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The statistical properties of the electric fields with
random change of polarization state in space generated
by a depolarizer are investigated on the basis of the
coherence matrix. The depolarizer is a polarizer array
composed of a multitude of contiguous square cells of
polarizers with randomly distributed polarization angles
where the incident fields experience a random
polarization modulation after passing through the
depolarizer. The propagation of the modulated electric
fields through any quadratic optical system is examined
within the frame work of the complex ABCD matrix to
show how the degree of coherence and polarization
changes on propagation. © 2015 Optical Society of
America
OCIS codes: (030.1640) Coherence; (030.6600) Statistical optics;
(230.5440) Polarization-selective devices; (260.5430) Polarization
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Optical systems are often sensitive to the polarization state of the
incident light. In many applications, the polarization sensitivity may
cause serious errors in the system’s output if some unwanted
polarization of the input has been introduced [1]. To reduce the
undesirable effects of the polarization sensitivity, a depolarizer has
been widely used to scramble the polarization state of incident beam.
An ideal depolarizer can convert a polarized beam into light with
temporally and/or spatially random polarization states. Unfortunately,
all commercially available depolarizers can only provide the output
light with pseudo-random polarization states having a spatially,
temporally or spectrally periodic variations. To overcome this difficulty
of pseudo-randomness, many different approaches have been
proposed to minimize the unwanted effects of polarization sensitivity
in optical system by using a large number of small polarizer cells with
their optical axes randomly oriented [2-5]. Although different
patterned structures for crystalline chips of birefringent materials have
been proposed to achieve the depolarization effect, neither the physical
models for such devices nor the theoretical analysis of their
modulation to the incident electric fields have been given to
understand their performance as a depolarizer.

In this letter, we present a model for the depolarizer composed of a
multitude of contiguous square cells of linear polarizers with randomly
orientated polarizing axes. Within the framework of the complex ABCD
method, the statistical properties of electric fields modulated by the
depolarizer are investigated to observe the evolutions of the
polarization and the coherence during propagation.
As a specific example of a depolarizer, we consider the random
polarizer array illustrated in Fig. 1. This structure consists of a
multitude of contiguous l ×l square cells. In each cell, the polarization
orientation indicated by the small arrow has been randomly and
independently chosen so that only the incident vector wave
component parallel to the direction of the local arrow can pass. The
random polarizer array itself may be regarded as being infinite in
extent, although only a finite portion lies within the pupil of the optical
system. Because of a lack of knowledge of the exact location of the
depolarizer on the scale of a single cell, the assumption has been made
that the statistical properties of the structure is wide-sense stationary
over space. The location of the depolarizer with respect to the optical
axis is chosen to be random with a uniform distribution of probability
over any square cell.

Figure 1. Diagram of depolarizer: random polarizer array
In order to specify the statistical properties of the electric field
E(r ) = {E% x (r ), E% y (r)} during its propagation, a 2×2 coherence matrix
is given by [6-7]

 E% x* (r1 ) E% x (r2 )
W(r1 , r2 ) = 
 E% *y (r1 ) E% x (r2 )


E% x* (r1 ) E% y (r2 ) 
,
E% *y (r1 ) E% y (r2 ) 

(1)

where angular brackets L indicate an ensemble average, and the
asterisk * denotes the complex conjugate. Based on the coherence
matrix, the degree of coherence η and the degree of polarization P
are given by [6,7]

η (r1 , r2 ) =

trW (r1 , r2 )

,

(2)

,

(3)

trW (r1 , r1 )trW (r2 , r2 )

and

4 det W ( r , r ) 

P ( r ) = 1 −
2 
[tr W (r , r ) ] 


12

where tr and det depict the trace and determinant of the matrix,
respectively.
When the incident electric field passes through the depolarizer, the
polarization state is modified accordingly, i.e., Et (r )=T(r )Ei (r ) with
the superscript i or t representing the incident or transmission field.
With reference to the depolarizer pattern of Fig. 1, each square cell
with a double-headed arrow inside indicates a polarizer with its axis of
transmission at an angle ϕ with the horizontal and the corresponding
transmission matrix (Jones matrix) of such device is [8]

 Txx (r) Txy (r) 
T(r) = 

Tyx (r) Tyy (r) 
 cos2 ϕ(r)
sin ϕ(r)cosϕ(r) 
=
.
sin2 ϕ(r) 
 cosϕ(r)sin ϕ(r)

(4)

Let W i (r1 , r2 ) be the coherence matrix of the incident beam, then the
coherence matrix W t (r1 , r2 ) of the modulated field just behind the
depolarizer is given [6]

