holonomy group (4.14) is Tz, which preserves
the stratification ([33A and whose coordinates € = (e1, €2, €3, €4) are the equivariant
parameters of SU(4) obeying

€13a=€1+er+e3+e4=0. (4.56)

The Coulomb moduli & = (84) 4 4. With 34 = (aa1,...,aar,) are the vacuum
expectation values of the complex Higgs field ® = @, _,. P4 parametrizing the
positions of the r4 D7 4-branes; they are defined modulo the overall shifts as; —
aa; t+cforceC.

The T-fixed points 7 of the instanton moduli space 90, x are all isolated and finite
in number [1]; hence, the fixed point loci are compact in this instance. It follows that
%Vir = T;Z irzmn « and the formula (4.48) for the equivariant square root Euler class
agrees with the top form operation (2.32). The localization formula for the instanton
partition function (4.51) then simplifies to

(w?? )dim(é‘;’j)
ko2 = 2 -
Zga@ = > % [] ’—gn (4.57)
P irety (WF )dlm(/i+)
e 9;nr.k H:-e 926 I+
wl’.‘:t

The sign (—1)°% depends on the local orientation of the obstruction bundle Ob,, at
the fixed point 7, as in the case of non-commutative instantons on ct [18, 35]. The
explicit form of the sign factor is evaluated in [3] for any choice of r. We discuss this
sign factor within our approach in Sect. 4.6, as well as the explicit evaluation of (4.57).

4.5 Quiver matrix model

The maximal torus (4.54) acts on the ADHM data as
(7o h) - (Bas Ia)yca pest = (t;' Ba, In h;‘)aeMEﬂL , (4.58)

where 7 = (1), c4 € Te witht, = el€a andh = (ha) 4 cat € T3. The cohomological
field theory on the Q2-background is equivariant with respect to this torus action and is
constructed using the BRST formalism, which produces a quiver matrix model based
on the framed quiver representation (4.18).
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The BRST transformations are analogous to the ones for Donaldson—Thomas theory
on C*[13, 18]. They read as

QB,=va , Q¥a=I¢,Bul—€sBa,

Qly=ws , Qwa=¢ls—1sa,,
O =Hy . QHy =10 Xe5] — €ab X35 - (4.59)
B =u® | oHR=[p.xM.

Qp=0 , Qp=n , QAn=1I[¢,¢],

fora € 4, (a,b) € 3 and A € 4. Here ¢ is the generator of U(k) gauge transfor-
mations and a4, = diag(aa1,...,aar,) is a background field which parametrizes an
element of the (complex) Cartan subalgebra of U(r4). The Fermi multiplets (¥, H )
implement the equations M;Cb = 0 and ,u]R = ¢ 1y, where ¥ = (Xg, X]R)(a,b) c3l
are antighost fields in Enq@(V) and H = (H(g, H]R)(a’b) < 3L are the auxiliary fields.
The scalar multiplet (¢, ¢, n) is needed to close the BRST algebra.

In addition to the BRST transformations (4.59), the equations o4 = 0 for A € 4+
are included by adding Fermi multiplets (Y4, §4) yc4t, With T4 € Homg(V, Wa).
These fields transform as

OYs =84 and Qfp=a,Ta—Tad+e; Yy, (4.60)

for A € 4*.
The action functional corresponding to this system of symmetries, fields and equa-
tions is

S=QTrv< o xSTHG kG AR ER - GRc1y)+ Y 1) s —ow)
(a,b)e3t Acat

+ 3 Vald Bd+ Y qSIAw2+n[¢,43]+c.c.),
ac4 Ae4t

4.61)

where c.c. means complex conjugate. The evaluation of the corresponding path integral
is now a routine computation which follows by combining the calculations from [12,
67] (for the field theory on C3) with those of [18, Sect. 2.5] (for the field theory on
Ch.
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The matrix model representation of the sum over equivariant Euler classes in (4.57)
is given by

k o
I (=DF / ennezen \k do; Py (—¢i — €zl —aan)
7rh@E,e) = 75 — A 4
c k! ( ) I 1_[ 27 i H P, (dilaa)

€1 €2 €3 €123

i=1 Aeat
k
< [T R-@i —9j1é) .
i,j=1
i#]
(4.62)
where ¢; fori = 1, ..., k are the components of ¢ in a Cartan subalgebra of U(k),

and R_(x|€) is the rational function from (2.34) evaluated with the opposite sign of
€4 = —e€123. Similarly to [18, 43], the ADHM matrix model (4.62) is interpreted as a
contour integral. The closed contour I, x C C* encircles all poles of the integrand,
which are located along the hyperplanes

¢i—¢pj—€=0 and ¢ —ayq =0 (4.63)

inRK, fori,j=1,....k,ac4,Ac4tandl =1,...,r.

Fixed points and plane partitions

The intersections of the hyperplanes (4.63) are precisely the BRST fixed points of
the cohomological field theory, which by construction are the T-fixed points of the
ADHM moduli space. The residue formula then reproduces the sum over T-fixed
points in (4.57). The full instanton partition function Zf.,(q; a, €) is given by the
sum (4.52) over all instanton numbers k.

The fixed points (4.63) are in one-to-one correspondence with collections of plane
partitions [1, 12]

iz(ﬁA)Aeﬂi=(7TA1»-~"7rArA)AEﬂiv (4.64)

where the total size of 7 is the instanton number

rA
k=l&l= Y 1@al=)_ Y lmal. (4.65)

Ae4t Aec4d =1

As we will see in Sect. 4.6, the total number of boxes k4 := |74| for each A € 4" is
the complex dimension of the vector space V4 introduced in Remark 4.24 at the fixed
point 7.
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Dimensional reduction

The structure of (4.62) is very similar to that of the matrix integral Zgj (@, €, m) for
the rank r Donaldson—Thomas invariants of C* that was obtained in [18, eq. (2.68)],
where @ = (ay,...,a,) are the Coulomb moduli and 7 = (my, ..., m,) are the
masses of r fundamental matter fields. This similarity is made precise through

Proposition 4.66 There exist Coulomb parameter and mass specializations such that
the equivariant instanton partition functions of the U(r) cohomological field theory
with a massive fundamental hypermultiplet on C* and the cohomological field theory
for tetrahedron instantons of rank |r| = r are related as

Ziu(as a, €,m) = Zga (1) a3 &, €) . (4.67)

Proof Choose a partition of the set of colour labels {1, ..., 7} =] |4 c4. a into dis-
joint subsets ¢4 of cardinalities #c4 = r4 for A € 4-.In Z:Dﬁ (a, €, m) we substitute

(a,m) = (aar, aar+ez) for legy. (4.68)

Using the Calabi—Yau condition €4 = —e€133 on C* one then finds that the matrix
integral from [18, eq. (2.68)] is exactly the integral (4.62), up to an overall sign
(_l)rk:

Zph@ e m = (—)* Z0iGE € (4.69)
and the result follows by taking the weighted sum over k € Zx( of (4.69). O

Remark 4.70 From the matrix model representation (4.62) we deduce that the partition
function Z@(q; a, € ) for tetrahedron instantons is invariant under permutations of
the entries r4 in r. It follows that the result of Proposition 4.66 is independent of the
choice of partition {ga} 4 c 4t-

Proposition 4.66 generalizes [18, Proposition 2.71]. In the T-dual type IIA picture
[2], the specializations can be interpreted as particular configurations of D8-branes and
anti-D8-branes which decay via tachyon condensation into intersecting D6 4-branes
for A € 4+, whose bound states with DO-branes correspond to tetrahedron instantons.

4.6 Tetrahedron instanton partition function

We explicitly evaluate the equivariant partition function in the Q2-background from
the formula (4.57), elaborating on the calculation that appears in [1], which in par-
ticular does not incorporate the sign dependence on the choice of orientations. For
this, we regard the vector space Q4 as the four-dimensional Tz -module with weight
decomposition

Qu=t;"+0 "+ +4. @.71)

@ Springer



Tetrahedron instantons on orbifolds Page510f99 11

The weights 7, = e for a € 4 satisfy the Calabi—Yau condition
tihtstg=1. 4.72)
The fibre of the index bundle (4.45) over the fixed point 7 € XITEI x computes the

square root of the T-equivariant Chern character of the virtual tangent bundle Tvirzm,, k
at . It is given by

Venr(Trm, ) = —vi@ Ve (1= 3 i+ i o g )

ac4h
+ ) Wiz ®Vi— Vi@ Waztz.
Acat
(4.73)
where
A A
=1 pp—1  pe—1
Vi = Z ZeAl Z AN V74 and WA,;:ZeAl
A=(abc)e4t =1 PAETAL =1
4.74)

as elements of the representation ring of T, with e4; = e'24/ for A € 4" and [ =
1, ..., r. Weused the stability condition, see Remark 4.24, along with a suitable gauge
transformation.

Proposition 4.75 For the choice of square root (4.73), the sign factor (—1)°% is given
by

07 =tk (V2@ Vz ;'Y mod 2. (4.76)

Proof By Proposition 4.66, the Donaldson—Thomas partition function on C* reduces
to the tetrahedron instanton partition function though specializations of the parameters
(@, m); by Remark 4.70 the reduction is independent of the choice of partitioning of
the index set {1, ..., r}. By regarding the plane partitions 4, as solid partitions via
the natural embedding Z3 , — 72 , the sign factor is [18, Remark 2.103]

=0

rA
05 = Z Z #{(p.p.p.p)emar|p<p}—1k(VE® Vi t;l)ﬁx mod 2,
Acat =1
4.77)

where the summands in the first term correspond to the Nekrasov—Piazzalunga sign

prescription [13, 15]. Since 74 are true plane partitions, p’ = 0 and each summand
in the first term of (4.77) is zero modulo 2. ]
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Remark 4.78 The sign factor (4.76) is consistent with the sign factor evaluated by
Fasola and Monavari in [3]. It can be evaluated explicitly from (4.74) by counting
the zeroes of the combination ax; — aary + (par — ply ) - € for A, A" € 4+,
Lefl,....ral,I" € {1,....ra}, pa1 € may and p}y,, € mary, Where py - € :=
Y aca Pa€a- For generic equivariant parameters, the result is given by the sum of
cardinalities

rA
O = Y > #{(Par. Php) €mar X Al | par =P+ 1., a€ A}, (479)
Aeat 1=l

Finally, the equivariant partition function for tetrahedron instantons can be easily
evaluated from the character (4.73). It is given by the combinatorial expression

Zea@a =) > (=% gTE[ - Vebr(ryrm 0], (480)

where

rA #0 P N . . R
e i (—apr—par-€+egl—ay)
o[ - varayro,0)= [T 1 [T et
- Pr,(@ar+par-€laar)
A A €4t I=1 paremay
ryr ;é()
[T T1 R(@ar—aws+Gar— by -Ef).
I'=1 1_7);“'1, ShyG

(4.81)
Refined partition function
The structure (4.64) of the fixed points 7 suggests a refinement of the counting param-

eter g in (4.80) with four independent fugacities g4 weighing the contributions from
74 for each face A € 4. We set q = (d4) g c 4L and define

=[] <. (4.82)
Acat

The refined partition function for tetrahedron instantons enumerates instantons on
each of the codimension one strata (Di C Cz for A € 4 and is defined by

M

> 0% g g - Vebrryrm, 0] @83)

- T
nezm,’k

Zr.(q3,8) =
k

Il
=}

The generating function (4.80), in which g4 = g for all A € 4", will sometimes be
referred to as the unrefined partition function.
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Instantons on C3,

If only r4 = r is nonzero forsome A = (abc) € 41, we write r 4 for the rank vector
and 7 4 for the fixed points. The character (4.73) is given by

v 4 WA]T: _ _ —
/ vir W . TA A * o -t —)d 1)
ChT(TfrAmrAvk) =Wai, ® Vi, — tatp e + VfrA ® Vi, gty te
+Cz, — C};A ,
(4.84)
where
Cz, = V;:A Q Vi, tatptc. (4.85)

The only contribution of the term Cz , — C};A to the partition function (4.57) is by

the sign factor (—1)™ %4, where
1k Cz, = [7al +1k (VE, ® Vi, 17')™ mod 2. (4.86)

Note that the second term of (4.86) coincides with the sign factor (4.76). Instead, the
remaining terms of (4.84) form the equivariant character of the instanton deformation
complex (2.28) for non-commutative instantons on (Di.

By Theorem 2.36, it follows that the refined tetrahedron instanton partition function
sums to

€ab €ac €
r Sab bc

Zg(ap; €) = M((=1)* qy) ™ Teas (4.87)

which after redefinition g4 = —qg coincides with the partition function for non-
commutative instantons on (Ef4 with holonomy group H,, = U(3) 4. This agrees with
the discussion of Sect.4.5, and suggests that the partition function for tetrahedron
instantons is related to the partition functions for instantons on €3 and C*. These
expectations are borne out below.

Genericr
The previous considerations generalize to

Proposition 4.88 The unrefined equivariant partition function Z4(q; a, €) for tetra-
hedron instantons is independent of the Coulomb moduli 3 and can be expressed as

— _ €12€13€23
Z rA €4 €1 €2 €3€4

Zra(a€) = M((—Dlrtq) aset : (4.89)
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Proof The equivariant instanton partition function of the cohomological gauge theory
with a massive fundamental hypermultiplet on C* is given by [15, 18, 28]
€12€13€23 1 "
Zi(qad, ém)=M(—g "aess  with m=—- ) (m—a). (490)
r
I=1

The result now follows immediately from Proposition 4.66. O

5 Tetrahedron instantons on local Calabi-Yau four-orbifolds

In this section, we extend our considerations of tetrahedron instantons from Sect. 4 to
twisted Calabi—Yau orbifold resolutions of quotient singularities C*/ I'*, where 7 :
[ — H, is a homomorphism from a finite group I to the unbroken holonomy group
(4.14) fixing the smooth strata @134 C (D3A of the singular threefold (4.16) supporting the

instanton type r. That s, as opposed to generic SU(4)-instantons on C*, for tetrahedron
instantons we consider only defect-preserving orbifold group actions, which generally
restricts the allowed dimension vectors r = (ra) 4 ¢ 4L in order to allow for non-trivial
groups ['* inside H,. In this construction both the singular threefold @3 c C* and
its normal bundle may be subjected to the orbifold projection. We handle separately
the cases where [ is an abelian and a non-abelian group, expanding the analysis and
results of Sect. 3.

5.1 Tetrahedron instantons on Abelian orbifolds

Let I, be a finite abelian group. It is straightforward to define (non-effective) actions
of ', on C* analogously to what we did in Sect. 3.2, and compute orbifold instanton
partition functions similarly to Sect. 3.3. However, for clarity and to streamline notation
a bit, we will restrict our considerations of abelian orbifolds to the cases where 7 is a
monomorphism. The McKay quivers in these instances have been described in detail
in [18].

Let I',p be a finite abelian subgroup of H, C SU(4) which commutes with the
maximal torus T¢ ; itis of the form '3 = Z,,, x Zy, X Z,, with ordern = ny np n3 and
is diagonally embedded in SU(4). Then C*/ I, is a toric Calabi—Yau four-orbifold. Let
ps denote the irreducible representation of [, with weight s; the trivial representation
is po. The restriction to I, of the fundamental representation Q4 of SU(4) branches
into irreducible [ 3,-modules as

Q4 >~ Ps; D Ps, @ ps; © Psy - (5.1

By the Calabi—Yau condition, p5, ® --- ® p5, = po. Under the group isomorphism
I"ab = [ ap, this induces a corresponding colouring Zgg —> [4p given by

(n1,n2,n3,n4) — pE" @ pE™ @ p3" @ pE" . (5.2)
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The choice of an abelian orbifold group I, leaves unbroken the maximal torus
T of the theory in the 2-background, because we assume [, commutes with Tz C
SU(4). In this case, there is no restriction on the type r labelling the solutions of
(4.10). Since the irreducible representations of [ 5y, are all one-dimensional, the T-fixed
points of the tetrahedron instanton moduli space are all isolated and are in one-to-one
correspondence with plane partitions coloured via the map (5.2).

