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We consider a two-dimensional weakly interacting ultracold Bose gas whose constituents are twolevel atoms. We study the effects of a synthetic density-dependent gauge field that arises from
laser-matter coupling in the adiabatic limit with a laser configuration such that the single-particle
zeroth-order vector potential corresponds to a constant synthetic magnetic field. We find a new
exotic type of current non-linearity in the Gross-Pitaevskii equation which affects the dynamics of
the order parameter of the condensate. We investigate the rotational properties of this system in
the Thomas-Fermi limit, focusing in particular on the physical conditions that make the existence of
a quantized vortex in the system energetically favourable with respect to the non-rotating solution.
We point out that two different physical interpretations can be given to this new non linearity: firstly
it can be seen as a local modification of the mean field coupling constant, whose value depends on
the angular momentum of the condensate. Secondly, it can be interpreted as a density modulated
angular velocity given to the cloud. Looking at the problem from both of these viewpoints, we show
that the effect of the new nonlinearity is to induce a rotation to the condensate, where the transition
from non-rotating to rotating states depends on the density of the cloud.
PACS numbers:

I.

INTRODUCTION

Since its theoretical prediction and first experimental
realization in 1995 [1, 2], Bose-Einstein condensation in
atomic gases has drawn the attention of the scientific
community. One of the most intriguing phenomena that
have been studied since the realization of these macroscopic quantum fluids, and in which the signature of
quantum physics is evident, is represented by the quantized circulation of the velocity field [3–6]. The feature
that differentiates most a quantum fluid from a classical one, is in the way it responds to rotation. In contrast to a classical fluid, which rotates as a rigid body,
a Bose-Einstein condensate rotates by forming quantized
vortices.
The physics of rotating superfluids and their vortex
structure is well studied [7], ranging from early studies
of superfluid Helium [8, 9] to vortices in strongly interacting quantum gases [10]. Moreover, strongly correlated
phases in the limit of high vortex numbers, which can be
regarded as bosonic quantum Hall states, can also appear in rotating condensates [11]. Rotating a condensate
does however have its limitations. It is only equivalent
to a uniform magnetic field, and it is not always an easy
task to control and rotate a small number of particles
which is needed if one wants to obtain a large flux per
particle and study quantum Hall physics. For sufficiently
rapid rotation, or strength of the synthetic magnetic field,
one finds that the ground state of the Bose-Einstein condensate will correspond to a vortex state. The experimental progress, however, in realising rapidly rotating
superfluids with ultracold atoms came by taking a different route. It was the emulation of orbital magnetism for
neutral atoms taking advantage of laser-matter coupling
that made it possible to study magnetic effects without
physically rotating the gas [12, 13]. This has opened up