Wt (r1 , r2 ) = T† (r1 )Wi (r1 , r2 )T(r2 ) ,

(5)

where † denotes the Hermitian conjugate. For any two points (r1 , r2 )
in a coherence matrix, there are two possible cases where they are in
the same cell or in different cells of the random polarizer array,
respectively. Note a fact that different cells have statistically
independent polarization angle for each linear polarizer. Based on the
concept of conditional probabilities, we can write the coherence matrix
of the modulate fields as

r and r2 are 
Wt (r1 , r2 ) = S Wt (r1 , r2 )Prob  1

in the same cell 
r and r2 are

+ D Wt (r1 , r2 )Prob  1
.
in
different
c
e
lls



able to write the desired probabilities because of the uniform
distribution of the absolute location of the depolarizer. They are

Prob {r1 , r2 in the same cell} = ∧ ( ∆rx l ) ∧ ( ∆ry l ) ,

(7a)

and

r and r2 are in 
Prob  1
 = 1 − ∧ ( ∆rx l ) ∧ ( ∆ry l ) ,
 different cells 

(7b)

where ∆rx and ∆ry are the two components of the vector ∆r = r1 − r2
along x̂ and ŷ directions, and the unit triangle function ∧( x) = 1 − x
for x ≤1 and zero otherwise.
Notice that the axis of polarizer in each cell is assumed random and
independent from cell to cell. We have
S

 SW t (r , r )
W t (r1 , r2 )=  S xxt 1 2
 W (r , r )
 yx 1 2
S

with

t
W fg
(r1 , r2 ) =

∑T

Wxyt (r1 , r2 ) 
,
S
Wyyt (r1 , r2 ) 
S

fl (r1 )Tgm (r2 )

i
Wlm
(r1 , r2 )

(8)
for

l , m = x, y

( f , g = x, y ) , and
D

 DW t (r , r )
W t (r1 , r2 )=  D xxt 1 2
 W (r , r )
yx 1 2


t
with DW fg
(r1 , r2 ) =

∑T

fl (r1 )

Wxyt (r1 , r2 ) 
.
D
W yyt (r1 , r2 ) 
D

(9)

i
Tgm (r2 ) Wlm
(r1 , r2 ) .

l , m = x, y

When Eqs. (8) and (9) have been derived, we have made use of the fact
that the coherence property of the electric fields and correlation
property of the random polarizer array are statistically independent
and the ensemble average denoted by angular brackets has been taken
over the depolarizer. The coherence matrix for the modulated field just
behind the depolarizer can be assessed only if some specific
assumptions are made regarding the statistics of the polarization angle
ϕ for the random polarizer array. A case of most interest is the
depolarizer whose stochastic polarization angle has a uniform
probability distribution function within [0,π ) . Under the assumption
of pϕ (ϕ ) = 1 / π , the first-order and second-order moments of the
elements of Jones Matrix in Eq. (4) have been evaluated and listed in
the Table 1.
Table 1. First-order and Second-order Moments of the
Elements in Jones Matrix
T yy = s in 2ϕ ( r ) = 1 / 2
T xx = cos 2 ϕ ( r ) = 1 / 2
T xy = cos ϕ ( r ) sin ϕ ( r ) = 0

T

2
xx

= cos ϕ ( r ) = 3 / 8
4

T yx = cos ϕ ( r ) sin ϕ (r ) = 0

T yy2 = sin 4 ϕ (r ) = 3 / 8

Tx2y = T y2x = sin 2 ϕ (r ) cos 2 ϕ ( r ) = 1 / 8

(6)

In the expression above, S Wt and D W t have been introduced to
denote the coherence matrices for the transmitted fields with points
r1 and r 2 falling into the same and different cells, respectively.
Similar to the random checkerboard absorbing screen [9-10], we are

TxxTxy = TxxTyx = sin ϕ (r ) cos 3 ϕ (r ) = 0
TxyT yy = T yxT yy = sin 3 ϕ ( r ) cos ϕ (r ) = 0
TxxTyy = sin 2 ϕ (r ) cos 2 ϕ (r ) = 1 / 8

In this case, the coherence matrix W t is now easily found by
substituting Eqs. (7)-(9) into Eq (6), with the result

Our interest in this demonstration is the static spatial statistical
properties of the modulated electric fields without fluctuation in time
[11-12]. After replacing the conventional time average by spatial
average for the ensemble average in Eq. (1) and substituting from Eq.
(12) into Eq. (3), we have the spatial degree of polarization for the
modulated fields just after the random polarizer array. That is

i
i
1  W Wxy 
Wt (r1 , r2 ) =  xxi

4  Wyx Wyyi 

1  ∆r
+ ∧ x
8  l

  ∆ry
∧
  l

i
i
  Wxx +Wyy

i
i
  −Wyx + Wxy

−Wxyi + Wyxi 
.
Wyyi + Wxxi 

P t (r ) = 1 / 2,

(10)
Equation (10) provides us with the desired correlation properties of
the modulated electric fields passing through the depolarizer of the
random polarizer array and can be considered as one of the prime
result of this letter.