ADHM data

The Ip-action on C* induces an equivariant decomposition of the vector spaces

V=D Vs®pf and Wa= (P Was®p} (5.3)

serab serab

forA € é_lJ-, where V; and W4 ; are Hermitian vector spaces of complex dimensions k;
and r 4, respectively, each carrying a trivial ['zp-action. We define dimension vectors
k= (ks)xerab andr = (ra) g cqt = (rAS)AEﬂJ‘,SEFab’ with

=i£ ZkY and r=Zi’A=|;|3=Z |’7A|=Z Zr‘“'

sel b Aest Aest Aedt (T
(5.4)

By Schur’s Lemma, the decompositions (5.3) induce equivariant decompositions
of the ADHM variables as

B

D B)aca € Homp (V. V®Q4) with B}:V; — Vip, ,

Serab
(5.5)
In= @ Ii € Homp, (Wa, V) with I}:Wa, — V.

N Erab
Consequently, the ADHM equations (4.17) for tetrahedron instantons decompose into

ngs _ BZ+s;, Bg . Bv+va Bv . Eabcd (B‘z,_SC‘”L B;—Sﬁ . BZ_SMT B‘;_SCT) =0,

W= 3 (B B BB+ Y I =g

acd Acat

oy =(B;13) =0.
(5.6)

fors € Tap,a,b € 4and A € 4L,

@ Springer



11 Page 56 of 99 R.J. Szabo, M. Tirelli

The symmetry group of the system of equations (5.6) is

Uk) x UF) = X Utky) x X X Uras), (5.7)

selap selap Aesat

which acts on the ADHM variables as

. s ,] N
(gs ’ hi“)serab ' (BZ ’ I’f‘) serab - (gH—S" B‘; s+ &s I‘i hi‘) SErab
Aec4t ac4,Acqt ac4,Ac4t
(5.8)

for g € U(ky) and &y € U(ray). There is an additional H, symmetry which acts in
the fundamental representation Q4 on (B}), c4 for all s € Ty and trivially on all I3.

5.2 Abelian orbifold partition functions

The equivariant generating functions for tetrahedron instantons on abelian orbifolds of
C* can be evaluated by equivariant decompositions of the theory in the ©2-background
from Sect. 4.

Cohomological field theory on [C4/ T ,p]
By decomposing all fields as equivariant maps, the [ ;p-module structure splits the

BRST transformations (4.59) and (4.60) into irreducible representations labelled by
s € [ap. They read as

or Bi=v. . Qr va=9¢""B,—B,¢"—e B,

or Ii=wi . Qr,oi=¢"Ii-1a},
Or X =Hgy' . Qr Hy' =o' P x5 — 5™ 0" —eun x3p ‘o
or X =H™ . or H™ =[¢’ x™1, e

Or,Th=8 . OrEi=aifi—TYid'+eiTh,

b
Or,¢"=0 . Or ¢ =n" ., Qr 1 =14 91,

ab

fora € 4,(a,b) € 3+, A €4+ ands € ’F\ab. Here ¢* parametrizes infinitesimal U (k;)
gauge transformations, while g‘;‘ collects the r4 ; Coulomb moduli a 4; all associated
with the irreducible representation pg. This defines a map

I —> sa(l) € Tap for 1€{l,...,ra}. (5.10)

The BRST transformations (5.9) can be used to construct the abelian orbifold matrix
model with standard techniques, as we did in Sect.4.5. This results in the partition
function
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- ks s ‘+‘ ks
7 . 1 de; Pry (=97 —€zl— )
Zr,k a’g :¢ L 1. As A S _ S
104/Fabj( ) T H kg! 1:[2711 l_[ P,As(qsﬂaA) l_[ (@ ‘7’1)
mE el i=l Aeat ”.J;fl
i#j
[T 67— —ew)
ks (a,b) €3+
t,j:l l_[ (¢S+Sa ¢ _ea)
ac4d

5.11)

The contour I ; C C* encloses the poles of the integrand, which are situated
along the hyperplanes

¢ — ¢t —€a =0 and ¢f —al; =0 (5.12)

in R, fori,j=1,...,k, s € 'Fab,a €4, A€ ﬂl and/ = 1,...,r. Similarly
to the matrix model of Sect.4.5, as well as that of [18], these are the fixed points of
the orbifold ADHM data (B}, I, ) seadcal under the equivariant action of the
symmetry group U(k) x U(#) x H,. They resufe on the locus of fixed points of the
BRST charge Qrab of the cohomological gauge theory on [C*/I ], and correspond
to [ap-coloured plane partitions 7 as defined in Sect. 3.3.

In the notation of Sect. 3.3, the full partition function for orbifold tetrahedron instan-
tons is

F A N -k ;/}'
Z[C“/Fab](q’a’e) = g [ (a €), (5.13)
keZiI;ab
where
g =17 «- (5.14)
Yerab

Remark 5.15 (Broken Permutation Symmetry) From the matrix model representation
(5.11) we deduce that, in contrast to the cases of Sect. 4, the partition functions for tetra-
hedron instantons on abelian orbifolds C*/ I, are not invariant under all permutations
of the entries of the dimension vectors 7 = (r4) Acat. In fact, such a permutation
generically generates a permutation of the Coulomb moduli a = (a}) dcal selu
which is associated with different irreducible representations of Iy, for different facd?
A e 4t

Dimensional reduction

Simjlarly to Sect.4.5, we can compare (5.11) with the matrix integral
E‘ 4T (a, €, m) for the rank r orbifold Donaldson—Thomas invariants of [C*/ T ]
of type 7 ®Which was obtained in [18, eq. (3.62)]. In particular, the analogue of Propo-

sition 4.66 is given in the following way by restricting to solutions with at most two
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intersecting stacks of D7-branes. Prior to gauging, these types of tetrahedron instan-
tons generalize the folded instantons of [6] and are called generalized folded instantons
by [1].

For distinct fixed Aj, Ay € é_IJ-, let 61241,142 = (th N (Di1 denote the inter-
section of the corresponding codimension one strata in C3 C C* we write
C? = ([34\@3‘1 4, = €z, x €, for the remaining affine plane. We take as rank vec-

tor r =ra, A, = (ra;,7a,, 0, 0); then the unbroken holonomy group is
HrA],A2 =U@2)4;,4, x UD). (5.16)

We restrict the holonomy to SU(2)4,,4, C Hr, 4, - Its only finite abelian subgroups
are the cyclic groups Iy = Z,, of order n, with generator

0
g = (%’ gn_l> : (5.17)
where &, = e271/" is a primitive n-th root of unity. If A N Ay = (aj ay) with
ai,ay € 4, then the weights of the fundamental representation Q4 are s, = 1,

Soy =n—lands; =s; =0.
The McKay quiver assumes the form [18]

n—1 (518)

This is obtained from any orientation for the affine Dynkin diagram of type A,,_1, and
adding a pair of edge loops at each node (cf. Example 3.19).

Proposition 5.19 There exist Coulomb parameter and mass specializations such that
the equivariant instanton partition functions for the cohomological field theory with
a massive fundamental hypermultiplet on [C%&I,Az/ Zn] x C? of type T = Fa, + Fa,
and the cohomological field theory for orbifold tetrahedron instantons of type

;AlyAz = (rAl,s s Ay, » 0, cee 0)s=0,1 .... n_1 (520)

are related as

Z;Al"l‘;Az o Fay Ay

Lo .
[Ci,_Az/Zn]xcz(q’ da,é m) = Z[Ci],Az/Zn]xez(q ;8,€), (5.21)

where G = ((—1)"415"42s )

s=0,1,....n—1"
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Ay .k 5 5 o .. .
Proof In ZrA’ A2 ,(a, €, m) we specialize the substitution (4.68) to
Al Az/Zn]XC
s N
a , a + €4 for I=1,...,ra,,
(@ mi) = i( a S+ eq) (5.22)
(aiz)l, aiz’l—i—eAz) for I=ra +1,...,74, +7a,.
Using again €4 = —€i23, together with 55 =s;, =0, the matrix integral from

[18, eq. (3.62)] then coincides with the matrix integral (5.11), up to a sign factor
H”*& (—1)Tarstrag)ks.
P :

n—

’A1+"A2k _ Z(VAl strag.s) ks ;Al AZE o
2 C2, ay/ Lo ]sz(a m) = es= o T @ E) . (5:23)
The result now follows by taking the weighted sum over k e 7. O

Remark 5.24 (Instantons on [(D / Tab]) For fixed A = (a b¢) € 4 with rank vector
takentobe r =r4 := (r4, 0,0, O) the unbroken holonomy group is

Hr, =UQ)4 . (5.25)

Proposition 5.19 can then be extended to orbifolds C> %/ Tab x C, where [y, is a finite
subgroup of SUB3)4 C H,, and C = C*\ ([33 (D This recovers the partition
function for orbifold tetrahedron instantons of type Fa=(as,0,...,0) , which
by [18, Proposition 3.63] reduces to the generating function for non- comf’nutatwe
Donaldson-Thomas invariants of type 74 on the toric Calabi~Yau three-orbifold
(Ei/ IMap with U(3) 4 holonomy:

GG Em rA (

/o2 o2 A =/, =
,m va,e) =2 1 da, €q, €p, €c)
)= <Di/rab IxC ) [Ci\/rab](q a€b C)

(5.26)

Z[G /Fab]xcc(

where ¢’ = (( 1)ras qg) o n . The restriction of this orbifold theory to SU(3)4
holonomy is thoroughly discussed in [43].

Instanton partition functions

The partition function for orbifold tetrahedron instantons can be evaluated by con-
sidering the [;p-invariant part of the index (4.73). The natural inclusion [, — T¢
defines the irreducible representations of [, associated with the toric generators #,
for a € 4. Consequently, after a gauge transformation the vector spaces V and W4 at
the fixed point & € sm; i decompose into

r'A
a—1 1 pe—1
Vi= > Dear Y, @l T @0, (5.27)

A=(ab::)eﬂL =1 DAETAL
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and

rA

Wai =) ear ® p, ) (5.28)
=1

as elements of the representation ring of T x [;, where
a1 —1 e—1
s = Py ® poPe D @ p2P D @ pEPemD for A= (abe). (5.29)
Proceeding as in Sect. 3.3, we obtain the combinatorial formula

; r
P e . U A
Zoyr,@ae= 3 @ 3, D e[_ chy ™ (T SIR;,,()],

= _onT
#l TEM, ¢

(5.30)

r

where the superscript ' @ stands for the [ ,,-invariant part and

A A p osrab(—a — DAl E+ep]—ay)
’é[ Chrab(TV"mr k)] l_[ 1—[ ] l_[ A 0 ra:l PAlﬁ ﬁAq A
AN eal =1 pyreny Pry 08y (@ar+ pai-€laa)
VA/
<[] 1_[ Rfoéorab(aAl—aA'1/+(ﬁA1—ﬁA/,/)-E|E).
I'=1 pA,],EnA/l/
(5.31)
Asin Sect. 4.6, we may also introduce refined fugacities ¢ = (g4 ) Acat sefy and
reorganize the dimension vector kask = (kA) Acat = (kas) Acal ser where kas
is the total number of boxes of 774 of colour s, or equivalently the complex dimension
of the isotypical component of the vector space V4 from Remark 4.24 labelled by
seT, ab- A refined partition function, enumerating fractional instantons on each of the

strata (U3 C (133 for A € 4, may then be defined by replacing the counting weights
*in (5. 30) w1th

i“=[] [T <. (5.32)
and writing
- N o7 rabA I H
Zigyry@ao =3 @ 3 0% e[_VChTab(Tglrmi’?)]'
(5.33)
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Remark 5.34 (Sign Factors) Since the character 4/ chTr ab(Tgirsm;’ ;) is evaluated by
projecting onto the [ ;,-invariant part of the character (4.73), it seems relasonable to
assume that the sign factor does not depend on the [ ;,-colouring, i.e. O;tab = Oz is
also given by (4.79). This is the same assertion made in [18, 35] for instantons on toric
Calabi—Yau four-orbifolds.

Remark 5.35 (Permutation Symmetry) Looking at the combinatorial formula (5.30), it
is easy to see that given a framing vector ry = (ra5,0,...,0) 4 o 4t for a fixed weight
s € [ap, any other framing vector obtained from rg by varying s € [ yields an
equivalent partition function. The same result naturally descends from Proposition 5.19
for the orbifolds of type €2 /7, x C?2. Indeed, the partition function of type 7 for the
cohomological field theory with a massive fundamental hypermultiplet on [C*/ p]
is invariant under permutations of the entries of the dimension vector 7 = (r, 0, ..., 0)
[18, Remark 4.15].

Example 5.36 Consider the rank two cohomological gauge theory on the orbifold res-
olution [C?/Z,] x C? where Z, acts on C* with weights

si=sy=1 and s3=s54=0. (5.37)
For the framing vector 7, we take
ro = (r1230, r1240,0,0,0,0,0,0) = (1,1,0,0,0,0, 0, 0) . (5.38)
By Remark 5.35, this framing yields the same theory as the framing
r;y =(0,0,r231,r1241,0,0,0,0) = (0,0,1,1,0,0,0,0) . (5.39)

The leading terms of the instanton partition function (5.30) are given by

o oo €12 €34 €12 €34 (€12 €34 — €3 €4)
ro . _ 2
2102z 2 (d5 8 €) = €3€4 @+ 2e2e? %
i 34 (5.40)
€12€34 (dep €2 — €3 €4)
— qo ql + e
2€1€r€3€4

independently of the Coulomb moduli &.
On the other hand, after substituting (5.32), the refined partition function (5.33)
takes the more complicated form

€12 (a—e€3) €12 (a +€4)

z'0 4:3,6) = ———— +
(€27, 1% C2 (q ) e d1230 aa d1240
" €12 (€12 —€3) (@ — €3) @ €12 (€12 — €4)(@a + €4) @
1230 1240

26% (a+e€3) 2@% (a—e€4)

€pdejea—€3e4) (3—a € +a
5 d1230 91231 — d1240 9124 1

€1era €3
2
fip (@-en)@ten) q12304d1240 +
€364 (a—eq)(a+e3)
541
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In particular, it depends explicitly on the Coulomb moduli a = (a1, ap) through the
combination a = aj — aj.

5.3 The orbifolds C3 , /Zn x C?and C}/(Zz x Z3) x C

The finite subgroups of SU(2) C SU(3) and SO(3) C SU(3) play a special role
in the Donaldson—-Thomas theory of Calabi—Yau orbifolds [35, 68]: these are the
only orbifold groups whose elements all have age < 1 and for which the theory can
be subjected to a crepant resolution correspondence; we will return to this point in
Sect.5.7. Of these the only abelian groups [5p, are the cyclic groups Z,, and the Klein
four-group Zy x Z . Proposition 5.19 and Remark 5.24 allow us to compute the orbifold
partition functions for tetrahedron instantons based on the partition functions for the
cohomological gauge theory with a massive fundamental hypermultiplet on [C*/ T 1.
Utilizing the explicit results for the latter presented in [18, Sects. 4 and 5], we can
immediately infer corresponding closed formulas for the unrefined partition functions
for tetrahedron instantons on the orbifolds (E%41 A, /7y x C? and Ci [/ (Zy x Zp) x C.