a plethora of studies, both in terms of experiments and
theory, which cover phenomena such as quantised vortices [6], spin-orbit coupling[14–17] and various concepts
from mathematical physics and high energy physics [18–
23]. In the standard scenario with synthetic gauge potentials, the orbital magnetism stems from the interaction
between light and matter. This means that the emerging gauge potentials are static, and are only given by the
parameters of the incident lasers. In other words, there
is no back-action between the gauge field and the matter field. A non-linear gauge potential [24] on the other
hand, would change this fact, and result in some intriguing dynamics [25].
In this paper we will address one basic question: how
are the ground state properties and vortex solutions affected by the presence of a nonlinear gauge potential
which is proportional to the density of the condensate?
We will consider an atomic Bose-Einstein condensate
subject to a laser field configuration which gives rise to a
synthetic vector potential, whose zeroth-order contribution with respect to the ratio between the atom-atom
and atom-field interaction, emulates a constant magnetic field. However, in a mean field picture, detunings from the atomic resonance can be induced by collisions, which results in an unconventional current nonlinearity [24, 26, 27], and corresponds to the semiclassical,
or mean-field limit of an interacting gauge theory [28].
In two dimensions, we show that the current nonlinearity gives rise to a non-trivial non-linear term, proportional to the angular momentum of the condensate.
It is different from the standard nonlinearity appearing
in the Gross-Pitaevskii (GP) equation, which affects the
rotational properties of the condensate in an indirect way
by modifying the structure of a vortex state, in particular the size of the vortex core which is of the order of the
healing length of the condensate, and the overall width
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of the cloud. We will show that the new nonlinearity
mentioned above has direct effects on the vorticity of the
system, because of its explicit dependence on the angular momentum. We address in particular the problem of
the on-set of vorticity in the condensate due to the current non-linearity. As in the standard case of a constant
magnetic field, the effect of the density dependent gauge
potential is to induce a rotation to the condensate, with
the main difference that the onset of vorticity now depends on the number of particles in the condensate: the
higher the density is, the more likely it is to have vortices.
After introducing the mechanism by which an artificial
gauge field acting on the condensate is generated, and
deriving the most general expressions for the synthetic
scalar and vector potentials, we introduce the conditions
under which a constant magnetic field is generated. We
derive the corresponding form of the generalised GrossPitaevskii equation, showing the appearance of a current
nonlinearity. Finally we study analytically the conditions
under which a vortex state appears as the ground state
for the system in the Thomas-Fermi limit, comparing the
result with the standard case of a rotating condensate.
II.

ATOMS IN ARTIFICIAL GAUGE FIELDS

We consider a Bose gas of two-level atoms and
we model the short-range interactions by a zero-range
pseudo-potential. In addition, we include a coupling
between the two levels, mediated by an external laser
field. In the rotating wave approximation (RWA), which
is valid when the frequency of the applied electric field is
close to the atomic resonance, so that the terms in the
Hamiltonian describing the atom-light interaction which
are rapidly oscillating can be averaged to zero, in contrast to the slowly oscillating ones [29], the microscopic
N -body Hamiltonian of the system is given by
H =

N 
X

n=1

+

N
X

n<ℓ


p2n
+ Uaf (rn ) + V (rn ) ⊗ IH\n
2m
νn,ℓ ⊗ IH\{n,ℓ} ,

φ(r) at the atom’s position r. These parameters, useful
in order to make evident the unitary property of the operator, are related to the laser detuning ∆ and the Rabi
frequency κ as ∆ = Γ cos θ and κ = Γ sin θ. The detuning
∆ is defined as the difference between the incident laser
frequency and the frequency of the transition between
the two atomic levels. The Rabi frequency κ, characterizing the strength of the atom-laser coupling, is instead
defined in terms of the matrix element d12 = h1| d |2i of
the atomic electric dipole operator between the two internal states, and the amplitude E of the of the electric
field, as κ = d12 · E/~ [29].
The second term in the Hamiltonian (1) is the pairwise
interaction between the particles, and has the diagonal
form νn,ℓ = diag [g11 , g12 , g12 , g22 ] δ (rn − rℓ ). The coupling constants are given by gij = 4π~2 aij /m, where aij
are the scattering lengths for the three different collision
channels.
In what follows we shall work in the weakly interacting limit, ρi a3ij ≪ 1 (with i, j = 1, 2), and we consider
the meanfield variational ansatz for the many-body wave
Q
function of the system: Ψ (r1 , r2 , ...rN ) = N
i=1 φ (ri ),
that is the symmetrized product of the single particle
spinor wave
R function φ(r), satisfying the normalization
condition d3 r φ† φ = 1. We introduce the Lagrangian
of the system, which reads as
L=

i=1

The light-matter interaction, eq. (2), is fully characterized by three parameters, namely the generalized Rabi
frequency Γ, the mixing angle θ(r) and the laser’s phase

h
i
d3 ri Ψ† (i~∂t − H) Ψ .