(13)

which is constant no matter where the observation point is chosen. As
expected, a perfectly polarized incident beam has become spatially
partially polarized after passing through the static depolarizer. On
substitution from Eq. (12) into Eq. (2), the degree of spatial coherence
of the modulated electric fields behind the depolarizer is obtained

ηt (r1 , r2 ) = 0.5 1 + ∧(∆rx l ) ∧ (∆ry l ) ,

(14)

indicating a spatially partial coherence has been achieved. Meanwhile,
it’s also interesting to notice from Eqs. (13) and (14) that both the
degree of polarization and the degree of coherence are independent of
the polarization angle θ of the incident beam.
Under the paraxial approximation, the mutual coherence matrix Wo
at the observation plane after propagating through a complex-valued
ABCD optical system is given in general terms of the Huygens-Fresnel
integral formulation [13-14]

Wo (p1, p2 ) = ∫∫ Wt (r1 , r2 )G* (p1, r1 )G(p2 , r2 )d r1d r2 ,
Figure 2. Schematic of the setup for obtaining the degree of
polarization and coherence of a field propagating through a random
polarizer array plate and an ABCD optical system
Figure. 2 shows the optical system to examine the propagation of
the electric field modulated by a random polarizer array. An electric
r
field with its wave vector k is incident on the random polarizer array.
The modulated light passing through the optical system arrives at the
observation plane. To understand the statistical properties of the
modulated electric field, we need to calculate the propagation of the
mutual coherence matrix through an optical system. For
demonstration purpose only, and without loss of generality, we will
perform our calculations only for an incident field that is a linearly
polarized, spatially coherent Gaussian beam with the electric field
making an angle θ with the x̂ axis. The corresponding coherence
matrix for such a beam just in front of the depolarizer is

 r 2 + r
Wi (r1 , r2 ) = I o exp − 1 2 2
rs


2

  cos 2 θ

  cos θ sin θ

cos θ sin θ 
,
sin 2 θ 
(11)

where Io and rs are the on-axis intensity and the beam width of the
incident field, respectively. On substituting from Eq. (11) into Eq. (10),
the expression for the mutual coherence matrix of the modulated
beam just behind the depolarizer is

 r 2 + r 2 
I
W (r1 , r2 ) = o exp  − 1 2 2 
8
rs


2
sin θ cos θ 
  cos θ
 ∆ rx   ∆ ry   1
× 2 
+ ∧
∧

2
si n θ 
 l   l 0
  sin θ cos θ

where the Green’s function is given by

G(p, r) = −

{

(15)

}

jk
jk
2
2
exp −
( A r − 2r ⋅ p + D p ) . (16)
2π B
2B

In the equation above, j is the imaginary unit, k is the wavenumber,
A, B, and D are the elements of ABCD matrix for the whole optical
system under consideration, which is determined by the multiplication
of the matrices for all the individual optical components, i.e., the lenses,
free space propagations and apertures. As an example, we will
consider a typical case of free-space propagation over a distance z ,
where the corresponding ABCD matrix is given by

 1 − jz / z R
Mˆ = 
 − j / zR

z
,
1

(17)

where z R = k rs2 / 2 is the Rayleigh range.
After replacements of A, B and D in Eq. (16) by the corresponding
matrix elements in Eq. (17), we obtain the Green’s function for free
space propagation. After substituting of Eqs.(12) and (16) into Eq.(15),
one can calculate the free space propagation of the mutual coherence
matrix and study the spatial evolutions of the degree of polarization
and the degree of coherence in any observation plane z > 0 in the case
where the random polarizer array is illuminated by a linearly polarized
Gaussain electromagnetic beam. To present some numerical examples,
we have taken the following parameters: rs = 1 mm , l = 0.1 mm ,

θ = π / 4 and λ = 0.633 µm .

t

0  
 .
1  

(12)

Figure 3 shows the spatial degree of polarization of the electric field
modulated by the depolarizer for free-space propagation, plotted
against the normalized propagation distance z zR and normalized
lateral distance measured in spot size p rs . As expected, the spatial
degree of polarization changes appreciably depending both on the
propagation distance z and the observation position p . Instead of a

uniform distribution for the modulated electric fields just behind the
depolarizer, the degree of polarization for the modulated electric field
after propagation does not remain uniform.
Figure 4 gives the absolute values of the degree of spatial coherence
of the modulated electric fields at two positions ∆p = p1 − p 2 located
symmetrically with respect to the ẑ axis along the normalized
propagation distance z zR . It can readily be seen that the degree of
spatial coherence takes a large value close to unity for two points
located near the optical axis. These figures indicate how the spatial
degree of polarization and the degree of spatial coherence evolve for
the selected polarization angle of the incident electric field.

coherence for the modulated fields just behind the random polarizer
array are independent of the incident polarization angle. Further, a
systematic analysis of the depolarization effect introduced by the
random polarizer array will facilitate the design and optimization of
such devices as a depolarizer, and open up new opportunities of
various applications.
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