Tetrahedron instantons on (th’AZ/Z,, x C?

Consider the quotient singularity Cil A,/ Ln % C? for distinct Ay, A> € 4" in the
notation of Proposition 5.19. Again we write A1 N Ay = (aj az) withay,ax € 4.

Proposition 5.42 Assume [18, Conjecture 4.11] is true. Then the unrefined partition
function for tetrahedron instantons of type ;:Al,Azo = (r4,0,74,0,0,...,0) on the
orbifold (D%h,Az/Z” x C? with Hy 4, .4, holonomy is given by

FA[.450 - o
Z[@i,,Az/ansz(q’ €)

€12€13€23 () OGAIﬂ‘AZOGAZ) W2_p a1 ra, 0€A1+rA20€A2)

= M((—l)n+r Q)_n €l €2 €3¢4 T <y (5.43)
€ajay "A 064, T7450€4,)
X l_[ M((_l)P—s—H ip.s)s (_1)n+r Q) G, ‘i ’
O<p<s<n
where
Q:q0q1~.'qn_l and q[pvs] :qpqp+l cee Qg1 Dy (5.44)

whiler =ra,04ra,o0.

Proof This follows straightforwardly from [18, Conjecture 4.11] and Proposition 5.19.
]

Remark 5.45 (Refined Partition Functions) The expansion of the formula (5.43) for
n =2 A1 = (123), Ap = (124) and r4,0 = ra,0 = 1 reproduces the explicit
expansion (5.40) from Example 5.36. On the other hand, it is not clear if the refined
partition functions can also be expressed by a closed formula, see (5.41).
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Proposition 5.46 Assume [18, Conjecture 4.21] is true. Then the unrefined partition
function for tetrahedron instantons of type F o, A, = (ra,0, 74,0, T4, 1, T4, 1, 0, 0, 0, 0)
on the orbifold @%LAZ/ZQ x C? with Hy 4, 4, holonomy is given by

- €r€13e3 Ay € tray €4,) 3 Carap Ay €5 1Ay €4,)
TALA2 @:8)=M((—1Y qar) o ~2
(Ch, 4,/ Z2]xC2

1:42

€a) €ay

€ajay (VAI()GAIHAZOGAZ)
x M(=qr. (=1)" aoar) A1 A2

cajay FAy 15, Ty 1€4,)
x M(—ap. (=1)" qpar) A1 Ay

(5.47)
whererpa =rpo+ra1for A € {A1, Ayyandr =ra, +ra,.

Proof This follows straightforwardly from [18, Conjecture 4.21] and Proposition 5.19.
O

Tetrahedron instantons on C3, /(Z x Z;) x C

Consider the action of Zj x Zj on CA for fixed A = (abc) € 4+ given as in
Example 3.111. Using Remark 5.24 we can recover the unrefined partltlon function for
tetrahedron instantons of type 7 4 = (r, 0, ..., 0) on the orbifold 3 W/ (Zo x Zp) x C
with holonomy group H,, = U(3)4. It comc1des up to signs after taking the r-th
power, with the closed formula (3.113):

F4=(r,0...,0) S

[C%/ZZXZZ]XC(q;E)
. €q €} é(;—sg éhfeg ecfeg €c—€q ngql ngq) 662-
M((*l)r Q) €q € €c
CM(—ar, (=) Q) M(—ay, (=) Q) M(—a3, (=) Q)" M(—aj @ az. (~17 Q)
, Sps)=TEPs
~ “2e,
< [] M(apas.(-D"Q) “@»
p.s€A
p<s

(5.48)
where (ps)™ = A\ {p, s}.

5.4 Tetrahedron instantons on non-Abelian orbifolds

We now turn to the case where the orbifold group ' C H, C SU(4) is a finite non-
abelian group. In analogy with the discussion of Sect. 3.1, we can associate a McKay

quiver Qr (Qo , Q) ) to the action of a finite subgroup I of the unbroken holonomy

group (4.14) on C* in the fundamental representation Q4 of SU(4). Each vertex i € Q0
corresponds to an irreducible representation A; € I', while the number a;y of arrows
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from vertex i to vertex i’ is given by the decomposition of '-modules

Q@ri=EP arri= P o ® P Ao - (5:49)

i/eQ(I)_ ees~1(i) ect~1(i)

The ADHM parametrization is constructed as a stable framed linear representa-
tion of the bounded McKay quiver. To each vertex i € Qor we assign vector spaces
Vi and Wy, together with linear maps I4; € Homg(Wui, Vi) for A € é_IL. We

introduce dimension vectors k = (k; and 7 = (¥ = (rai ,
( I)iEQOr ( A)AEAJ- ( AI)Aeﬂl,iEQOr

ki = dim V; and r4; = dim W4 ;. With dj = dim A;, we define ry = ) _. of diry; for
e H)

any A € ﬂL, and set

k=1kl:=Y dk and r= 3 ra=[Fl= Y Fal= Y. 3 dirai-

icql A4t Ae4t Aeat ol
(5.50)

Finally, to each arrow e € Qr we assign a linear map B, € Homg (Vse), Vi(e))-

The linear maps (B, 14i). Qr LEQr Acal are required to satisfy relations for the

McKay quiver given by the orbifold ADHM equations, obtained as [-equivariant
decomposition of the tetrahedron instanton equations (4.17), similarly to Sect. 3.1.

Similarly to Sect.3.2, we can also consider arbitrary finite non-abelian groups
and define their actions on C* via a homomorphism

7:—H,. (5.51)

Generically, this leads to non-effective orbifolds of C* In particular, for the choice
of framing vector r = r 4, the cohomological gauge theory is BRST-localized on
non-commutative instantons in the twisted orbifold resolution [(D / T'] x BK® of the
quotient singularity €3 %/ %, with holonomy H,, = U(3)a, that we discussed in
Sect. 3.2. Generally, the constraint that the image t(I') lands in the defect-preserving
subgroup H, C SU(4) of the holonomy group ensures that the strata @134 - Ci for
A € 4 are invariant under the I-action and restricts our considerations to only two
admissible classes. We follow the terminology and notation of Sect. 3.2 throughout,
and call these SU(m) x abelian orbifolds for m = 2, 3.

SU(2) x Abelian orbifolds

For fixed distinct face labels A, A, € é_lJ-, we write A]N Ay = (aj ap) foray,ar € 4.
We take as framing vector Fa, 4, = (Fa,,F'ays 0,0); then the unbroken holonomy
group (4.14) is given by H,A Ay = =U@2)a,,4, x U(1). Let [ = Ty x [ap, where
T, is a finite non-abelian subgroup of SU(2) acting on C .4, In the fundamental
representation Q5.
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Let 5 act on C* via the homomorphism 75 : ', — H, Ay defined by

75 (M) = (T2 x 5 (Map)) X p—s45(Tab) X p—sp(Map) € U@)4;,4, x U(1) C SUM),
(5.52)

where § = (s1, s2) and ps : [ap —> U(1) is the unitary irreducible representation of

[ab with weight s. This defines the action of [, on C* = Cil,Az x Cy x Cy, asthe
four-dimensional [»-module

05 = (02®p5) B (10 ® Py 4s3) ® (ho ® pyyy) - (5.53)

The kernel of 5 is the normal subgroup

K = ker(ts) = {(g. %) € Ty xTap |g=p_s® 1se Ty, te ker(o—s;+s,) mker(/’slz(g}

of ;.
The centralizer of 73 () in T¢ is

C=un? c Tz, (5.55)

where € = (€1, €;) are the equivariant parameters. Thus, the unbroken maximal torus
of the equivariant gauge theory is

Tapas 3= Tay, % Ta,, x UDZ. (5.56)
Let Dyn sz be the or%@nted affine Dynkin diagram associated with T, with adja-
cency matrix A, = (aii, 2). Each vertex of the McKay quiver Q% () is labelled by

a pair (i, s), where i is a vertex of Dynsz and s € [,,. Then, the number of arrows
ags) (s from vertex (i, s) to vertex (i’, s”) is given by

T
Ag,s) ({',s") = aii’ : 8s’,s+s1 + 5i’,i (‘Ss’,s—sl-i-sz + 8s’,s—s12) . (557)

In the notation of Example 3.19, with r4; s = O unless A € {A, A2}, the ADHM

variables (B, I4) € Homrz(V, Ve Qi) X Homrz(WA, V) decompose into linear
maps

Bg € HomC(Vs(e),ss Vt(e),ersl) ’ Bg € HomC(Vt(e),s» Vs(e),s+s1) s

L%]i € HomC(Vi,sv Vi,s—slz) s Lf&zi € Hom@(vi,sv Vi,s—:]+S2) s I,f“ € Homg (Wy i,50 Vi,s)
(5.58)

for each arrow e and vertex i of Dynk'rz, s € fab, and A € {Aq, Az}.
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The field content is required to satisfy the orbifold ADHM equations

= S BB - > BB

eesL(i) ect1(i)
s+2s1F ps+sppf _ ps+2s1T ps+si—sof _
+LA2i LAli LA.i LAzi =0,

Cs _ ys+s1 s _ pS—sit+s2 s RSS2t pstsiot _ pstst ps—sit _
He ™ = LAzt(e) B, — Be LAzS(e) + Be LAls(e) LAlt(e) Be =0,
~Cs _ ysts1 ps _ pS—si+s2 s _ psts2t pstsif stsof ps—sit _
Pe ™ = LAz s(e) Be = Be LAzt(e) Be LA1 t(e) + LAI s(e) Be =0,

TR DN ol by A B DR AR RS Al )
eet1(i) eesL(i)
s+s1—s2 pstsi—s2t _ ;5T ogs s+s12 pstsit st
+LA2i Lz&zi Lz‘iziLAzi+LA1i LA]] LAliLAli
s st soogpst
+ IA| i IA] i + IAzi IAzi = i ]]'Vi,s ’

s _ pstsit st s _ gpstsi—=sat st

i =lai T L =0 o =1y Lii=0

(5.59)

where ¢ s € R-o.
The action of the torus C° = U(l)gX2 from (5.56) on the ADHM data is given by

D -1 -1 5 ,2 -1
(B,B,Lg  Li . Ia,1a)—(ty Bty B,tinnLlz 1y Lz Ia.1a,),
(5.60)

where 1, = e’

SU(3) x Abelian orbifolds
For a fixed face label A = (a bc) € 4+, we take as framing vector 7 4 = (Fa, 6, 6 6);
then the unbroken holonomy group (4.14) is H,, = UQB)4. Let '3 = T3 x [y,
where T3 is a finite non-abelian subgroup of SU(3) acting on @2‘ in the fundamental
representation Q3.
Let '3 act on C* via the homomorphism 75 : '3 —> H,, defined by

7 (M) = (T3 x ps(Tap)) x p_35(Tap) C UB)a C SU@). (5.61)

This defines the action of I'; on C* = (Df’4 x Cj as the four-dimensional '3-module

0% =(Q3®p5) ® (Ao ® p_35) - (5.62)

The kernel of 75 is the normal subgroup
K' :=ker(s) = {(8.£) € T3 x Tap | g = p_5(§) 13, & € ker(pz)}  (5.63)
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of 3.
The centralizer of t3(I'3) in Tz is

¢ =U) C T, (5.64)

where € is the equivariant parameter, and the unbroken maximal torus of the equivariant
gauge theory is

Ta =Tz, x U(), . (5.65)

The adjacency matrix of the McKay quiver fo(r3) is given by

T
A(is) (i5") = @y~ Bt 55 + Biir Sy 5—35 (5.66)
. g T =
where (i, 5), (i", s') € Qy ° x [p. 3
The ADHM field content (B, I4) € Homr3(V, VeQO)) x Homr3(WA, V) decom-

poses into linear maps

B € Homg: (Vs(e).5» Vi(es45): LY, € HoMe (Vis, Vig—39), I, € Homg(Wajig, Vi) »
(5.67)

fore € Q'ln, s €Tap andic Q;)T‘ 3. They satisfy the orbifold ADHM equations

puC=BAB—%xo(BAB) =0,

W= Y BTERTI- Y BB

ect=l(i) ees™(i) (5.68)
+ Lji+i3s L;m - LiXTi STREY IfxTi = Sislv,
oais =" Lf;i =0,

where ¢ s € R0, and the complex equation [LC € Hom I V,V® /\% Qi) is written
using the invol}ltion *o from (4.5).
The torus C° = U(1), from (5.64) transforms the ADHM data as
(B,Lg, Ia)— (t7"B, P L;, Ia), (5.69)
where t = el€.
Stability and Quot schemes

As discussed in [42, 58] for the case of Nakajima ﬂuiver varieties, the D-term equations
/JLER = ¢ 1y, in (5.59) and (5.68), for i € QS( ’">, are equivalent to the following
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stability condition: if there is a collection of subspaces S; C V; fori € Q(T)(r"’) such
that

Ifi(Wai) CSi and  Be(Sse)) C Stee) (5.70)

r(r r(r

forallie Q)"™, A €4t ande e Qf(rm) then §; = Vi for all i € Q" ™. In the
present case, the proof is similar to the stability proof for spiked instantons given in
[5, Sect. 8].

Similarly to [42], let PJ [QT(rm)] denote the set of all paths along the McKay

quiver Qr'm starting at Vertex ie Q T and ending at vertex j € Qf(rm) A path
y=1(ey,....e,) € PJ [Qt( m)] of length 1(y) = n is described by a sequence of n

arrows e,, € Q’(r"” with s(e,,) = i, t(ey,) = j and s(ey,) = t(ey,_,) for2 <i < n.
We indicate by B the composition of linear maps B, defined by the path y:

B, = B,

€yn Bel/n—] o B"Vl :

(5.71)

Then, the stability condition implies that

Vi= Y Vap= >0 Y > By dai(Wai) . (5.72)

€L €L i
A4 Ae4 iEQS(rm> ye’PiJ[QT(rm)]

forallj e Q(r)(r’”).
The same argument used in Sect.3.1 shows that the equations u® = 0in (5.59)
and (5.68) are equivalent to the EJ-term relations

Z Bgﬂl Bg _ Z Bgﬂl Bg =0,

ees1(i) eectL(i)
Cs _ ys+s1 S—S81+s2 (573)
ne” =1L t(e)B - B, LAzs(e) 0,
~Cs _ ys+s1 p §—S1+52
He ™ = As s(e) B Az t(e) =0,

for SU(2) x abelian orbifolds, and
wC=BAB=0, (5.74)

for SU(3) x abelian orbifolds.

Using the stability condition, we can now express the instanton moduli space 901;, .,
regarded as a quiver variety in the ADHM parametrization, as a non-commutative [, -
Quot scheme

M7 = iy ()P /G, (5.75)
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for the SU(m) x abelian orbifolds, where

Cs ,Cs Cs s ~ B
i (uE . u& 1" o Ui‘l‘)ieofz T ocF for m=2,
R = C s ’ ’ @
Ky Oy = for m=3.
( Al)iGQ(T3,sE|_ab
(5.76)

The complex gauge group

G = X GL(ki, ©) 5.77)
ie Q(T)(rm)
acts on the ADHM data as
g (Be, Iai) = (2w Be gagy) » &ilai) » (5.78)

with gi € GL(k;, C).

5.5 Equivariant fixed points on quiver varieties

The quiver variety 21> ; has a symmetry group

Uuiy= X X UG, (5.79)

Aeat .
= ieQy ™

acting by framing rotations /4 —> I4;j h;} with 24 € U(raj). Its maximal torus
can be expressed as

T:= X T3,= X X Tz, CT, (5.80)

€L 1
Aec4 Aec4 ieQ(r)(D«)
where a i = (a4il,...,dAir ;) are the equivariant parameters of the maximal torus

Tz, CU@AD.