(3)

Substituting in eq.(3) the expression given above for the
many-body wave function, we obtain the corresponding
Lagrangian in terms of the single particle wave function
Z
h
i
LMF = d3 r ψ † (i~∂t − HMF ) ψ
(4)

√
where ψ(r) = N φ(r) is the order parameter of the system (or wave function of the condensate), and we defined
the single particle mean field Hamiltonian HMF as
HMF =

(1)

where the first term is the non-interacting Hamiltonian,
with V (r) the external trapping potential, pn the quantum momentum operator of the n-th particle, and m its
mass. The identity matrices IH\{n,ℓ,...} act on the subspace excluding the particles n, ℓ, .... Finally, the coupling Uaf (r) between the two atomic levels |1i and |2i is
given by


~Γ
cos θ(r)
e−iφ(r) sin θ(r)
Uaf (r) =
.
(2)
− cos θ(r)
2 eiφ(r) sin θ(r)

Z Y
N

p2
⊗ I + Uaf (r) + Vaa + V (r)
2m

(5)

with I the 2 × 2 identity operator in the space of the
atomic internal degrees of freedom. In eq.(5) Vaa describes the mean field collisional effects, and is given by


1 ν1 0
(6)
Vaa =
2 0 ν2
where
ν1 = g11 ρ1 + g12 ρ2
ν2 = g12 ρ1 + g22 ρ2
2

(7)
(8)

and ρi = |ψi | is the density of atoms in level |ii, i =
1, 2 (with ψi the corresponding component of the order
parameter).
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In the weakly interacting limit, the coupling strength
~Γ between the ground and the excited states is typically much larger than the mean field energy shifts. This
allows us to diagonalize the Hamiltonian in eq. (5) by
treating the mean field interaction term as a small perturbation to the atom-field interaction. To order O(νd /~Γ),
the eigenstates of eq. (5) take the form
(0)

|χ± i = |χ± i ±

νd (0)
|χ i.
~Γ ∓

(9)

where νd is the pertubative parameter, equal to
νd =

1
θ
θ
sin cos (ν1 − ν2 )
2
2
2

The adiabatic approximation, used in order to derive the
Hamiltonian in eq.(13), is satisfied when the speeds of the
particles are low enough that the time scale of their motion is much longer than the time scale given by the Rabi
frequency. Since the energy splitting between the interacting dressed state is proportional to the Rabi frequency
in fact (and equal to ~Γ + (ν+ − ν− )), this condition prevents (or at least attenuates) the transition of the atoms
from one state to the other. Upon substitution of eqs.
(11), (10) and (9) into eq.(15), we obtain the following
explicit forms for the vector and scalar potentials
~
f±
A± = − (1 ∓ cos θ)∇φ +
ρ± ∇φ
2
8Γ
~2
sin2 θ
2mW =
(∇θ)2 + ~2
(∇φ)2 −
4
4
~f
ρ+ cos θ(∇φ)2 −
8Γ
ν 
d
~∇θ · ∇
Γ

(10)

(0)

and |χ± i are the unperturbed dressed states, having the
form
θ
θ
(0)
|χ+ i = cos |1i + eiφ sin |2i
2
2
θ
θ
(0)
iφ
|χ− i = sin |1i − e cos |2i
2
2

(11)

The condensate wave function |ψ(r, t)i can then be expanded in the interacting
dressed state basis, eq. (9),
P
ψ
as |ψ(r, t)i =
i={+,−} i (r, t)|χi i. In order to capture the dynamics of the ± component of the condensate we use the adiabatic assumption, according to which
ψ∓ (r, t) ≡ 0, and we consider the projection of the mean
field Lagrangian in eq.(4) onto the subspace spanned by
the corresponding (|χ± i) dressed state. We obtain then
the mean field Lagrangian for the relevant condensate
component that, to order O(νd /~Γ) reads as:
Z
i
h
†
(12)
(i~∂t − H± ) ψ±
L± = d3 r ψ±
where

(16)

(17)

where we defined the coefficients f± as



2 θ
2
2 θ
2 θ
− cos
f+ = 2 sin θ cos g11 + g12 sin
2
2
2

θ
−g22 sin2
2
f− = −f+ (1 ↔ 2)
(18)
and with ρ± ≡ |ψ± |2 the density of atoms in the |χ± i
state. As we observe in eqs. (16) and (17), the vector
and the scalar potentials also depend on the particle density. In the following we analyse the important case in
which, by properly engineered laser fields, the light-atom
interaction induces an effective constant magnetic field,
together with an extra nonlinear term that depends on
the angular momentum of the condensate itself.

2

H± =

(p − A± )
~Γ
+W ±
+ ν± + V (r) .
2m
2

(13)

is the Hamiltonian describing the dynamics of the ± component of the condensate. Above we defined


1
2 θ
2 θ
ν1 cos
+ ν2 sin
ν+ =
2
2
2


1
2 θ
2 θ
ν− =
ν1 sin
+ ν2 cos
2
2
2
(14)
while A± and W are effective vector and scalar potentials, respectively. Exploiting the identity relation
I = |χ+ ihχ+ | + |χ− ihχ− |, it is easy to show that they
get the form (see [12, 13]):
A± = − hχ± | p |χ± i
W =

|hχ+ | p |χ− i|
2m

2

(15)

III.

PHYSICAL ASSUMPTIONS AND THE
EQUATION OF MOTION

We choose a particular laser configuration, such that
the density dependent terms in the gauge potentials lead
to an exotic nonlinearity in the Gross-Pitaevskii equation
which is proportional to the angular momentum of the
condensate and we will investigate the rotational properties of such a system. With such setup, the lowestorder term in the vector potential corresponds to a constant magnetic field in the z-direction, whose effect on
the physical properties of a condensate have been widely
studied in the literature and are nowadays well understood [7]. It leads for instance to the nucleation of quantized vortices for sufficiently strong magnetic fields [6],
a situation that is equivalent to considering a rotating
condensate in the rotating frame when the magnetic field
qB = 2mΩẑ, with Ω the rotation frequency (and q = 1
in our case). It is known in fact that once the angular
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velocity of the condensate (or the applied magnetic field)
reaches a threshold value, a state with a vortex becomes
energetically favourable with respect to a non-rotating
one and, for strong magnetic fields, the Abrikosov triangular lattice of vortices is obtained. This type of ground
state has been observed [5] also in harmonically trapped
clouds in the so called fast rotating regime, in which the
centrifugal force nearly cancels the trapping potential.
Based on these considerations, we will in the following
address the question of how the density dependent gauge
potential which, as said above, turns out to be proportional to the angular momentum of the condensate in our
particular laser configuration, will affect the rotational
properties of a condensate.
There are several ways of creating such non-trivial effective magnetic fields, and they typically depend on the
details of the laser parameters. Here we choose to work
in the symmetric gauge, where we obtain a constant magnetic field by making the zeroth-order term of the vector potential proportional to the radial distance from the
origin of the reference frame, which we assume to coincide with the minimum of any potential trapping the
cloud. This can be achieved by properly designing the
spatial dependence of the three parameters that are involved, namely ∆, κ and the laser phase φ, in order to
have −~/2 (1 ± cos θ) ∇φ ∝ r. To this aim we choose
to work with the (+)-component of the condensate, and
we choose a laser beam with a phase proportional to the
polar angle ϕ as φ = ℓϕ, where ℓ is the quantum number identifying the orbital angular momentum ~ℓ carried
by the electromagnetic field. It can be shown that, by
making the assumption κ ≪ ∆, the sought spatial dependence for the zeroth-order term is obtained, once we
tune κ, ∆ in such a way that κ/∆ ∼ r. It is worth noting
that if we had chosen to work with the (−)-component
of the condensate, the dynamics of the system would be
the same provided we change the sign of the detuning,
and we exchange g11 ↔ g22 .
The condition described above can be realised by designing the laser beam in such a way that the Rabi frequency is linear in r in the plane in which we confine the
cloud, and equal to κ(r) = κ0 r where κ0 is a constant and
also assuming that the detuning is constant in the same
plane. These considerations are clear once we substitute
the following relations in eq.(17):