With respect to the action of the maximal torus (5.80) on the moduli space, a
connected component of the fixed point locus labelled by F € mp (DJT;TIQ) corresponds
to a set '

F= (FA”) B (5.81)

AEAJ-.iGQO
I=1,...,r4i
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The fixed point locus for the action of the maximal tours T® = T3z x C7 is the disjoint
union

FAi
me= | X X May, - (5.82)

T L I=1
Fem@y Acd i qrlm
We describe these component sets explicitly below.

SU(2) x Abelian orbifolds: linear partitions

Consider the setup of the orbifold group I, = T, x I, and the equivariant gauge
theory with maximal torus Ta, 4, = Tz, x Tz, X U(l);z. We may characterize
the equivariant fixed points of the torus action on the quiver variety by consider-
ing first the action of T4, 4, on the ADHM data (B,, IA)ae4 Acat of Sect.4.2 with
r =ra. A = (ra;,ra,,0,0). The action of ', decomposes ‘the ADHM d a into its
irreducible representations labelled by the vertices of the McKay quiver Q 2 Since
the actions of the groups [; and T4, 4, commute by construction, the degeneracy struc-
ture of the T4, 4,-fixed point loci, whether they be isolated points or admit continuous
deformations, remain unchanged in the orbifold theory and are parametrized by the
same combinatorial data. For the same reason, the compactness results of Appendix B
descend to the orbifold projections.
The torus action is given by

—1 Ap. 2, —1
(Bas Ia)yca. acaag = (0 Ba 1y Ba, 102 B  Iahy) i) ar) . Aciay.Ay) -
(5.83)

for hy € Tz,. The equivariant T4, ,-fixed point equations are

1

- -1 -1
gBug =1t Ba, gBAZg

-1 12
=0 Bi,. 8Bj 8 =1inBy ., gla=lrey.
(5.84)

for a € {aj,ax} and A € {A1, A}, where g is the image of a homomorphism
Ta,.A, —> GL(k, C) and e, = diag(ea 1, ..., ear,) Withes; = ei241.,

We use the complex version of the ADHM parametrization to determine the general
structure of the connected components of the tetrahedron instanton moduli space
labelled by F € mg (zm " 2 ) For this, we use Remark 4.24 to decompose V =
Va, + Va,, where V4 = @[Ba, Bp, Bc114(Wy) and B;(V4) = 0. For each A €
{A1, Az} there are weight decompositions for the T , -action given by

ra ra
V4 = @ Vi, and W, = @ Wai, (5.85)

where W4, are one-dimensional T3 , -modules. We momentarily focus on the rank one
submodules V4; and W4, for fixed ! € {1, ...,ra}.
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By the fixed point equations (5.84), the GL(k, C)-transformation g is unique and it
induces weight decompositions of the rank one T3 ,-modules

Var= P Vaili.j)  with VaiGi.j)={veVa | gw) =1it]earv}.
i,jeZ
(5.86)

From (5.84) it follows that B,(Vai(i, j)) C Vai(i — 1,)), Bz, (Va1 j)) C
Va1, j — 1) and B, (Vayi(i, j)) C Vayi(i +2,j + 1), fora € {a1,a2} and A €
{A1, A2}, along with the vanishing images B, (Va (i, j)) = Bj;, (Vayi(i, j)) = 0.
The images

Ia(Wa1) C Vai(0,0) (5.87)
are all one-dimensional subspaces.

Foreachl € {1,...,r},a € {a1,az} and i, j € Z, we can summarize this weight
data in a pair of diagrams: the Aj-diagram

. . Ba . .
Va1 j) <————— Va1, )
Bz, Bi, (5.88)
Va1 =1.j = 1) <—————Va;1i.j = 1)
a

and the Aj-diagram

Vayili +1,j+1)

y \

Va1l — 1., j) Vayii+2.j+ 1D (5.89)

Vay1G. J)

Both are commutative diagrams by the EJ-term relations [B,, Bp] = 0.

For the A|-diagrams, we argue exactly as in [12, 69]. Since V4, ; is spanned by the
one-dimensional subspaces Bp B B: Ix,(Wa, 1) with p,m,n € Zxo, it follows
from (5.87) that V4, (i, j) = 0 1f either i > 0 or j > 0, while each non-trivial
weight space is one-dimensional. The commutativity of the A-diagrams implies that
Va, 1(i, j) = C is possible in only three instances: i = 0 and V4,;(i, j +1) =~ C, or
J=0and V4, +1, j) @ C,orboth V4, ;i +1,j) 2 Cand Va,;(, j+1) =C
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This yields the box stacking description of a Young diagram A 4, ;: we identify each pair
(i, j) for which V4, (i, j) = C with a box at the corresponding location (i, j) € Zio

By reading off the numbers of boxes in each row, a Young diagram may be identified
with a linear partition, that is, a sequence A = (};);>1 of non-negative integers A; €
Z>( satisfying

Ai = Aig1 - (5.90)

The total number of boxes in the Young diagram is the size || = Zizl A; of the

linear partition. By considering the totality of Young diagrams for/ € {I,...,ra,},
we obtain an array A4, = (Aa; 1, ..., 4, r 4 ) of linear partitions of size
VA]
hoa,| = Z a1l = ka, = dim Vg4, . (5.91)

=1

The argument for the Aj-diagrams is analogous. In this case it follows from
(5.87) that Va,;(i,j) =0 if either j < 0 or i > 2j, while commutativ-
ity of the Aj-diagrams implies that Vy4,;(i, j) =~ C is only possible when either

= 0and Va,(i —2,j—1)=C,ori = 2j and Va,;(i + 1, j) = C, or both
Va,1(i —2,j—1) =~ Cand Vyu,;(i + 1, j) = C. By identifying each pair (i, j) for
which V4, (i, j) =~ C w1th a box at the location (2j — i, j) € Z>0’ we obtain an
array of linear partitions )‘Az of size |AA2| =ka, :=dim Vy,.

For generic values of #1, t» and ey4, the sets of weights for the actions of g on
Va, and Vy,, are disjoint and therefore V4, N V4, = 0 at the fixed points, iT.e. V =
Va, ® Va,. Altogether we have shown that a fixed pomt labelled by F € mp (Dﬁril iz k)
corresponds to an array of linear partitions A= (A Als A A,) Whose total size 'is the
instanton number

ra
k=X =Fal+Ral= > D 1l (5.92)

A€{A1,Az} =1

However, the correspondence is not bijective: the associations of the same Young
diagrams A 4; can be reached through different combinations of the actions of the
linear maps B, and B,,. Put differently, the virtual tangent space T, Apay k1S
not movable, i.e. it contains the trivial T, 4,-representation. This generally allows
for continuous deformations, and the fixed points X are not isolated.

Example 5.93 Consider U(1) gauge theory with 74, = 1 and r4, = 0 in the sector of

instanton charge k = 2. A solution of the complex ADHM equations from (4.17) is
obtained by taking B; = B;, = 0and

00 00 I
Ba, = <b1 0) » Bay = (bz 0) o Aay = (o) ’ (5.94)
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with by, b2, I € C. Up to a U(1) phase rotation, and using scaling symmetry to set
¢ = 1, the D-term equation in (4.17) is then uniquely solved by taking I = /2
and (b1, by) € C? to parametrize the three-sphere |b1|> + |b2|> = 1, which after
quotienting by the U(1) phase leaves the complex projective line P!

For these ADHM data, the fixed point equations (5.84) are uniquely solved by the
complex gauge transformation

N 0
g—<o tl_l%>, (5.95)

for all (b1, by) € C?. The fixed point locus Mz ~ P! is thus compact and consists
of non-isolated points, parametrizing the centre of the T4, 4,-invariant two-instanton
solution in @i A C (Di\1 . It corresponds to the Young diagram

A =[O (5.96)
SU(3) x Abelian orbifolds: integer points

We can similarly treat the setup of the orbifold group '3 = T3 x [, and the equivariant
gauge theory with maximal torus Ty = Tz, x U(1)e. Let (Bg, 14)qcq be the ADHM
data of Sect.4.2 with r = r4 = (ra, 0, 0, 0). The torus action is given by

(Bas In)yeq— (17" Bay .2 B, Iahy") (5.97)

acA’

for hy € T3,. The same argument as given in Sect.2.2 shows that B; = 0. Then the
equivariant T 4-fixed point equations are

g B, g_1 =11 B, and gla=1Iasey, (5.98)

for a € A, where g denotes the image of a homomorphism T4 —> GL(k, C).
By decomposing the vector spaces V = V4 and W, into rank one T3, modules as
in (5.85), the GL(k, C)-transformation g from (5.98) induces weight decompositions

Vi= Vi) with Vi) ={veV|gw)=1"earv}, (5.99)
ne

such that B, (V;(n)) C Vi(n — 1) for a € A, while I4(W4;) C V;(0) are all one-
dimensional subspaces. For each [ € {1,...,74},a € A and n € Z, these data are
summarized by the diagram

Vitn— 1) <2~ vin) (5.100)

Since V; is spanned by the one-dimensional subspaces B!, B,f Bl 14(W,) with
i, j, p € Zso, it follows that V;(n) = 0 if n > 0 and each non-trivial weight space is
one-dimensional. There, being no other conditions and no structure, we simply count
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the number of nonzero subspaces V;(n) ~ C for n € Z<o to obtain the non-negative
integer n; = dim V;.

The totality of integer points defines an array 7 = (1, ..., ,,) of non-negative
integers 1; € Zx( partitioning the instanton number

r'A
k=|ﬁ|=zm, (5.101)

and corresponding to a fixed point labelled by F € mg (S)JTIQ ’ k)' As previously, one can
show that the correspondence is not bijective and the T 4-fixed points are generally not
isolated, as the associations of the same integer points 7; can be reached by different
combinations of the actions of the linear maps B, fora € A.

5.6 Non-Abelian orbifold partition functions

We now focus on evaluating the equivariant partition functions for tetrahedron instan-
tons on non-abelian orbifolds. We have seen in Sect. 5.5 that, for the SU(m) x abelian
orbifolds, the torus-fixed points of the instanton moduli space are not isolated. More-
over, unlike the case of abelian orbifolds, the four-dimensional representation of [,
defined by the homomorphism t does not induce alm -colouring of the combinatorial
data parametrizing the fixed points. Consequently, we do not refine the counting vari-
able g with respect to the irreducible representations of I',, when defining the partition
functions for SU(m) x abelian orbifolds.

SU(2) x Abelian orbifolds

We use the stability condition from Sect. 5.4 together with the parametrization of the
fixed point locus in terms of arrays X of linear partitions from Sect. 5.5 to decompose
the ';-module V, following i.he analogous treatment for spiked instantons from [42].
For each (i, s), (i, s') € Qr° ) and 7i = (n1,ny) € Z>0, we define the vector spaces

Vi o Gi) = > B, I3;(Wais) (5.102)
yeplas T
1(y)=n1+n2

for A € {A}, Ay}, where P(' s )[QT‘ (rz)] indicates the set of paths along the quiver

QTv(rZ) from (i, s) to (i, y ) formed by ny applications of L 4 with respect to the
notation of (5.60). The complex gauge group Gy acts on %% m (n) as GL(kj 5, C).
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Next we introduce corresponding [';-equivariant vector bundles

V= D s8R,
(i.5)€Q) T

(5.103)
4pl= P b > Y @ |ery,.
, ne7?  A€{AlA -
(i,s)le;‘(r” Az, AstAnAz) (i’,s’)eQ(;'(rz)
_ T =~
where R 5) = Ai ® ps fori € Qy “ and s € [y, while
Vi) = iy T 0 X V)T G (5.104)
together with
Wa = @ Wais ® Riyy  With Wais = Sm?Al,AzJ? X Wyis s (5.105)
(e T2
for A € {A1, Az}. The T4, 4,-action on the moduli space I~ 7 lifts to T4, 4,-

A, Ay-k
equivariant structures on the bundles 7" and #4. v

Similarly to the case of abelian orbifolds, we need to consider the equivariant
version of the cochain complex of vector bundles (4.39). Since the subgroups I_? and

C' commute, we can consider the equivariant index bundle as the I;-invariant part
of the index bundle (4.45), regarded as an element of the equivariant K-theory of the
moduli space sm;A e by replacing the vector space Q4 with

1-42>

0, =17 (02®ps) + 15 (M0 ® poyyis) + 170 (R0 ® pyy) s (5.106)

as an element of the representation ring of the group T, 4, X T2 X ['ap, where , = '
fora =1, 2.

We express the pullback of the index to the connected component parametrized by
the array of Young diagrams A as

szrb vir
VChTAl-Aza (r Sm?AlvAz’dfmi)

o * A * Lok o
= chry, |75 3@ KA1 ®V - 0N
+ V@V (17 (Q2®@ ) + 15 (0 ® pry—sy) + 17 12 (0 ® psyy))

— 1207 (17 00 @ ) + 17 1571 (02 ® pyy)

—VFQW, 2 g ® psiy) — YEQW, 1 (A ® )}szrab
2 Al B 0@ 0sp % 4,312 (20 @ Psy—s, ,

(5.107)

@ Springer



11 Page 76 of 99 R.J. Szabo, M. Tirelli

where 75 =7 |£m and W, 3 := Wa |y - From (5.49) it follows that

|9ﬁi

. ToxT,
ChTA],A2 [qy @YV (02 ® Ps’)] 27heb

Z Z (ChTAl,AZ (7/t>(ke),s+s/) ChTAlvAz (7/5(6)’5)

eeQIT‘Z se rab

+ ChTAl«Az (7/5?6),s+s’) ChTAl,Az (%(e),s)) s
(5.108)

and similarly for the other types of contributions to (5.107).
The pullbacks of the equivariant characteristic classes cht 41,4 (7)) and chy Ay A ")
to the connected component My decompose into

ChTAl,Az (7/5:)

rAli/,s/
-1 _pa—1
= L (Zewn X o
Q.5), (7, r)leﬁrz) =1 PEhayisl
xch(7/ ‘(pi—1,p -1 ) ® RY;
Ayi,s M, hag i @i,9) (5.109)
rAzi/,S/
p1—=2p5=3 1-p;
+ Z CA T 51 Z tll g 1, g
I'=1 ﬁ/e)‘Azi,x’l’

X Ch(”yflxzsl s(Pr—=1.py— 1)|smk ) ® R, v))

Ayl s’

and

TAis
ChTA],Az (WAX) = Z Z €Aisl ®,R(l s) (5.110)
T*(rz) =1

From these formulas one may now extract the tvariant top Chern classes and
compute the equivariant square root Euler class . /e > " (JVQ}’I‘;) of the virtual normal
bundle, as described in (4.48).