and the expressions for the potentials become
~ κ2
κ2 γ12
∇φ + 2
ρ∇φ
(20)
2
4∆
∆ ∆
κ2 γ12
~2  κ  2 ~2 κ2
2
2
+
(∇φ)
−
~
ρ (∇φ)
∇
2mW ≃
2
2 ∆
4
∆
4
∆
∆
i
γ12  κ  h κ 
κ
−~
∇
· ∇
ρ + ∇ρ
(21)
∆
∆
∆
∆
A ≃ −

together with


~
κ2
Γ
~ ≃ ∆ 1+
2
2
2∆2
g11
κ2
ν+ ≃
ρ − γ12 2 ρ
2
∆

(22)
(23)

in which we defined γ12 = (g11 − g12 ) /4, and we dropped
for brevity the (+) subscript, since from now on we are
dealing just with the atoms in their |χ+ i internal eigenstate.
To justify the assumption we made for the ratio κ/∆ ∝
r, and in particular about how it is restricted by the
condition κ ≪ ∆, we define α ≫ 1 such that κ/∆ =
κ0 r/∆ ≤ 1/α. This condition is fulfilled in the region
r ≤ ∆/κ0 α = R that also defines the region of validity of
our model, and can be modified by properly tuning the
constants ∆ and κ0 .
In order to arrive at a Gross-Pitaevskii equation for
the order parameter of the condensate, we minimize the
action

S=

Z

dt L+ .

(24)

with respect to ψ ∗ . This leads to the equation of motion
∂ψ
i~
=
∂t



2

~κ
(p − A)
+ V (r) + W +
+ ν+
2m
2
~ γ12 κ  2 κ 
∇
ρ
+ (a1 · j1 + a2 · j2 ) +
∆
2m ∆ ∆


g11
κ 2
+
ψ
(25)
ρ + γ12 ρ
2
∆

in which the nonlinear current j1 and the j2 term defined
below appear, along with the coupling vector fields a1
and a2 , with the form
κ2 γ12
∇φ
(26)
∆2 ∆

 

 
∇φ
∇φ
~
ψ ∇−i
ψ∗ − ψ∗ ∇ + i
ψ(27)
=
2im
2
2
κ γ12  κ 
∇
(28)
=
∆ ∆
∆
~
=
[ψ ∗ ∇ψ + ψ∇ψ ∗ ] .
(29)
2im

a1 =
sin θ ≃ κ/∆

cos θ ≃ 1 − κ2 /2∆2
θ ≃ κ/∆

j1
(19)

a2
j2

that hold true in the limit κ ≪ ∆. In this limit, the
perturbative condition νd ≪ ~Γ reduces to νd ≪ ~∆,

Using the explicit expressions,

κ
∆

=

κ0
∆r

and φ = ℓθ, the
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Gross-Pitaevskii equation reads as


∂ψ
~2 2
~ℓ  κ0 2
i~
Lz + V (r) ψ
= −
∇ +
∂t
2m
4m ∆


 
~ 2
κ0 2 γ12
2ℓLz + (2ℓ + 1)
−ρ
∆
∆m
2


κ2
ψ
(30)
− g11 + 2γ12 2
∆


∂
∂
is the orbital angular mo− x ∂y
where Lz = i~ y ∂x

mentum operator. As expected, the linear term in eq.(30)
is identical to the Hamiltonian describing the motion of
a charged particle in a constant magnetic field (or of a
rotating condensate). The relation between the effective
magnetic field B, the angular velocity Ω and the parameter of our system, is now given by
B = 2mΩ =

~ℓ  κ0 2
.
2 ∆

(31)