Then, the full twisted partition function for tetrahedron instantons on C*/ T,
for M, = T x [,p with T3 a finite non-abelian subgroup of SU(2) and Fa, 4, =
(Fa,>TAys 6, 6), is given by
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- I,
TAp,Ay 5.2 -k [om 1
z (@, e.) = a (=D / —_—,
(/51 x B b ZF ) % i o [T i
EEZ:OQ AE”O(m;AiiA;E) Tay.ap M
(5.111)
where

& =TT TII «%- (5.112)
b

Remark 5.113 (Sign Factors) Comparing the actions of the tori U(1) ?2 and Tz on C*,
we see they are related through

e1=¢€ , & =€ , =€ , & =—€ —&—&=—2¢ —¢€, (5.114)

where £ = (g1, &2, €3, &4) are the generators of the maximal torus Tz of SU(4) and
€ = (€1, €;) are the generators of the centralizer U(1) ;2 of 73 (['2). From this relation
we believe that the sign factor can be evaluated by generalizing the sign factor in (4.76)
as

X mod 2. (5.115)

oXr2 =k (K@%
Example 5.116 Consider the orbifold €2/ T, x C? where T = T* is the binary
tetrahedral group of order 24. It has three one-dimensional irreducible representations,
1o, A3 and Ag, three two-dimensional irreducible representations, A1 = Q3, A4 and
X5, and one three-dimensional irreducible representation A3. Given an orientation for
the affine Dynkin diagram of type Eg, the McKay quiver QT is

Ll oo () O

3&_/4&_/2&_/5&_/6

UTUTUTO

@ D) (5.117)
CoO
=0 — (0 =1 _ (1
I‘jet FALA = (rAi)Ae{Al,Ag},ingr* and 1y, 4, = (rAi)Ae,{Al,Az},ierT* be two
choices of the framing vector 7 4, 4, whose only nonzero entries are r)y; = r} ; =1

fori =0, 1. For these framing vectors the ADHM equations (5.59) are different and
inequivalent for any k € 7. This implies

M-.0

rAl’Az,k

-\ SS R (5.118)

rAl,AZ,k
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This example serves to illustrate that, unlike the cases of SU(4)-instantons on orb-
ifolds studied in [18], the partition functions for tetrahedron instantons on non-abelian

orbifolds of type 7 = (rAi)A el are, in general, not invariant under permutations
€4~ ,ieQ

of the quiver vertices i € Qg .

SU(3) x Abelian orbifolds

Following our stability analysis from Sect.5.4 and the parametrization of the fixed
point subschemes in terms of arrays of integer points 7 from Sect. 5.5, let us introduce
vector spaces

Visom = Y Bylaig(Wais) (5.119)

yeP(' ') Qrs,(r3)]
1(y) n

for (i, ), (", s") € Qr‘(rg) and n € Zso, where P(' S)[Qté(r*)] is the set of paths
along the quiver va(r’) from (i, s) to (7', s’). Again the complex gauge group Gy acts
on VAi‘S (n) as GL(k; ¢, ©).

We define the I'3-equivariant vector bundles

V= EB 1/” ® 7?’Zki,s) = @ EB Z 4//i,i;’S/(n) ® R(I )’

T3 T3 Z T
(i,)€Q, s (i.5)eQ, sy | ez (V'.s")€Qq s
(5.120)
f T3 = .
where Ri5) = Ai ® ps fori € Q; ° and s € [, while
K ) = g O xg, Vi), (5.121)
along with
V= P Hs®RG, with K= px Wais.  (5.122)
(i,s )EQr s

Similarly to the SU(2) x abelian orbifolds, the T 4-action on the moduli space E)LTI;A’,-{*
lifts to T4-equivariant structures on the bundles ¥ and #'.

Since I’? and C° commute, the equivariant index bundle is given by the '3-invariant
part of the index (4.45) of the cochain complex of vector bundles (4.39), by replacing
the vector space Q4 with

0y =1""(Q3® p5) +1° (ho ® p35) . (5.123)
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as an element in the representation ring of T4 x T3 x [ap, where 1 = e'€
The pullback of the index to the connected component parametrized by the array
of integer points 7 reads

[ Taxl
ChTA3X ab(Twrm;Ak'sm;’)

_chTA[V% ®7/* "// +74 ®7/‘ (Q3®p§)+"f/ﬁ*®”f/ﬁt3(ko®p_3§)
Tixl
_7/;7*‘@%7’72@;®02§)—'7/;,*®%’73()»0®P3§)] e
(5.124)

where 75 1= 7/|Em~ and %5 = V/|m From (5.49) it follows that
n n

chr, [77® 7 (Q3@p0)] T = 3 b, (9 ) ehr, (Fatons) -
eEQ'lT‘S SEIA—ab

(5.125)

and similarly for the other types of contributions to (5.124).
The pullbacks of the equivariant Chern characters cht, (¥") and cht, (%) to the
connected component 9; decompose into

TAis N s'1
ChTA(/Vﬁ)z Z ZeAl’ s'l Z trle 7/| S(P—l)’mnm/ ,1)®R(|s)
(.5). (rreqs T 1
(5.126)
and

TAis
ChTA (Wﬁ) = Z Z eAisl ® 'R;(ki’s) . (5.127)

3(|_3) =1

(@, s)eQ

ese formulas may be used to extract the equivariant square root Euler class
(JV ‘“r) of the virtual normal bundle using (4.48), and the full twisted instanton
partltlon function is

- - I 1
ra > = _ -k _ O-
Z[@4 /T3] x BKS (@;aa,€) = ZA g Z (=D ‘/[Am‘]m \/Tz i ’
kGZ#r3 ﬁeno(fmTA ) 7 eTA ( Smﬁ)
>0

(5.128)

@ Springer



11 Page 80 of 99 R.J. Szabo, M. Tirelli

where

=TT IT <% (5.129)

iEQ(')r:; se rab

Remark 5.130 (Sign Factors) The orbifold by the group '3 = T3 x [,y is equivalent
to the description of instantons on the generally non-effective orbifold C3/ '3 from
Sect.3.2. By comparing the index in that case with the index (5.124), we find that the
sign factor is given by

r —-3\fi
057 =1k (¥ ® #517°)" mod 2. (5.131)

5.7 Orbifold partition functions from geometric crepant resolutions

While our constructions from Sect. 5.6 formally solve the problem of computing the
partition functions for tetrahedron instantons on non-abelian orbifolds, in practice
making the formulas (5.111) and (5.128) more explicit like the abelian case is generally
still a complicated task due to the remaining integrals over [D]""" required. We
conclude by discussing some classes of non-abelian orbifolds whereby closed formulas
for the instanton partition functions can be obtained.

Although our construction of orbifold partition functions for tetrahedron instantons
holds generally for any Calabi—Yau four-orbifold of the types we have discussed, a
special role is played by orbifolds admitting a geometric crepant resolution, which
provides a regularization of the orbifold singularities [70]. For a finite group [ acting
linearly on C¢, recall that a proper algebraic map o Xp — C?/T is a crepant
resolution if X is smooth and m[- is a birational morphism which preserves the
canonical bundles. A necessary but not sufficient condition for the existence of a
crepant resolution is that I is a proper subgroup of SL(d, C). Crepant resolutions
appear in the stringy Kihler moduli space of supersymmetric Calabi—Yau orbifolds
which have marginal operators that can be used to resolve the singularity.

Resolutions of non-effective orbifolds are discussed in [63]. While these theories
lead to richer BPS spectra at the quotient singularity C¢/ 7, it is not possible to
smoothly resolve or deform all singularities within the moduli space of supersym-
metric vacua. Henceforth we restrict our considerations to effectively acting orbifold
groups, i.e. to subgroups where ' = " C SL(d, C). However, it should be stressed
that the absence of a geometric crepant resolution is not a deficiency of the theory: both
the twisted orbifold and non-commutative resolutions always exist, and are ‘desingu-
larizations’ in their own contexts.

For d = 2, 3, a crepant resolution is provided by the Hilbert-Chow morphism 7
from the Nakamura I-Hilbert scheme X = Hilbr(@d) C Hilb#r(Cd) of [-invariant
zero-dimensional subschemes Z C € of length #I" whose global sections H(Z, O7)
form the regular representation C[I'] of I'; this is the moduli space of regular instantons
of the rank one orbifold gauge theory. For d = 2, this crepant resolution is unique and
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related to an ALE space of type ADE. For d = 4, the existence of crepant resolutions
for orbifolds of the types €2/ T x €2 and C3/T x C is discussed in [18, 35, 71].

Given a geometric crepant resolution 7 @ X —> C*/T, we now consider its
interaction with the orbifold crepant resolution

[c*/T]

N / (5.132)

cH/r

We are interested in those orbifold theories whose partition function on the quotient
stack [C*/ '] is equivalent to the partition function of the cohomological gauge theory
on the crepant resolution X through changes of variables and wall-crossing formulas.
This amounts to associating SU(4)-instantons on C*/ I to torsion free sheaves on X r
along the lines of [43], or equivalently fractional D-branes at the orbifold singularity
to D-branes wrapping cycles of the exceptional locus of X, which underlies an
equivalence between the derived categories of coherent sheaves on [C*/ '] and X r-

This further restricts the allowed orbifold groups I', and is the physical incarnation
of the Donaldson-Thomas crepant resolution correspondence in algebraic geometry
[72].

Tetrahedron instantonson C% , /T x C?

A1,A2

We start by pointing out that one can always construct a crepant resolution for tetrahe-
dron instantons on orbifolds of the type C*/ T =~ €5 , /T x C?, where I"is a finite
subgroup of SL(2, C). As previously, this choice of orbifold forces us to consider
tetrahedron instantons of type

-

F=Fa A= (?Ali,azi,o,())ief. (5.133)

The construction is simple. The ADE singularity C2 AL A / T has a unique minimal
crepant resolution given by the Nakamura I-Hilbert scheme [73]

Ty s Xapa o= Hilbl (€3 ) — €%, /T (5.134)
By regarding I as a subgroup of SL(3, C) through the natural embedding

SL(2,C) c SL@3, ©), for each stratum ([33 C @3 with A € {A{, Ay} a crepant
resolution of the quotient smgularlty 3 a2/ F ~ C? A4,/ ' x €y is given by letting

X4 = X4a,,4, x C; = Hilb ((D3 ) and defining the two crepant resolutions
TA = Ta 4 Xido; 1 X4 — C /T, (5.135)

for A € {A1, Az}. Note that X, 4, = X4, N X4,.

@ Springer



11 Page 82 0f 99 R.J. Szabo, M. Tirelli

Finally, letting X = X 4,,4, X (DA1 X (D/iz ~ Hilbr((D4), we define
[ = Taa, X idey xey, f Xp—> CH/T, (5.136)

which by construction is a crepant resolution. The cohomological gauge theory for
tetrahedron instantons on the smooth Calabi—Yau fourfold X is now defined by
solutions (4.10) of the SU(4)-instanton equations (4.8) on the singular Calabi—Yau
threefold

Xa=Xa, UXa, C Xr. (5.137)

On general grounds, the tetrahedron instanton partition function Z §(F should follow

from a dimensional reduction of the Donaldson-Thomas partition function Z 3( s
similarly to Proposition 4.66, though we do not yet have available a computation of tﬁe
latter. For the A,_1 singularity C*/ Z,,, the crepant resolution correspondence of [35,
Conjecture 5.16] relates the U(1) orbifold Donaldson—Thomas partition function to
Z S(zzln , where the latter can be computed from the vertex formalism of [20]. Extending
this correspondence to higher rank and to generic ADE singularities would then enable
explicit computation of (5.111) for any finite subgroup I' C SU(2). These tasks are
beyond the scope of the present paper.

Tetrahedron instantons on (Di/ MNx C
A similar construction is available for tetrahedron instantons on orbifolds of the type

CHT ~ (Di/ I x C, where I is a finite subgroup of SL(3, C). This restricts to
tetrahedron instantons of type

F=Fa=(7a1,0,0,0) =. (5.138)

When [ is a finite subgroup of SO(3) C SU(3), the polyhedral singularity (Df’4 /T has
an irreducible crepant resolution realized by the Nakamura I'-Hilbert scheme [74]

At X4 = Hilb" (C3) — ©3, /T, (5.139)
which contracts curves of the exceptional locus of X 4 to points in the singular locus
of €3/ T. The Calabi-Yau fourfold X[ := X x Cj =~ Hilb! (C*) then defines a
crepant resolution

mp=ma xidg; : Xp — C*/T. (5.140)

We use the crepant resolution (5.139) to derive a closed formula for the rank one
Donaldson-Thomas partition function of the polyhedral singularity in the following
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way. Let " C SU(2) be the binary polyhedral group which is the pullback of ' C
SO(3) under the double covering

M < ~SUQ)

l l (5.141)

[ —S0(3)

A representation of [ which does not descend to a representation of I is called a
binary representation [75]. Removing the vertices corresponding to binary irreducible
representations from the McKay quiver Qr* leaves the McKay quiver Qr.

In addition to the semi-small crepant resolution (5.139), for any complex plane
C? c (Di there is the minimal resolution of the ADE singularity

et Xpe o= Hilb| (@) — €2 /1% (5.142)

By the classical McKay correspondence there are bijections between the nodes i #
0 of the McKay quiver Q , the simple roots of the simply laced Lie algebra g+
associated with '™, and the smooth rational curves of the exceptional divisor of X .
In particular, denoting by R™ the set of positive roots of gr+ each o € R can be
associated with a curve class in X+ and there is an injective map

& R — Hy(Xp, Z) ~ 7T 1. (5.143)

The node i = 0 of Qr* corresponds to classes in Hy(X s Z7) ~7
We now construct the map

= fuolp i RY — Ha(X4, Z) ~ 7 1, (5.144)

where the morphism f* : X+ —> X4 contracts the curves corresponding to binary
irreducible representations of '*, leaving the exceptional curves of X 4 [75]. The binary
irreducible representations of ™ correspond to the simple roots in ker(cf), and we
obtain

Proposition 5.145 For any finite subgroup I C SO(3), the partition function for tetra-
hedron instantons of type ¥ 4 = (1,0, . .., 0) on the orbifold C> 4/ T x Cwith holonomy
group SU(3) 4 is given by

~ ¢ 12
2 @) = M- o [ #@ET, -0, (5.146)
aeRt
e @#0
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where

#r—l

N cr (@)

qcr(Ol) — | | qi r and Q =dgopdp--- q#’r\_l . (5147)
i=1

Proof The reduced A-model closed topological string partition function on
Xy = Hilbr((D'Z) is evaluated by Bryan and Gholampour in [76] using a localization
formula similar to (5.128) and calculating the integrals over the connected components
[M=]1"'" by decomposition. The all-genus result is given by

o
Z¢¥ g0y = [ JT (-7 ey, (5.148)
acRt n=1
i @#0

where g; is the string coupling constant and ¥ = (vi)i= |.4F_ e the exponentiated
Kaihler parameters of X 4.

By the Gromov—Witten/Donaldson—Thomas correspondence for Calabi—Yau three-
folds [77], this is related to the instanton partition function of the U(1) cohomological
gauge theory on X 4 with SU(3) 4 holonomy through

M (=)D 2550, ) [ ey = Zyh (855 D) - (5.149)

Here the variables v correspond to the basis of curve classes in X 4 and g to the topolog-
ical Euler characteristic x (X4) = 1 + (#F — 1) = #[ of X 4. The former enumerates
fractional instantons or DO—D2-D6 states in the type IIA setting, while the latter counts
regular instantons or pure DO-D6 states. There are no compact four-cycles, and hence
no D0-D2-D4-D6 states, because X 4 is a semi-small resolution, consistently with
our assumption of vanishing first Chern class in the cohomological gauge theory on
XA.

Finally, the Donaldson—-Thomas crepant resolution conjecture for Calabi—Yau three-
orbifolds of [68, 78] relates the rank one instanton partition functions of X4 and
[(Df’4 / '] through the wall-crossing formula

Zigspy @ = MW 28 0. 0 Zig o, Th . (5.150)
with the changes of variables v; = gj fori=1, ..., #T — 1 and Q=dapdp--- ALF
where we defined v 7! = (v~ 1)i=1 Jf_ - Putting everything together we arrive at
the formula (5.146). |

Example5.151 Let [ = $3 C SO(3) be the group of permutations of three elements
(cf. Example 3.73). The D5 root system has 20 positive roots (described in [76]) and the
U(1) tetrahedron instanton partition function (5.146) on the Calabi—Yau four-orbifold

([3134/ 83 x C is given by
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Fa=(1,0,...,0) =\ _ M(—0)3
(@830 D = = - gy o2 o 5 ;
4 M(ay, —Q) M(ai a2, —Q)* M(az, —Q)* M(a3, —Q)2 M(q1 a3, —Q)
(5.152)

where Q = qo q1 @»-

6 Discussion

In this paper, we generalized the construction of tetrahedron instantons on flat space
C* to backgrounds which are Calabi-Yau orbifolds by a (possibly non-effective)
action of a finite group ' on C*. Tetrahedron instantons arise as bound states of D1-
branes probing stacks of intersecting D7-branes in the presence of a B-field in the
low energy limit of type IIB string theory. They can be regarded as a generalization
of non-commutative instantons on €3, with which they coincide in the rank one case.

To this end we started in Sect. 3 by defining and developing a theory on threefolds
that we interpreted it as the orbifold Donaldson-Thomas theory twisted by a flat gerbe.
This leads to a new class of Donaldson—-Thomas invariants for both abelian and non-
abelian three-orbifolds, even beyond the standard Calabi—Yau case, i.e. for general
holonomy U(3). As far as we are aware, these more general invariants have not yet
been discussed in the algebraic geometry literature, and it would be interesting to
confirm our results through rigorous mathematical constructions, which could shed
light on novel geometric structures underpinning virtual cycle constructions in these
instances.

More generally, it would be interesting to rigorously derive our constructions of
orbifold tetrahedron instanton partition functions from Sect. 5, by combining the con-
siderations of [3, 35]. As a first step, this should be possible for the abelian orbifolds
considered in Sect. 5.3, for which we have obtained closed form expressions for the cor-
responding partition functions. This would nicely extend the harmonious agreement
between instanton computations in physics and algebraic geometry considerations,
elaborated previously for orbifolds of the magnificent four model in [18] and [35],
respectively.

In Sect.5.7, we explicitly calculated rank one partition functions for tetrahedron
instantons on local polyhedral singularities €3/ x C. This was done by calcu-
lating the A-model closed topological string partition on the Calabi—Yau threefold

Hilbr (C?), applying the Gromov—Witten/Donaldson-Thomas correspondence, and
finally linking the result at large radius to the one on the singularity by a wall-crossing
formula. The generalizations of this procedure for general rank, as well as establishing
a wall-crossing formula for such configurations, are open questions worthy of future
investigation.

From a physics perspective, our results can be used to enlarge the dictionary of the
BPS/CFT correspondence [5], whereby the gauge origami partition function of tetra-
hedron instantons is reproduced by gg-characters associated with D6-branes wrapping
C3 ¢ C* [4]. The considerations of this paper allow for a concrete investigation, for
the first time, of the correspondence beyond the case of the flat Calabi—Yau four-
fold C* to Calabi—Yau orbifolds of C*. This generalizes the gauge origami partition
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function of spiked instantons [42], whereby the orbifold version of the theory defines
gq-character operators with and without defects in quiver gauge theories of affine
ADE-type.

It would be interesting to understand the quantum algebraic structures underlying
the orbifold theories we have constructed in this paper. As a first step one could derive
the free field representations of the abelian orbifold tetrahedron instanton partition
functions, expressing our contour integral formula (5.11) as a vertex operator correla-
tion function after analytic continuation, and thereby generalizing the representations
of [1, 4] in the case of flat space. Particularly our abelian orbifold results of Sect.5.3,
wherein we have obtained closed formulas for the partition functions, should be useful
for elucidating aspects of this correspondence.
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A Finite subgroups of SU(3)

The classification of the finite subgroups of SU(3) began with the work of Blichfeldt
over a century ago [79]. These groups can be divided into five classes, which we
describe in this appendix following [80].

Notation A.1 We write #g for the multiplicative order of an element g of a finite group
I', that is, the smallest positive integer k such that gk = 1. The order of I" is defined to
be its cardinality, denoted #I'. Then #g = #(g), where (g) C I is the cyclic subgroup
generated by g € I'.

Let & = ¢271/" be a primitive n-th root unity, which generates the cyclic group
Z,, of order n.

We write $,, for the symmetric group of degree n with order n!, and A, C 3, for
the alternating group of degree n with order % n!.
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Abelian groups

The possible structures of the finite abelian subgroups of SU(3) are strongly constrained
by the simple and powerful

Theorem A.2 Every finite abelian subgroup T g of SU(3) is isomorphic to a direct
product of cyclic groups,

lab = Ziy X Zy , (A.3)
where
m = max #g (A4)
gerab

and n is a divisor of m.

Similarly to the generator (5.17) of Z,, C SU(2), the generators of Z,, xZ,, C SU(3)

are
Em 0 0 &0 0
gi=(0¢&'0] and g=(010]. (A5)
0 0 1 0 08¢,

Groups with two-dimensional faithful representations

For every finite subgroup of SU(2) there is an isomorphic finite subgroup of SU(3)
given by the embedding SU(2) —— SU(3) defined as

g esSU@) — (g ?) e SU@G). (A.6)

The finite subgroups of SU(2) admit an ADE classification and are preimages of
the finite subgroups of SO(3) C SU(3) under the double covering

SU2) — SO(3) , (A7)

corresponding to the cyclic groups, the dihedral groups, and the platonic groups. The
cyclic groups Z,, (which correspond to A,,_1 in the ADE classification) and the Klein
four-group Dy = Z; x Z, (which corresponds to D4 in the ADE classification) have
already appeared in the first class. Of the non-abelian finite SO(3)-subgroups, only the
dihedral groups D,, = 7Z,, x Z, of a regular n-gon (which corresponds to D, 7 in the
ADE classification) possess a two-dimensional faithful representation.

More generally, for every finite subgroup of U(2) there corresponds a finite subgroup
of SU(3) under the faithful embedding U(2) — SU(3) given by

0

8
gelU@2) — (O et

) e sU@3). (A.8)
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Under the isomorphism
U2) =~ (SUQR) x U)) /Zz , (A.9)

the finite subgroups of U(2) are given by the Z;-invariant finite subgroups of the direct
product SU(2) x U(1). The complete list can be found in [81, Theorem 2.2].

Groups of type C

The groups C, (a, b) of type C are generated by the matrices

010 & 0 0
Cc:=[o001 and  Cyp:=[08 o |, (A.10)
100 0 0 g9

where a, b € {0, 1, ..., n — 1}. If we define
Cab = Ch—ab (A.11)
then any element of C, (a, b) can be written uniquely as

cicl,ck,. (A.12)

for some i, j, k € Z>o.
It follows from Theorem A.2 that

Ci(a,b) =~ (Zym x Zp) X L3, (A.13)
where the Z3-subgroup is generated by the permutation matrix C, while
m = lem(#£2, #£7)  and  p=min{k e {l,....m}|Ck, € (Cap)}. (A.19)

This class contains the tetrahedral group T (which corresponds to Eg in the ADE classi-
fication) isomorphic to A4 >~ C»(0, 1). The dimension of an irreducible representation
of a group of type C is either one or three [82].

Groups of type D
The groups D, 4(a, b; r, s) of type D are generated by the matrices (A.10) together
with
g0 0
Dys:=(0 o0 &), (A.15)
0 770
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wherea, b € {0,1,...,n—1}andr,s € {0, 1, ..., d—1}. A different set of generators
consists of three diagonal matrices, the matrix C from (A.10), and the matrix

-1 0 0
D=[0 0 -1]. (A.16)
Theorem A.2 in this case implies that the groups of type D have the structure [82]

Duala,b;r,s) >~ (Zy xZp) x 33, (A.17)

where m and p are functions of (n, d) as well as of (a, b; r, s), while $3 € SO(3) is
generated by C and D. This class contains the octahedral group O (which corresponds
to E7 in the ADE classification) isomorphic to $4 >~ D, 2(0, 1; 1, 1). The dimension
of an irreducible representation of a group of type D is either one, two, three or six.

Exceptional groups

They are eight exceptional finite subgroups of SU(3) which do not fit into any of the
four previous classes:

Y(60) , T(60)x Zs , X(168) , ¥(168) x Zs3,
Y(36x3) , X(72x3) , X(216x3) , X(360x3).

(A.18)

The groups % (n) in the first line have order n and contain the two simple groups: the
icosahedral group I (which corresponds to Eg in the ADE classification) isomorphic
to As =~ ¥ (60), and the Klein group PSL(2, 7) >~ ¥ (168). The groups X (nx3) in the
second line have order 3n and contain the centre Z3 of SU(3) (generated by &3 13),
whereas the factor groups X (n) = X (nx3)/Z3 for n € {36,72,216,360} are not
subgroups of SU(3).

To write the groups in terms of generators, we introduce the matrices

100 20 0 -1 0 0
E; =104 0 , Ep:= 0592 0 , E3:=10 0 —&],
008 0088 0 —& 0
E Y SPEEY E ! };?2
4= —F= 353 ) 5= s | #— Ht+ — ) 6= =, 383 )
V3i\i e g 2 \y —1pe V3ile 1 &

50 0 5 i (8 -8 g8 -8
E7 = (0 -%‘72 0) , E7 Z=T<572§75 57*5765;‘*5; )
T\e7—sbed -6 &2 &
(A.19)
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where j1- are the roots of the quadratic equation 4% 4+ + 1 = 0. Using the generators
(A.10) of the group C,(0, 1) >~ A4, they are then generated as
Y(60) = (Co.1,C, Es) , X(168) = (E7, C, E7) , L.(36x3) = (E1, C, E4) ,
2(72x3) = (E1, C, E4, Eg) , 2.(216x3) = (E1, C, E4, E2) , X(360x3) = (Co.1,C, Es, E3) .
(A.20)

We recommend [83, 84] for exhaustive discussions of their properties, group structures
and representations.

B Moduli spaces of torus-invariant instantons are compact

In this appendix, we adapt the proof given in [6, Sect. 8] to show that, for the non-
maximal torus actions appearing in this paper, the T-fixed components of the moduli
spaces 9)?1 « are compact with respect to the complex analytic topology inherited
from the Frobenius norm on the affine space of ADHM data (Bg, 14),cq. scql fOr
tetrahedron instantons. We use the real description of the ADHM parametrization for
this purpose.

Instantons on C3,

Consider tetrahedron instantons of type r4 = (74,0, 0, 0), for some fixed A € é_lL.
Let

Ta =U)™ x U) (B.1)
be the torus group whose action on the ADHM data for instantons on (Di is given by

(Bav In)aea — (17" Ba. t* By, 15 expiay) (B.2)

aceA’
where a, = diag(aa1,...,aar,) is the generator of U(1)™4 C U(rs), and t = ele

where € is the generator of U(1) C SU(4). The infinitesimal equivariant T 4-fixed point
equations are

[Ba, 9l =€ B,, [B;, ¢l=—-3€B; and ¢la=1Iaay,, (B.3)

for a € A, where ¢ generates a U(k) gauge transformation.
Similarly to Sect. 5.5, under this torus action the vector space V = V4 decomposes
into weight spaces

rA
a=EPvi=Ep P v (B.4)

ne neZ Il=1
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for the action of ¢ € U(Vy4), whose eigenvalues are given by

) Vi, =me+aap) ﬂle . (B.5)

By (B.3) the operators B, raise or lower the U(1) charge n € 7Z according to

By:Vi— Vi and  Bi:V§— VIT3, (B.6)
fora € A.
We write
k=dimV, = Z ky = Z dim V! . (B.7)
nez nez

Since V4 has finite dimension k, there exists N € N such that k, = 0 for all |n| > N.

Proposition B.8 The closure of the moduli space M, Ta " of Ta-invariant non-
commutative instantons of rank r 4 and charge k on C> 1S compact

Proof We prove that the ADHM data (B, 14)ac4, Obeying the ADHM equations
(4.17) and the T4-fixed point equations (B.3), are bounded in the Frobenius norm.
From the D-term equation in (4.17), it is easy to see that the norm of the operator /4
is fixed to

1al? = Try, (Ia 1)) = ¢k . (B.9)

Letus move ontobound )., [|Ba ||%. By using the decomposition (B.4), together
with (4.26) and cyclicity of the trace, we find

D Trvr (B Ba) =) Tryn(B] Ba) . (B.10)

ac4d acA

and

> Tryy(Ba B) = ) Trynei (B] Ba) + Tryps (B B;)

ac4d acA

(B.11)
= Trynei(Bf Ba) = ) Tryn(Ba By).
acA acA
Then the D-term equation in (4.17) and the decomposition (B.4) imply
> Tryn(Ba B) + Trya(Ia1}) = Ckn+ Y Tryn(B] Ba)
acA acA
(B.12)
=Sk + ) Tryn1(Ba B)) |
acA
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where in the last equality we used cyclicity of the trace.
We now introduce

1 _
Ay i= —Tryy ( > Bu B + 14 1}) (B.13)
{ acA
and
! i
A= —Try, (Y BBy +1a1f) =Y Au. (B.14)
¢ acA nez

Using (B.12) we can write
Ap = ky + Z TrVn 1(Ba BY) < kn+ Au_y (B.15)
acA

By iteration we get
Ap Skntkn1 4 +hkoy <K, (B.16)

where we used N < ]%1 and k, < k for any n € Z.
Therefore, since A is a sum of at most 2N + 1 < k terms, we arrive at the bound

Z By = Z Try, (B B)) = Z Try,(BaB]) < ¢A < ¢k, (B.A7)

ac4 ac4 acA

hence B, for a € 4 are also bounded in the Frobenius norm. O

Remark B.18 To prove that 901 : « 18 closed, and hence is itself compact, one would
need to find sharper bounds than those given in the proof of Proposition B.8 which
are saturated by the ADHM variables. While we believe this is possible to do, we do
not pursue it in the present paper.

Generalized folded instantons
We now turn our attention to tetrahedron instantons of type r 4, 4, = (ra,, ra,. 0, 0),
for fixed distinct Ay, Ay € £_1J-. We write A1 N Ay = (a1 @), with aj, a» € 4. With
notation as above, consider the action of the torus group

Tay.a, =UM)™ x U(1) 42 x U(l)><2 (B.19)
on the ADHM data (By, 14, 14,)ac4 given by

—1 —1 —1 2
(Ba’ IA15 IAZ)GE& > (t] Ba1 ’ tl Baz ’ tz BAQ ’ t] t2 B/‘i] )

I4, expigA1 , Ia, expigAz) ,
(B.20)
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where (2,4, , 2,,) are the generators of U(D)™t x U(1) 42 C U(ra, 4,),and (1, 1) =
(ei€1, e'€2) where (€, €3) are the generators of U(1)*% ¢ SU(4). The infinitesimal
equivariant T4, a,-fixed point equations are

[Baj. ¢l =€1Bay . [Ba,,¢l=¢€1Ba, . [Bj,,¢l=€2B;,,
[Bi . ¢l =—Qer+e)Bg . dlay=1a34 , ¢la,=1Ia38y,,
(B.21)

where ¢ generates a U(k) gauge transformation.