The first bracket in eq. (30) describes the dynamics of
a particle, subjected to the effective magnetic field (31)
whose intensity is proportional to the orbital angular momentum ~ℓ carried by the laser beam, and confined by the
potential V (r), while the second bracket is the resulting
nonlinear term of first order in the atom-atom interaction. In the latter, the second term contains the standard mean field term proportional to the density g11 ρ.
We will drop the last term in what follows, since it is of
order O(κ/∆)2 , and corresponds to a scalar interaction
much smaller than g in the centre of the trap. The goal
is to study the role of the nonlinear term proportional
to the orbital angular momentum Lz , since the remaining terms only modify the effective mean field coupling
constant. In order to isolate the effect of the density dependent gauge potential we envisage a situation where
we counteract the linear zeroth order gauge potential by

~ℓ κ0 2
rotating the system at the frequency Ω = − 4m
,
∆
along with the laser apparatus. This might be experimentally challenging [30], but it allows us to focus on
the effect of the density dependent gauge potential, from
which novel phenomena [25] is expected to arise. The
resulting Gross-Pitaevskii equation, whose study will be
the object of the next section, takes finally the form


~2 2
∂ψ
= −
∇ − CρLz + V (r) + gρ ψ
(32)
i~
∂t
2m
where we have defined C =

IV.

2ℓ
m


κ0 2 γ12
∆
∆ .

THE VORTEX STATE

In the previous section we derived the Gross-Pitaevskii
equation for a condensate with an angular momentum
non-linearity. We will next focus on the physical conditions for the nucleation of vortices in the condensate.

In order to extract any new phenomena deriving from
the nonlinearity, we will consider the case of a state containing a single vortex state carrying one quantum of
circulation.
An interesting point that is worth emphasizing is that
there are two different ways in which we can look at the
nonlinear angular momentum term. On one hand, it can
be seen as a modification of the mean field coupling constant, which depends on the local angular momentum of
the condensate. This results in a breaking of the rotational invariance of the system, enhancing or weakening
the effective interaction felt by the atoms, depending on
the direction of rotation of the condensate. On the other
hand, the nonlinearity can also be understood as a density modulated angular velocity of the cloud. In order to
see to what extent the rotational properties of the condensate are modified, we start the discussion considering
this latter interpretation, looking for the critical value of
the C parameter in eq. (32), that makes a vortex state
of the condensate energetically favourable with respect
to its non-rotating solution. To this aim we consider a
BEC in a highly anisotropic trap, such that its dynamics in the transversal direction is frozen and the system
is quasi-two-dimensional, and confined in its plane by an
isotropic harmonic potential of frequency ω0 . We assume
the condensate uniform in the z direction, with thickness
Z. The √
original order parameter can then be rescaled
as ψ(r)/ Z, where ψ(r) is now
R two-dimensional, and
normalized in such a way that d2 r|ψ|2 = N . All the
previous expressions for the Hamiltonian H± and the potentials A± , W hold true, with the meanfield coupling
constants and the C parameter rescaled as g → g/Z and
C → C/Z. We consider the condensate composed by
a number of atoms sufficiently large so that its physical properties are well described working in the ThomasFermi limit [31].
In this regime, the width R of the condensate is much
larger than the healing length ξ so that, because of the
large r behaviour of the azimuthal velocity field, the extra
energy associated with the presence of a vortex (compared to the energy of the same non-rotating system)
can be estimated by considering just the corresponding
2
kinetic term [31] giving EV = πρ(0) ~m log (0.888R/ξ),
where ρ(0) is the density of the non-rotating condensate
at the center of the trap. In the standard situation in
which only the linear rotational term −ΩLz ψ is in the
Gross-Pitaevskii equation, the vortex state becomes energetically favourable when the energy EV′ = EV −ΩhLz i
of the excitation in the reference frame co-rotating with
the condensate is less than the energy corresponding to
the non rotating cloud, with hLz i the value of the angular momentum in the single vortex state. This condition
leads to the critical angular velocity
Ωcr =