WithV = Vy4,4+V4,, from (B.21)itfollows that ¢ (V4,) € Va, and @ (Va,) C Va,.
Hence the vector spaces V4, and V4, decompose under this torus action into weight
spaces as

rA
Va= @ vi' =P P vy] for Ae{Al A}, (B.22)
i,jJ€Z i,jeZ I=1
with respective eigenvalues of ¢ given by
¢lyis=Ger+je+an) L. (B.23)
Al Al
By (B.21) the operators B, raise/lower the U(1) charges i and j according to

i i-lLj g .y L=l gy +2,j+1
Bay. Bay : V) — Vi B vyl — vl B vy — vy :

(B.24)

For generic values of the equivariant parameters €1, €7 and a 4 ;, the sets of eigenval-
uesof ¢ on V4, and V4, are disjoint, so the spaces V4, and V4, have trivial intersection
and V = Vy, @ V4, at the fixed points. We write

ka=dimVa= Y kaiji= Y dimv,’/. (B.25)
i,jJeZ i,jJ€Z
Then,
k=dimV =ka, +ka, - (B.26)

As before, since V4 is finite-dimensional, there exists N4 € N such that k4; ; = 0
for all i, j € Z satisfying |i| + |j| > Na.

i . Tay, . .
Proposition B.27 The closure of the moduli space Dﬁri’ jz © of Ta,, A,-invariant tetra-
. . 1,42
hedron instantons of type r o, A, and charge k is compact.
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Proof The proof is similar to the proof of Proposition B.8, so we will be relatively
brief. From the D-term equation in (4.17) it follows that

a2+ a2 = Try (La, 1},) + Ty (Ia, 1)) = ¢ k. (B.28)

hence 74 for A € {A{, Ay} are bounded.
From (4.26), we obtain

> Try i (B.B]) = Try i1, (B}, Ba)) + TrVA+1,,(sz Bay)
acld

+ Trvl,;,jﬂ (B}2 BAZ) + Trvj;’z“"’l (B;g1 Bzi]) (B.29)

= Z TI'V;'\,_,'(BH B;) s

acA

and

> Trvli,j(B;f BJ) = ) Trvli,j(BZ B,), (B.30)

ac4 acA

for A € {A1, A2}. We can then use the D-term equation of (4.17) to write

3T, i (Ba B) +Tr ,,(IA1 j‘)—i—Tr ,,(IA2 22)_5@\,] + 3T, A’ (B Ba) .

acA acA
(B.31)
We now introduce
Apjpi=— Z Tr ,,<Z B, B] + 14,1y, +1A21j\2)»
i—3j=n acA
| (B.32)
. T il
A= > Trv/i,é,-( S BaBl+ I I + 1 1L,) |
i+j=n acAj
along with
1
X il T
A ,:ETrVA(Z Ba B+ La I}, + Iag 11,) = D Ay (B.33)

acA nez
for A € {A1, Ay},
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Using (B.31) and cyclicity of the trace we generate the inequalities

AAln—Z kAlz]+§ Z ZTerBB)

i—3j=n i—3j=n acA
1
o okaniit- Y. DT ,, (B. B)) (B.34)
i—3j=n é-z —3j=n—1 acA
< D kanij+Aaat,
i—3j=n

and

AA2,n:ZkA2,l]+ Z ZTI';JBB)

i+j=n z+]—n acA;
1
Y kaijt- Y, DT vis (Ba B}) (B.35)
i+j=n £ i+j=n—1 acA;

< Y kit Ayt -
i

By iterating these inequalities and using the bounds

Z kai,j < ka, and Z kayij < ka,, (B.36)
i—3j=n i+j=n

we get
Apn <K (B.37)

for A € {A1, A3}. Therefore

D lIBullf =) Trv(Ba B)

ac4 ac4d

= Z Z TI'VA (Ba BZ) < ; (AAl + AAz) = § (kil +k?42) 2
Ae{A1,A2} acA
(B.38)

which establishes the required boundedness of the ADHM variables. O

References

1. Pomoni, E., Yan, W., Zhang, X.: Tetrahedron instantons. Commun. Math. Phys. 393, 781 (2022).
https://doi.org/10.1007/s00220-022-04376-z. arXiv:2106.11611

@ Springer


https://doi.org/10.1007/s00220-022-04376-z
http://arxiv.org/abs/2106.11611

"

Page 96 of 99 R.J. Szabo, M. Tirelli

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

24.

25.
26.

27.

28.
29.

. Pomoni, E., Yan, W., Zhang, X.: Probing M-theory with tetrahedron instantons. JHEP 11, 177 (2023).

https://doi.org/10.1007/JHEP11(2023)177. arXiv:2306.06005

. Fasola, N., Monavari, S.: Tetrahedron instantons in Donaldson—Thomas theory, arXiv:2306.07145
. Kimura, T., Noshita, G.: Gauge origami and quiver W-algebras. JHEP 05, 208 (2024). https://doi.org/

10.1007/JHEP05(2024)208. arXiv:2310.08545

. Nekrasov, N.: BPS/CFT correspondence: Non-perturbative Dyson-Schwinger equations and qq-

characters. JHEP 03, 181 (2016). https://doi.org/10.1007/JHEP03(2016)181. arXiv:1512.05388

. Nekrasov, N.: BPS/CFT correspondence II: Instantons at crossroads, moduli and compactness

theorem. Adv. Theor. Math. Phys. 21, 503 (2017). https://doi.org/10.4310/ATMP.2017.v21.n2.a4.
arXiv:1608.07272

. Nekrasov, N., Prabhakar, N.S.: Spiked instantons from intersecting D-branes. Nucl. Phys. B 914, 257

(2017). https://doi.org/10.1016/j.nuclphysb.2016.11.014. arXiv:1611.03478

. Szabo, R.J., Tirelli, M.: Noncommutative instantons in diverse dimensions. Eur. Phys. J. ST 232, 3661

(2023). https://doi.org/10.1140/epjs/s11734-023-00840-6. arXiv:2207.12862

. Henni, A.A., Guimardes, D.M.: A note on the ADHM description of Quot schemes of points

on affine spaces. Int. J. Math. 32, 2150031 (2021). https://doi.org/10.1142/S0129167X21500312.
arXiv:1712.04369

Cazzaniga, A., Ricolfi, A.T.: Framed sheaves on projective space and Quot schemes. Math. Z. 300,
745 (2022). https://doi.org/10.1007/300209-021-02802-x. arXiv:2004.13633

Igbal, A., Nekrasov, N., Okounkov, A., Vafa, C.: Quantum foam and topological strings. JHEP 04, 011
(2008). https://doi.org/10.1088/1126-6708/2008/04/011. arXiv:hep-th/0312022

Cirafici, M., Sinkovics, A., Szabo, R.J.: Cohomological gauge theory, quiver matrix models and
Donaldson-Thomas theory. Nucl. Phys. B 809, 452 (2009). https://doi.org/10.1016/j.nuclphysb.2008.
09.024. arXiv:0803.4188

Nekrasov, N.: Magnificent four. Adv. Theor. Math. Phys. 24, 1171 (2020). https://doi.org/10.4310/
ATMP.2020.v24.n5.a4. arXiv:1712.08128

Kanno, H.: Quiver matrix model of ADHM type and BPS state counting in diverse dimensions. PTEP
2020, 11B104 (2020). https://doi.org/10.1093/ptep/ptaa079. arXiv:2004.05760

Nekrasov, N., Piazzalunga, N.: Magnificent four with colors. Commun. Math. Phys. 372, 573 (2019).
https://doi.org/10.1007/s00220-019-03426-3. arXiv:1808.05206

Bonelli, G., Fasola, N., Tanzini, A., Zenkevich, Y.: ADHM in 8d, coloured solid partitions and
Donaldson-Thomas invariants on orbifolds. J. Geom. Phys. 191, 104910 (2023). https://doi.org/10.
1016/j.geomphys.2023.104910. arXiv:2011.02366

Kimura, T.: Double quiver gauge theory and BPS/CFT correspondence. SIGMA 19, 039 (2023). https://
doi.org/10.3842/SIGMA.2023.039. arXiv:2212.03870

Szabo, R.J., Tirelli, M.: Instanton counting and Donaldson-Thomas theory on toric Calabi—Yau four-
orbifolds. Adv. Theor. Math. Phys. 27, 1665 (2023). https://doi.org/10.4310/ATMP.2023.v27.n6.a2.
arXiv:2301.13069

Piazzalunga, N.: The one-legged K-theoretic vertex of four-folds from 3d gauge theory,
arXiv:2306.12405

Nekrasov, N., Piazzalunga, N.: Global magni4icence, or: 4G Networks, arXiv:2306.12995

Galakhov, D., Li, W.: Charging solid partitions. JHEP 01, 043 (2024). https://doi.org/10.1007/
JHEP01(2024)043. arXiv:2311.02751

Franco, S.: 4d crystal melting, toric Calabi—Yau 4-folds and brane brick models. JHEP 03, 091 (2024).
https://doi.org/10.1007/JHEP03(2024)091. arXiv:2311.04404

Bao, J., Seong, R.-K., Yamazaki, M.: The origin of Calabi—Yau crystals in BPS states counting. JHEP
03, 140 (2024). https://doi.org/10.1007/JHEP03(2024)140. arXiv:2401.02792

Kimura, T., Noshita, G.: Gauge origami and quiver W-algebras II: vertex function and beyond quantum
g-Langlands correspondence, arXiv:2404.17061

Cao, Y., Leung, N.C.: Donaldson-Thomas theory for Calabi—Yau 4-folds, arXiv:1407.7659

Borisov, D., Joyce, D.: Virtual fundamental classes for moduli spaces of sheaves on Calabi—Yau four-
folds. Geom. Topol. 21, 3231 (2017). https://doi.org/10.2140/gt.2017.21.3231. arXiv:1504.00690
Oh, J., Thomas, R.P.: Counting sheaves on Calabi—Yau 4-folds, I. Duke Math. J. 172, 1333 (2023).
https://doi.org/10.1215/00127094-2022-0059. arXiv:2009.05542

Kool, M., Rennemo, J.V.: Proof of a magnificent conjecture, in preparation

Cao, Y., Kool, M.: Zero-dimensional Donaldson-Thomas invariants of Calabi—Yau 4-folds. Adv. Math.
338, 601 (2018). https://doi.org/10.1016/j.aim.2018.09.011. arXiv:1712.07347

@ Springer


https://doi.org/10.1007/JHEP11(2023)177
http://arxiv.org/abs/2306.06005
http://arxiv.org/abs/2306.07145
https://doi.org/10.1007/JHEP05(2024)208
https://doi.org/10.1007/JHEP05(2024)208
http://arxiv.org/abs/2310.08545
https://doi.org/10.1007/JHEP03(2016)181
http://arxiv.org/abs/1512.05388
https://doi.org/10.4310/ATMP.2017.v21.n2.a4
http://arxiv.org/abs/1608.07272
https://doi.org/10.1016/j.nuclphysb.2016.11.014
http://arxiv.org/abs/1611.03478
https://doi.org/10.1140/epjs/s11734-023-00840-6
http://arxiv.org/abs/2207.12862
https://doi.org/10.1142/S0129167X21500312
http://arxiv.org/abs/1712.04369
https://doi.org/10.1007/s00209-021-02802-x
http://arxiv.org/abs/2004.13633
https://doi.org/10.1088/1126-6708/2008/04/011
http://arxiv.org/abs/hep-th/0312022
https://doi.org/10.1016/j.nuclphysb.2008.09.024
https://doi.org/10.1016/j.nuclphysb.2008.09.024
http://arxiv.org/abs/0803.4188
https://doi.org/10.4310/ATMP.2020.v24.n5.a4
https://doi.org/10.4310/ATMP.2020.v24.n5.a4
http://arxiv.org/abs/1712.08128
https://doi.org/10.1093/ptep/ptaa079
http://arxiv.org/abs/2004.05760
https://doi.org/10.1007/s00220-019-03426-3
http://arxiv.org/abs/1808.05206
https://doi.org/10.1016/j.geomphys.2023.104910
https://doi.org/10.1016/j.geomphys.2023.104910
http://arxiv.org/abs/2011.02366
https://doi.org/10.3842/SIGMA.2023.039
https://doi.org/10.3842/SIGMA.2023.039
http://arxiv.org/abs/2212.03870
https://doi.org/10.4310/ATMP.2023.v27.n6.a2
http://arxiv.org/abs/2301.13069
http://arxiv.org/abs/2306.12405
http://arxiv.org/abs/2306.12995
https://doi.org/10.1007/JHEP01(2024)043
https://doi.org/10.1007/JHEP01(2024)043
http://arxiv.org/abs/2311.02751
https://doi.org/10.1007/JHEP03(2024)091
http://arxiv.org/abs/2311.04404
https://doi.org/10.1007/JHEP03(2024)140
http://arxiv.org/abs/2401.02792
http://arxiv.org/abs/2404.17061
http://arxiv.org/abs/1407.7659
https://doi.org/10.2140/gt.2017.21.3231
http://arxiv.org/abs/1504.00690
https://doi.org/10.1215/00127094-2022-0059
http://arxiv.org/abs/2009.05542
https://doi.org/10.1016/j.aim.2018.09.011
http://arxiv.org/abs/1712.07347

Tetrahedron instantons on orbifolds Page970f99 11

30.

31.

32.

33.
34.

35.

36.
37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

Cao, Y., Kool, M., Monavari, S.: K-Theoretic DT/PT Correspondence for Toric Calabi—Yau
4-Folds. Commun. Math. Phys. 396, 225 (2022). https://doi.org/10.1007/s00220-022-04472-0.
arXiv:1906.07856

Bojko, A.: Orientations for DT invariants on quasi-projective Calabi—Yau 4-folds. Adv. Math. 388,
107859 (2021). https://doi.org/10.1016/j.aim.2021.107859. arXiv:2008.08441

Kiem, Y.-H., Park, H.: Localizing virtual cycles for Donaldson-Thomas invariants of Calabi—Yau
4-folds. J. Alg. Geom. 32, 585 (2023). https://doi.org/10.1090/jag/816. arXiv:2012.13167

Park, H.: Virtual pullbacks in Donaldson—-Thomas theory of Calabi—Yau 4-folds, arXiv:2110.03631
Monavari, S.: Canonical vertex formalism in DT theory of toric Calabi—Yau 4-folds. J. Geom. Phys.
174, 104466 (2022). https://doi.org/10.1016/j.geomphys.2022.104466. arXiv:2203.11381

Cao, Y., Kool, M., Monavari, S.: A Donaldson-Thomas crepant resolution conjecture on Calabi—Yau
4-folds. Trans. Am. Math. Soc. 376, 8225 (2023). https://doi.org/10.1090/tran/9027. arXiv:2301.11629
Cao, Y., Zhao, G.: Quasimaps to quivers with potentials, arXiv:2306.01302

Liu, H.: The 4-fold Pandharipande-Thomas vertex. J. Geom. Phys. 198, 105014 (2024). https://doi.
org/10.1016/j.geomphys.2024.105104. arXiv:2306.12923

Bae, Y., Kool, M., Park, H.: Counting surfaces on Calabi—Yau 4-folds II: DT-PT( correspondence,
arXiv:2402.06526

Cao, Y., Zhao, G., Zhou, Z.: A degeneration formula of Donaldson-Thomas theory on Calabi—Yau
4-folds, arXiv:2402.16103

Stoppa, J.: DO-D6 states counting and GW invariants. Lett. Math. Phys. 102, 149 (2012). https://doi.
org/10.1007/s11005-012-0560-y. arXiv:0912.2923

Del Zotto, M., Nekrasov, N., Piazzalunga, N., Zabzine, M.: Playing with the index of M-theory. Com-
mun. Math. Phys. 396, 817 (2022). https://doi.org/10.1007/s00220-022-04479-7. arXiv:2103.10271
Nekrasov, N.: BPS/CFT correspondence III: Gauge origami partition function and qq-characters. Com-
mun. Math. Phys. 358, 863 (2018). https://doi.org/10.1007/s00220-017-3057-9. arXiv:1701.00189
Cirafici, M., Sinkovics, A., Szabo, R.J.: Instantons, quivers and noncommutative Donaldson—
Thomas theory. Nucl. Phys. B 853, 508 (2011). https://doi.org/10.1016/j.nuclphysb.2011.08.002.
arXiv:1012.2725