EV
2~
log (0.888R/ξ)
=
hLz i
mR2

(33)

R
2
where hLz i = d2 rψ ∗ Lz ψ = 12 ρ(0)π~R
 , having used
2
2
the expression ρ(r) = ρ(0) 1 − r /R for the Thomas-
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Fermi density profile.
that, with the nonlinear
Pitaevskii equation, we
Ccr in the same fashion,

Motivated by this, we note
term −Cρ(r)Lz ψ in the Grosscan estimate the critical value
obtaining:

Ccr =

3 Ωcr
2 ρ(0)

(34)

R
having used hρLz i = d2 rρ(r)ψ ∗ Lz ψ = π3 ~ρ2 (0)R2 .
Apart from a constant factor then, the critical value of C
Ωcr
is given by Ccr ∼ ρ(0)
. The same result can be obtained
by looking at the new nonlinearity as a modification of
the mean field coupling constant. This effect is clear once
we substitute the ansatz ψ(r) = f (r)eiϕ for the order parameter into eq.(32), with the characteristics of a vortex
state with angular momentum ~ per particle. In this way,
we get the GP equation for the modulus f (r) of the wave
function, with the mean field coupling constant changing
as g → g ′ = g − ~C. The effective coupling constant
then is stronger or weaker depending on the combinations of the scattering length differences and the orbital
angular momentum of the incident laser beam, which can
contribute both with a positive or negative sign.
We then see that the nucleation of a vortex changes
abruptly the properties of the condensate since it changes
the mean field interaction strength, which also affects
physical quantities such as the healing length and therefore also the shape and size of the vortex core. Moreover,
the modification of such interaction strength shifts the
energy of the system at hand, for which the energy of
the non-rotating state can be taken as a reference value,
and in respect to which all the excited states of the condensate are defined.
In the case g ′ < g, the abrupt drop of this background energy could make the vortex solution energetically favourable compared to the non rotating one. This
happens when this energy shift is larger than the energy
EV of the vortex, see Fig.1(a).
In the TF limit, the total number of particles is related
to the chemical potential by the equation
π µ2
N=
U0 mω02

for ∆U0 ≪ U0 . Differentiating eq.(36) with respect to
U0 , we have ∂µ/∂U0 = 1/2 µ/U0 so that:
∆E0 =

1
∆U0
.
µN
3
U0

(35)

∂E
and since by definition µ = ∂N
we get, by using eq.(36)
Z N
2
dN ′ µ(N ′ ) = µN.
E0 (N ) =
(37)
3
0

The energy difference ∆E0 between the two non-rotating
states with values U0′ = U0 − ∆U0 and U0 for the mean
field coupling constant, is equal to:
∂E0 (U0 )
∆U0 (38)
∂U0

(39)

This energy shift has to be compared with the energy of the vortex state Ev (U0 − ∆U0 ) = Ev (U0 ) −
[∂Ev (U0 ) /∂U0 ] , ∆U0 . Since ρ(0) = µ/U0 , we get
∂ρ(0)/∂U0 = −1/2 µ/U02, with [∂Ev (U0 )/∂U0 ] ∆U0 =
−1/2 (µ/U0) (∆U0 /U0 ) being a higher order correction to
the vortex energy Ev (U0 ), and can be neglected. Equating Ev (g) with the value ∆E0 calculated for ∆U0 = ~C,
that in ordinary cold atoms experiments fulfills the condition ~C ≪ g, the critical value for the C parameter
takes the form
Ccr = 3

having indicated with U0 the generic value of the mean
field coupling constant. Solving eq. (35) for µ we get
1/2

mω02 U0
N 1/2
(36)
µ=
π

∆E0 = E0 (U0 ) − E0 (U0 − ∆U0 ) =

FIG. 1: Illustration of the conditions for the onset of vorticity
in the condensate, when the energy of the vortex state is lowered by the effect of the laser field incident on the condensate
itself. The solid long line represents the reference non rotating
state energy and the solid short one the energy of the vortex
state. (a) When the redefinition of the meanfield coupling
constant g ′ → g − ~C, due to the presence of the vortex in
the superfluid, induces a shift ∆E0 of the non-rotating state
energy E0 , which is larger than the energy EV of the vortex itself, then the rotating state becomes energetically favourable
compared to the non rotating one. (b) The critical condition
happens when EV equates the energy shift of the non rotating state. In the case (c), the energy of the vortex state is
lowered, but not enough to induce its nucleation.

Ωcr
ρ(0)

(40)

that is the same result as in eq. (34), up to a multiplicative factor of 2. This discrepancy can be ascribed to the
fact that the result in eq.(34) represents an estimation
for Ccr , since it is obtained by making an equivalence
between the system at hand and a rotating condensate,
that actually are two different physical situations.
This result tells us that the effect of the synthetic gauge
potential is in fact to induce a rotation in the condensate,
self-boosted by the total number of atoms composing the
condensate itself. The higher this number is, the easier it
is to induce the nucleation of vortices and so to put the
cloud into rotation. Remembering the definition of the
parameter C in terms of the physical quantities characterizing the system, we obtain the critical value
 2
∆
3~∆
log (0.888R/ξ)
(41)
ρcr (0) =
ℓγ12 R2 κ0
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of the particles number for which a vortex state is
favoured. From the expression in eq. (41) we see that
there is significant flexibility in reaching the required critical combination of parameter values, due to the the fact
that the orbital angular momentum of the light beam ℓ,
the scattering length difference γ12 , and also to some extent the density of the cloud, can all be relatively easily
changed in an experiment. For example, we can choose
the scattering length difference a11 − a12 to be 100 nm
by using Feshbach resonances if necessary, a Rabi frequency of the order of 104 Hz at the border of the cloud,
and a value for the homogeneous laser detuning from
the atomic resonance such that κ0 R/∆ = 0.1, satisfying
the assumption κ ≪ ∆ throughout the condensate (with
α = 10 at the border of the cloud). A metastable Helium
gas could be particularly useful in our case because of the
small mass of the particles (∼ 10−27 kg). Considering an
angular momentum carried by the laser beam characterized by the quantum number ℓ ≃ 100 [32], we obtain a
critical value for the particle density at the centre of the
trap ρcr (0) of the order of 1014 atoms/cm3 , for which the
vortex state is energetically favourable compared to the
non rotating one. This density can be reached in current
experiments for which the condition of weakly interacting
atoms ρa3 ≪ 1 is still fulfilled.
The result in eq.(41), obtained for the case of a vortex state carrying a single quantum of circulation, can
be easily generalised to the case of a vortex with higher
angular momentum. Similar results are also expected for
states with more than one vortex.
V.

CONCLUSIONS

densate which is subject to a density dependent gauge potential. Nontrivial nonlinear dynamics emerges through
the collisionally induced detuning for the light-matter
coupling, which manifests itself as a nonlinearity where
the density times the angular momentum of the condensate appears. We have chosen to study one particular
setup using an incident laser beam with an orbital angular momentum, which couples the two internal levels of
the atoms. This is only one possibility; there are many
other setups which can be used which do not explicitly
rely on a symmetric gauge [12, 13] but will provide a
uniform magnetic field for the zeroth order term. Nevertheless, the main conclusion still remains, the onset of
a rotating state via the effective magnetic field, will depend on the density of the condensate in combination
with other parameters, in stark contrast to the standard
situation of vortex creation. Apart from the fundamental interest in rotating superfluids, the results presented
here also shine light on the unprecedented flexibility in
creating novel types of nonlinear dynamics for the BoseEinstein condensate. The current non-linearity used in
this work opens up many new questions regarding the
superfluid dynamics. For instance, drag forces and the
vortex dynamics including vortex interactions may well
be dramatically altered due to the current non-linearity.
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