Cirafici, M., Szabo, R.J.: Curve counting, instantons and McKay correspondences. J. Geom. Phys. 72,
54 (2013). https://doi.org/10.1016/j.geomphys.2013.03.020. arXiv:1209.1486

Cirafici, M., Sinkovics, A., Szabo, R.J.: Instanton counting and wall-crossing for orbifold quivers.
Ann. Henri Poincaré 14, 1001 (2013). https://doi.org/10.1007/s00023-012-0195-7. arXiv:1108.3922
Baulieu, L., Kanno, H., Singer, I.LM.: Special quantum field theories in eight-dimensions and
other dimensions. Commun. Math. Phys. 194, 149 (1998). https://doi.org/10.1007/s002200050353.
arXiv:hep-th/9704167

Atiyah, M.F,, Hitchin, N.J., Drinfeld, V.G., Manin, Y.I.: Construction of instantons. Phys. Lett. A 65,
185 (1978). https://doi.org/10.1016/0375-9601(78)90141-X

Witten, E.: BPS bound states of DO-D6 and DO-DS systems in a B-field. JHEP 04, 012 (2002). https://
doi.org/10.1088/1126-6708/2002/04/012. arXiv:hep-th/0012054

Graber, T., Pandharipande, R.: Localization of virtual classes. Invent. Math. 135, 487 (1999). https://
doi.org/10.1007/5002220050293. arXiv:alg-geom/9708001

Nekrasov, N.: Seiberg—Witten prepotential from instanton counting. Adv. Theor. Math. Phys. 7, 831
(2003). https://doi.org/10.4310/ATMP.2003.v7.n5.a4. arXiv:hep-th/0206161

Nekrasov, N., Okounkov, A.: Seiberg—Witten theory and random partitions. Prog. Math. 244, 525
(2006). https://doi.org/10.1007/0-8176-4467-9_15. arXiv:hep-th/0306238

Awata, H., Kanno, H.: Quiver matrix model and topological partition function in six dimensions. JHEP
07, 076 (2009). https://doi.org/10.1088/1126-6708/2009/07/076. arXiv:0905.0184

Szabo, RJ.: N = 2 gauge theories, instanton moduli spaces and geometric representation theory. J.
Geom. Phys. 109, 83 (2016). https://doi.org/10.1016/j.geomphys.2015.09.005. arXiv:1507.00685
Fasola, N., Monavari, S., Ricolfi, A.T.: Higher rank K-theoretic Donaldson-Thomas theory of points.
Forum Math. Sigma 9, e15 (2021). https://doi.org/10.1017/fms.2021.4. arXiv:2003.13565

Butin, E, Perets, G.S.: Branching law for finite subgroups of SL(3, C) and McKay correspondence.
J. Group Theory 17, 191 (2014). https://doi.org/10.1515/jgt-2013-0033. arXiv:0909.0578

Hu, X., Jing, N., Cai, W.: Generalized McKay quivers of rank three. Acta Math. Sin. Engl. Ser. 29,
1351 (2013). https://doi.org/10.1007/s10114-013-1005-y. arXiv:1207.2823

McKay, J.: Graphs, singularities, and finite groups. Proc. Symp. Pure Math. 37, 183 (1980). https://
doi.org/10.1090/pspum/037/604577

@ Springer


https://doi.org/10.1007/s00220-022-04472-0
http://arxiv.org/abs/1906.07856
https://doi.org/10.1016/j.aim.2021.107859
http://arxiv.org/abs/2008.08441
https://doi.org/10.1090/jag/816
http://arxiv.org/abs/2012.13167
http://arxiv.org/abs/2110.03631
https://doi.org/10.1016/j.geomphys.2022.104466
http://arxiv.org/abs/2203.11381
https://doi.org/10.1090/tran/9027
http://arxiv.org/abs/2301.11629
http://arxiv.org/abs/2306.01302
https://doi.org/10.1016/j.geomphys.2024.105104
https://doi.org/10.1016/j.geomphys.2024.105104
http://arxiv.org/abs/2306.12923
http://arxiv.org/abs/2402.06526
http://arxiv.org/abs/2402.16103
https://doi.org/10.1007/s11005-012-0560-y
https://doi.org/10.1007/s11005-012-0560-y
http://arxiv.org/abs/0912.2923
https://doi.org/10.1007/s00220-022-04479-7
http://arxiv.org/abs/2103.10271
https://doi.org/10.1007/s00220-017-3057-9
http://arxiv.org/abs/1701.00189
https://doi.org/10.1016/j.nuclphysb.2011.08.002
http://arxiv.org/abs/1012.2725
https://doi.org/10.1016/j.geomphys.2013.03.020
http://arxiv.org/abs/1209.1486
https://doi.org/10.1007/s00023-012-0195-7
http://arxiv.org/abs/1108.3922
https://doi.org/10.1007/s002200050353
http://arxiv.org/abs/hep-th/9704167
https://doi.org/10.1016/0375-9601(78)90141-X
https://doi.org/10.1088/1126-6708/2002/04/012
https://doi.org/10.1088/1126-6708/2002/04/012
http://arxiv.org/abs/hep-th/0012054
https://doi.org/10.1007/s002220050293
https://doi.org/10.1007/s002220050293
http://arxiv.org/abs/alg-geom/9708001
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
http://arxiv.org/abs/hep-th/0206161
https://doi.org/10.1007/0-8176-4467-9_15
http://arxiv.org/abs/hep-th/0306238
https://doi.org/10.1088/1126-6708/2009/07/076
http://arxiv.org/abs/0905.0184
https://doi.org/10.1016/j.geomphys.2015.09.005
http://arxiv.org/abs/1507.00685
https://doi.org/10.1017/fms.2021.4
http://arxiv.org/abs/2003.13565
https://doi.org/10.1515/jgt-2013-0033
http://arxiv.org/abs/0909.0578
https://doi.org/10.1007/s10114-013-1005-y
http://arxiv.org/abs/1207.2823
https://doi.org/10.1090/pspum/037/604577
https://doi.org/10.1090/pspum/037/604577

"

Page 98 of 99 R.J. Szabo, M. Tirelli

58.

59.

60.

61.
62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

7.

78.

79.

80.

81.

82.

83.

Nakajima, H.: Instantons on ALE spaces, quiver varieties and Kac-Moody algebras. Duke Math. J.
76, 365 (1994). https://doi.org/10.1215/S0012-7094-94-07613-8

Nakajima, H.: Quiver varieties and Kac—Moody algebras. Duke Math. J. 91, 515 (1998). https://doi.
org/10.1215/S0012-7094-98-09120-7

Mathoverflow https://mathoverflow.net/questions/23026/how-can-i-understand- the- groupoid-
quotient-of-a- group-action-as-some-sort-of#23040

Pantev, T., Sharpe, E.: Notes on gauging noneffective group actions, arXiv:hep-th/0502027

Gaiotto, D., Kapustin, A., Seiberg, N., Willett, B.: Generalized global symmetries. JHEP 02, 172
(2015). https://doi.org/10.1007/JHEP02(2015)172. arXiv:1412.5148

Pantev, T., Sharpe, E.: String compactifications on Calabi—Yau stacks. Nucl. Phys. B 733, 233 (2006).
https://doi.org/10.1016/j.nuclphysb.2005.10.035. arXiv:hep-th/0502044

Gholampour, A., Tseng, H.-H.: On Donaldson-Thomas invariants of three-fold stacks and
gerbes. Proc. Am. Math. Soc. 141, 191 (2013). https://doi.org/10.1090/S0002-9939-2012-11346-2.
arXiv:1001.0435

Freed, D.S., Witten, E.: Anomalies in string theory with D-branes. Asian J. Math. 3, 819 (1999). https://
doi.org/10.4310/AJM.1999.v3.n4.a6. arXiv:hep-th/9907189

Mozgovoy, S., Reineke, M.: Donaldson—-Thomas Invariants For 3-Calabi—Yau varieties Of Dihe-
dral quotient type. Q. J. Math. Oxford Ser. 73, 759 (2022). https://doi.org/10.1093/qmath/haab055.
arXiv:2104.13251

Jafferis, D.L.: Topological Quiver Matrix Models and Quantum Foam, arXiv:0705.2250

Young, B., Bryan, J.: Generating functions for colored 3D Young diagrams and the Donaldson—Thomas
invariants of orbifolds. Duke Math. J. 152, 115 (2010). https://doi.org/10.1215/00127094-2010-009.
arXiv:0802.3948

Nakajima, H.: Lectures on Hilbert Schemes of Points on Surfaces. American Mathematical Society
(1999)

Lin, H.-W.: On crepant resolution of some hypersurface singularities and a criterion for UFD. Trans.
Am. Math. Soc. 354, 1861 (2002). https://doi.org/10.1090/S0002-9947-02-02879-9

Sato, Y.: Crepant resolutions and Hilb® (C% for certain abelian subgroups for SL(4, C),
arXiv:1905.06244

Beentjes, S.V., Calabrese, J., Rennemo, J.V.: A proof of the Donaldson-Thomas crepant res-
olution conjecture. Invent. Math. 229, 451 (2022). https://doi.org/10.1007/s00222-022-01109-w.
arXiv:1810.06581

Ito, Y., Nakamura, I.: McKay correspondence and Hilbert schemes. Proc. Japan Acad. Ser. A 72, 135
(1996). https://doi.org/10.3792/pjaa.72.135

Bridgeland, T., King, A., Reid, M.: The McKay correspondence as an equivalence of derived categories.
J. Am. Math. Soc. 14, 535 (2001). https://doi.org/10.1090/S0894-0347-01-00368-X

Boissiere, S., Sarti, A.: Contraction of excess fibres between the McKay correspondences in
dimensions two and three. Ann. Inst. Fourier 57, 1839 (2007). https://doi.org/10.5802/aif.2315.
arXiv:math/0504360

Bryan, J., Gholampour, A.: The quantum McKay correspondence for polyhedral singularities. Invent.
Math. 178, 655 (2009). https://doi.org/10.1007/s00222-009-0212-8. arXiv:0803.3766

Maulik, D., Nekrasov, N., Okounkov, A., Pandharipande, R.: Gromov—Witten theory and Donaldson—
Thomas theory, I. Compos. Math. 142, 1263 (2006). https://doi.org/10.1112/S0010437X06002302.
arXiv:math/0312059

Bryan, J., Cadman, C., Young, B.: The orbifold topological vertex. Adv. Math. 229, 531 (2012). https://
doi.org/10.1016/j.aim.2011.09.008. arXiv:1008.4205

Miller, G.A., Blichfeldt, H.F., Dickson, L.E.: Theory and Applications of Finite Groups. Wiley, New
York (1916)

Ludl, P.: Comments on the classification of the finite subgroups of SU(3). J. Phys. A 44, 255204
(2011). https://doi.org/10.1088/1751-8113/44/25/255204. arXiv:1101.2308

Falbel, E., Paupert, J.: Fundamental domains for finite subgroups in U(2) and configurations of
Lagrangians. Geom. Dedicata 109, 221 (2004). https://doi.org/10.1007/s10711-004-2455-2

Grimus, W., Ludl, P.O.: Finite flavour groups of fermions. J. Phys. A 45, 233001 (2012). https://doi.
org/10.1088/1751-8113/45/23/233001. arXiv:1110.6376

Bovier, A., Wyler, D.: On the parametrization of certain finite groups and their representations. J. Math.
Phys. 22,2108 (1981). https://doi.org/10.1063/1.524778

@ Springer


https://doi.org/10.1215/S0012-7094-94-07613-8
https://doi.org/10.1215/S0012-7094-98-09120-7
https://doi.org/10.1215/S0012-7094-98-09120-7
https://mathoverflow.net/questions/23026/how-can-i-understand-the-groupoid-quotient-of-a-group-action-as-some-sort-of#23040
https://mathoverflow.net/questions/23026/how-can-i-understand-the-groupoid-quotient-of-a-group-action-as-some-sort-of#23040
http://arxiv.org/abs/hep-th/0502027
https://doi.org/10.1007/JHEP02(2015)172
http://arxiv.org/abs/1412.5148
https://doi.org/10.1016/j.nuclphysb.2005.10.035
http://arxiv.org/abs/hep-th/0502044
https://doi.org/10.1090/S0002-9939-2012-11346-2
http://arxiv.org/abs/1001.0435
https://doi.org/10.4310/AJM.1999.v3.n4.a6
https://doi.org/10.4310/AJM.1999.v3.n4.a6
http://arxiv.org/abs/hep-th/9907189
https://doi.org/10.1093/qmath/haab055
http://arxiv.org/abs/2104.13251
http://arxiv.org/abs/0705.2250
https://doi.org/10.1215/00127094-2010-009
http://arxiv.org/abs/0802.3948
https://doi.org/10.1090/S0002-9947-02-02879-9
http://arxiv.org/abs/1905.06244
https://doi.org/10.1007/s00222-022-01109-w
http://arxiv.org/abs/1810.06581
https://doi.org/10.3792/pjaa.72.135
https://doi.org/10.1090/S0894-0347-01-00368-X
https://doi.org/10.5802/aif.2315
http://arxiv.org/abs/math/0504360
https://doi.org/10.1007/s00222-009-0212-8
http://arxiv.org/abs/0803.3766
https://doi.org/10.1112/S0010437X06002302
http://arxiv.org/abs/math/0312059
https://doi.org/10.1016/j.aim.2011.09.008
https://doi.org/10.1016/j.aim.2011.09.008
http://arxiv.org/abs/1008.4205
https://doi.org/10.1088/1751-8113/44/25/255204
http://arxiv.org/abs/1101.2308
https://doi.org/10.1007/s10711-004-2455-2
https://doi.org/10.1088/1751-8113/45/23/233001
https://doi.org/10.1088/1751-8113/45/23/233001
http://arxiv.org/abs/1110.6376
https://doi.org/10.1063/1.524778

Tetrahedron instantons on orbifolds Page990f99 11

84. Grimus, W., Ludl, P.O.: Principal series of finite subgroups of SU(3). J. Phys. A 43, 445209 (2010).
https://doi.org/10.1088/1751-8113/43/44/445209. arXiv:1006.0098

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1088/1751-8113/43/44/445209
http://arxiv.org/abs/1006.0098

	Tetrahedron instantons on orbifolds
	Abstract
	1 Introduction
	2 Donaldson–Thomas Theory on Kähler threefolds
	2.1 U(3)-instanton equations
	2.2 ADHM data
	2.3 Tangent-obstruction theory
	2.4 Instanton partition function

	3 Cohomological gauge theory on local Kähler three-orbifolds
	3.1 Quiver varieties
	3.2 Non-effective orbifolds
	3.3 Abelian orbifold partition functions

	4 Tetrahedron instantons in cohomological field theory
	4.1 SU(4)-Instanton equations
	4.2 ADHM data
	4.3 Tangent-obstruction theory
	4.4 Equivariant generating functions
	4.5 Quiver matrix model
	4.6 Tetrahedron instanton partition function

	5 Tetrahedron instantons on local Calabi–Yau four-orbifolds
	5.1 Tetrahedron instantons on Abelian orbifolds
	5.2 Abelian orbifold partition functions
	5.3 The orbifolds CA1,A22/ZntimesC2 and CA3/(Z2timesZ2)timesC
	5.4 Tetrahedron instantons on non-Abelian orbifolds
	5.5 Equivariant fixed points on quiver varieties
	5.6 Non-Abelian orbifold partition functions
	5.7 Orbifold partition functions from geometric crepant resolutions

	6 Discussion
	Acknowledgements
	A Finite subgroups of SU(3)
	B Moduli spaces of torus-invariant instantons are compact
	References



